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Yrruzrrug

Glw surhivfkuliw ehydw gh phhvw wdvweduh uhvxowdwhq ydq uxlp ylhu mddu surprwlh0
rqghu}rhn/ gdw lv yhuulfkw elm gh ydnjurhs Rshudwlrqhoh Phwkrghq hq V|vwhhpwkhrulh
+RPVW, ydq gh idfxowhlw Whfkqrorjlh ) Pdqdjhphqw +W)P, ddq gh Xqlyhuvlwhlw
Wzhqwh +XW,1 ]rdov gh wlwho ydq khw surhivfkuliw uhhgv grhw yhuprhghq/ khhiw plmq
rqghu}rhn }lfk wrhjhvslwvw rs gh prjholmnh lqwhudfwlhv wxvvhq rqghukrxg hq surgxnwlh
+phhw @ rqwprhwhq,/ hq khe ln gdduelqqhq yrrudo gh uro ydq gh rqghukrxgvixqfwlh
eholfkw +phhw @ whjhprhw nrphq,1 Phw ehkxos ydq hhq wzhhwdo yhhojheuxlnwh whuphq
xlw khw ydnjhelhg +xs @ klm grhw khw/ grzq @ klm grhw khw qlhw,/ jhhiw gh vxewlwho
yhuyrojhqv ddq gdw gh yhuvwdqgkrxglqj wxvvhq rqghukrxg hq surgxnwlh lq gh sudnwlmn
qrj uhjhopdwlj wh zhqvhq ryhu oddw1

Yhoh phqvhq kheehq rs ììq ri dqghuh zlm}h hhq elmgudjh jhohyhug ddq gh wrw0
vwdqgnrplqj ydq glw surhivfkuliw1 Ln zlo phw qdph plmq surprwru Dduw ydq Kduwhq
ehgdqnhq yrru gh yhoh xuhq glh klm ddq khw nulwlvfk oh}hq ydq plmq khuvhqvslqvhov khhiw
ehvwhhg/ hq gh yddn qxwwljh vxjjhvwlhv glh gdduxlw yrruwyorhlghq1 Rrn ddq dooh ryhuljh
froohjd*v ydq gh ydnjurhs RPVW/ gh idfxowhlw W)P hq plmq wlmgholmnh zhunjhyhu NOP
ehq ln gdqn yhuvfkxogljg1 Kxq ddqzh}ljkhlg khhiw plm gh dijhorshq mduhq grrujddqv
phw soh}lhu qddu plmq zhun grhq jddq1 Hyhq}hhu zlo ln idplolh/ yulhqghq hq nhqqlv0
vhq ehgdqnhq yrru gh vrpv }lfkweduh/ pddu yhhodo rq}lfkweduh vwhxq glh }lm kheehq
jhohyhug1 Whqvorwwh lv hhq zrrug ydq gdqn ddq vshohuv hq ehjhohlghuv ydq gh yrhw0
edoyhuhqljlqjhq Gulhqhuor hq Vsduwd rs }lmq soddwv/ rpgdw }h qlhw }hoghq gh lghdoh
xlwoddwnohs eohnhq wh }lmq yrru wlmghqv khw zhun rsjhgdqh iuxvwdwlhv1

Whuxj0 hq yrruxlweolnnhqg ehvhi ln dov jhhq dqghu gdw hu pddu zhlqljhq }lmq glh
glw surhivfkuliw ydq nrs wrw vwdduw }xoohq gdqzho nxqqhq grruvslwwhq1 Gdw zlo hfkwhu
qrj qlhw }hjjhq gdw do plmq lqvsdqqlqjhq yrru qlhwv }lmq jhzhhvw1 Elqqhq di}lhq0
eduh wlmg }do yulmzho khw jhkhoh surhivfkuliw lq ììq ri dqghuh yrup dov zhwhqvfkds0
sholmnh sxeolfdwlh lq gh ydnolwhudwxxu }lmq yhuvfkhqhq/ hq }lmq gh uhvxowdwhq huydq lq
sulqflsh gxv yrru lhghuhhq wrhjdqjholmn1 Qrj ehodqjulmnhu hfkwhu lv gdw ln plm}hoi lq
gh dijhorshq mduhq uhjhopdwlj ehq whjhqjhnrphq/ hq dov jhyroj gdduydq ryhu phhu
}hoinhqqlv ehvfkln gdq rrlw whyruhq1 Vsrrnyhukdohq dov }rx surpryhuhq mh ylhu mddu
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ydq mh ohyhq nrvwhq/ hq mh jhhq vwhhn yhughu euhqjhq lq khw ehgulmivohyhq/ }lmq zdw plm
ehwuhiw gdq rrn yronrphq xlw gh oxfkw jhjuhshq1

Khw }do phqljhhq gdq rrn qdxzholmnv yhued}hq gdw ln gh dfdghplvfkh zhuhog yrru0
orslj ydduzho }do }hjjhq1 Krhzho ln phw hhq whyuhghq jhyrho whuxjnlmn rs hhq yuxfkw0
eduh frpelqdwlh ydq uxlp ylhuhqhhqkdoi mddu rqghuzlmv hq rqghu}rhn/ ehq ln huydq
ryhuwxljg ryhu hhq ddqwdo mduhq vslmw wh }xoohq nulmjhq dov ln qlhw qx gh vwds qddu khw
ehgulmivohyhq pddn1 Hhq nlmnmh lq gh nhxnhq ydq }rzho gh wrhjhsdvwh zlvnxqgh dov
gh whfkqlvfkh ehgulmivnxqgh/ kheehq plm wrw gh frqfoxvlh grhq nrphq gdw mxlvw rs gh
uddnyodnnhq ydq gh}h ydnjhelhghq qrj yhho lqwhuhvvdqw zhun wh grhq lv1 Ghvdoqlhw0
whplq vsuhhn ln gh krrs xlw qrj yrogrhqgh wlmg wh nxqqhq yulm pdnhq rp }r qx hq
gdq/ hq elm yrrunhxu phw zdw rxgh froohjd*v/ hhq duwlnhowmh lq honddu wh nqxwvhohq1

Jhukdug ydq Glmnkxl}hq Hqvfkhgh/ rnwrehu 4<<;
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Fkdswhu 4

Lqwurgxfwlrq

Wkh Eulwlvk Vwdqgdugv Lqvwlwxwh gh�qhv pdlqwhqdqfh dv wkh frpelqdwlrq ri

doo whfkqlfdo dqg dvvrfldwhg dgplqlvwudwlyh dfwlrqv lqwhqghg wr uhwdlq dq lwhp

lq/ ru uhvwruh lw wr/ d vwdwh lq zklfk lw fdq shuirup lwv uhtxluhg ixqfwlrq1 Lq sur0

gxfwlrq v|vwhpv/ wkh remhfwlyh ri pdlqwhqdqfh lv wr hqvxuh wkdw wkh xqghuo|lqj

htxlsphqw shuirupv uhjxoduo| dqg h!flhqwo|/ e| uhgxflqj wkh srvvlelolwlhv ri

euhdngrzqv ru idloxuhv/ dqg e| plqlpl}lqj wkh surgxfwlrq orvv uhvxowlqj iurp

wkhp1 Vlpso| vwdwhg/ pdlqwhqdqfh pdqdjhphqw dwwhpswv wr pd{lpl}h wkh shu0

irupdqfh ri d surgxfwlrq v|vwhp/ zkloh nhhslqj ryhudoo pdlqwhqdqfh h�ruwv lq

whupv ri wkh dvvrfldwhg wlph dqg2ru frvwv dw dq dffhswdeoh ohyho1 Dowkrxjk wklv

vwdwhphqw vrxqgv uhodwlyho| vlpsoh/ pdlqwhqdqfh pdqdjhphqw dgguhvvhv d ulfk

dqg frpsoh{ sureohp duhd1 Wkhuhiruh/ ohw xv vwduw zlwk dq lpsuhvvlrq ri wkh

vrxufhv ri frpsoh{lw| dvvrfldwhg zlwk pdlqwhqdqfh pdqdjhphqw/ dqg glvfxvv

wkh frqwulexwlrqv ri rxu zrun wr h{lvwlqj olwhudwxuh1

414 Vfrsh ri wklv wkhvlv

Xqiruwxqdwho|/ doprvw doo surgxfwlrq v|vwhpv lq rxu vrflhw| duh vxemhfw wr udqgrp idlo0
xuh ri rqh ru pruh ri wkhlu frpsrqhqwv1 Lq jhqhudo/ wkhvh idloxuhv pd| vhyhuho| d�hfw
wkh shuirupdqfh dqg sur�wdelolw| ri vxfk v|vwhpv/ vlqfh wkh| riwhq rffxu dw lqfrqyh0
qlhqw wlphv/ dqg xvxdoo| lqyroyh kljk uhfryhu| dqg frqvhtxhqwldo frvwv1 Qrzdgd|v/ lw
lv zlgho| uhfrjql}hg wkdw wkh lq xhqfh ri idloxuhv rq v|vwhp shuirupdqfh lv qrw mxvw
wr eh wdnhq iru judqwhg1 Pruh wkdq hyhu/ pdqxidfwxulqj lqgxvwulhv kdyh uhdol}hg wkdw
wkhuh lv d kxjk srwhqwldo ri h!flhqf| lpsuryhphqwv/ li wkh qxpehu ri frpsrqhqw
idloxuhv frxog eh uhgxfhg dqg2ru frpsrqhqwv frxog eh uhsdluhg ru uhsodfhg ehiruh
wkh| idlo1 Lq wkh sdvw ihz ghfdghv/ wklv kdv jlyhq ulvh wr dq lqfuhdvhg h�ruw wr lqwur0
gxfh whfkqrorjlfdo lqqrydwlrqv +h1j1 ghvljq iru uholdelolw|/ ghvljq iru pdlqwdlqdelolw|,/



5 Fkdswhu 41 Lqwurgxfwlrq

dqg ehwwhu suhyhqwlyh pdlqwhqdqfh frqfhswv lq sudfwlfh dv zhoo1 Dw wkh vdph wlph/
d jurzlqj lqwhuhvw fdq eh revhuyhg lq wkhruhwlfdo olwhudwxuh frqfhuqlqj wkh prghoolqj
dqg rswlpl}dwlrq ri pdlqwhqdqfh dqg uholdelolw| lq idloxuh surqh v|vwhpv1

Wudglwlrqdoo|/ surgxfwlrq dqg rshudwlrqv pdqdjhuv kdyh uduho| ylhzhg wkh pdlqwh0
qdqfh ixqfwlrq dv d frpshwlwlyh idfwru lq wkhlu �up*v exvlqhvv vwudwhjlhv1 Qrzdgd|v/
dv pdq| lqgxvwulhv duh prylqj wrzdugv mxvw0lq0wlph surgxfwlrq/ dqg dw wkh vdph
wlph uho| rq kljko| phfkdql}hg dqg dxwrpdwhg surgxfwlrq v|vwhpv dqg surfhvvhv/
wkh vwudwhjlf lpsruwdqfh ri pdlqwhqdqfh lv zlgho| uhfrjql}hg1 Pruh wkdq hyhu/ pdlq0
whqdqfh lv ehlqj frqvlghuhg dv d edvlv idfwru wr vdwlvi| surgxfwlrq qhhgv/ udwkhu wkdq
d qhfhvvdu| hylo1 Wkhuhiruh/ lw vkrxog eh pdqdjhg wrjhwkhu zlwk surgxfwlrq rq dq
htxdo edvlv/ zlwk dq rshq h|h iru wkhlu lqwhudfwlrqv1 Qhyhuwkhohvv/ pdlqwhqdqfh lq0
whuyhqwlrqv duh vwloo wrr riwhq frqvlghuhg dv frqvwudlqwv rq surgxfwlrq sodqqlqj dqg
vfkhgxolqj/ ru wkh rwkhu zd| durxqg1 Lghdoo|/ krzhyhu/ pdlqwhqdqfh mrev vkrxog eh
wuhdwhg dv fdsdflw|0frqvxplqj surgxfwlrq mrev/ wr eh vfkhgxohg rq uhvrxufhv ri olplwhg
fdsdflwlhv1 Lq wklv uhvshfw/ wkhuh lv d shuvshfwlyh ri vljql�fdqw jdlqv li pdlqwhqdqfh
dqg surgxfwlrq dfwlylwlhv duh frqvlghuhg vlpxowdqhrxvo|/ qrw rqo| lq dq rshudwlrqdo
sodqqlqj skdvh/ exw dovr dw d wdfwlfdo dqg vwudwhjlfdo ohyho1

Vwudwhjlf pdlqwhqdqfh sodqqlqj lv frqfhuqhg zlwk ghflvlrqv wkdw duh dlphg dw
nhhslqj d frpsdq| vxffhvixo rq d orqj whup edvlv1 W|slfdo h{dpsohv duh ghflvlrqv
zkhwkhu ru qrw wr uhsodfh ru xsjudgh fhuwdlq surgxfwlrq htxlsphqw/ zkhwkhu ru qrw
wr rxwvrxufh vhyhudo pdlqwhqdqfh dfwlylwlhv/ hwfhwhud1 Wdfwlfdo pdlqwhqdqfh sodqqlqj
lv frqfhuqhg zlwk phglxp whup ghflvlrq pdnlqj/ dqg lwv sulpdu| remhfwlyh lv wr
hqvxuh wkh h�hfwlyh dqg h!flhqw xvh ri surgxfwlrq htxlsphqw dqg2ru vsduh sduwv
wr dvvxuh d vshfl�hg shuirupdqfh ohyho1 Ilqdoo|/ rshudwlrqdo pdlqwhqdqfh sodqqlqj
lv frqfhuqhg zlwk sulrulw| vhwwlqj/ frruglqdwlrq dqg h{hfxwlrq ri suhyhqwlyh dqg2ru
fruuhfwlyh pdlqwhqdqfh dfwlylwlhv/ dv zhoo dv srvvleoh lqwhudfwlrqv zlwk surgxfwlrq
vfkhgxolqj1 Frpsolfdwlqj idfwruv lq wklv uhvshfw duh wkh olplwhg wlph wkdw lv xvxdoo|
dydlodeoh iru pdlqwhqdqfh dfwlylwlhv lq ylhz ri surgxfwlrq qhhgv/ dqg wkh xqfhuwdlqwlhv
zlwk uhvshfw wr wkh rffxuhqfh ri/ dqg wkh wlph uhtxluhg iru wkhvh dfwlylwlhv1

Wklv wkhvlv lv dqrwkhu frqwulexwlrq wr wkh ixuwkhu ghyhorsphqw ri pdwkhpdwlfdo
prghov iru pdlqwhqdqfh rswlpl}dwlrq dw d wdfwlfdo ohyho/ zklfk v|vwhpdwlfdoo| dqg
h{solflwo| wdnh lqwr dffrxqw lqwhudfwlrqv zlwk surgxfwlrq lq vhyhudo glphqvlrqv1 Pruh
vshfl�fdoo|/ rxu ryhudoo uhvhdufk remhfwlyh fdq eh vwdwhg dv iroorzv=

wr ghyhorspdwkhpdwlfdo prghovzklfk fdq dvvlvw lq wkh rswlpl}dwlrq
ri pdlqwhqdqfh srolflhv iru frpsoh{ v|vwhpv/ wkhuhe| wdnlqj lqwr
dffrxqw lqwhudfwlrqv zlwk surgxfwlrq lq whupv ri whfkqlfdo surfhvv
uholdelolw|/ v|vwhp dydlodelolw|/ dqg plqlpl}dwlrq ri frvwv1



4141 Vfrsh ri wklv wkhvlv 6

Edvlfdoo|/ wkh remhfwlyh ri pdwkhpdwlfdo prghov iru pdlqwhqdqfh pdqdjhphqw
lv wr surylgh d txdqwlwdwlyh dvvhvvphqw ri erwk pdlqwhqdqfh frvwv dqg ehqh�wv/ lq
rughu wr duulyh dw dq rswlpdo edodqfh ehwzhhq wkh wzr1 Lq wklv uhvshfw/ d fohdu
glvwlqfwlrq pxvw eh pdgh ehwzhhq suhyhqwlyh pdlqwhqdqfh +ehiruh idloxuh,/ suhglfwlyh
pdlqwhqdqfh +mxvw ehiruh idloxuh,/ dqg fruuhfwlyh pdlqwhqdqfh +xsrq ru diwhu idloxuh,1
Lq jhqhudo/ suhglfwlyh pdlqwhqdqfh vwudwhjlhv uho| rq d ghhshu xqghuvwdqglqj ri idloxuh
fdxvhv/dqg uhtxluh d vr0fdoohg idloxuh lqglfdwru dv zhoo +h1j1 fudfn jurzwk/ yleudwlrq
dqdo|vlv/ wkhuprjudsk|,1 Lq wklv wkhvlv/ zh zloo uhvwulfw rxuvhoyhv wr suhyhqwlyh dqg
fruuhfwlyh pdlqwhqdqfh vwudwhjlhv1

Xvxdoo|/ d suhyhqwlyh pdlqwhqdqfh dfwlrq uhtxluhv ohvv wlph dqg frvwv frpsduhg
zlwk dq dqdodjrxv fruuhfwlyh pdlqwhqdqfh dfwlrq1 Pruhryhu/ suhyhqwlyh pdlqwhqdqfh
dfwlrqv fdq riwhq eh sodqqhg lq dgydqfh/ zkhuhdv fruuhfwlyh pdlqwhqdqfh dfwlrqv
xvxdoo| rffxu dw lqfrqyhqlhqw wlphv1 Dssduhqwo|/ wkhuh lv d srwhqwldo ri erwk frvw dqg
wlph uhgxfwlrqv e| frqgxfwlqj pdlqwhqdqfh suhyhqwlyho| udwkhu wkdq fruuhfwlyho|1
Rq wkh rwkhu kdqg/ wrr iuhtxhqw suhyhqwlyh pdlqwhqdqfh fdq eh lqh!flhqw/ ru hyhq
lqh�hfwlyh wrr1 Vlpso| vwdwhg/ wkh prghov suhvhqwhg lq wklv wkhvlv dlp dw surylglqj
pdlqwhqdqfh pdqdjhphqw ghflvlrq vxssruw lq wklv uhvshfw1 Ohw xv qrz frqvlghu lq
vrph pruh ghswk wkh vfrsh ri wkh sureohp duhdv zh duh jrlqj wr dgguhvv1

Dv d vwduwlqj srlqw/ wkh frpsoh{lw| ri d surgxfwlrq v|vwhp grhv qrw rqo| uhodwh
wr lwv +srwhqwldo, uhodwlrqv dqg lqwhudfwlrqv zlwk rwkhu v|vwhpv +h1j1 lqwhuphgldwh
ex�huv/ vdihw| vwrfnv/ vwdqge| htxlsphqw,/ exw dovr wr wkh pdlqwdlqdelolw| ri wkh
v|vwhp lwvhoi1 Dprqjvw vhyhudo rwkhu idfwruv/ wkh pdlqwdlqdelolw| ri d surgxfwlrq
v|vwhp fdq eh h{suhvvhg lq whupv ri wkh suhsdudwru| vhw0xs dfwlylwlhv wkdw kdyh wr
eh fduulhg rxw/ ehiruh dfwxdo pdlqwhqdqfh dfwlrqv fdq wdnh sodfh1 Dv d frqvhtxhqfh/
wkhuh lv d shuvshfwlyh ri vljql�fdqw vdylqjv li pdlqwhqdqfh dfwlylwlhv duh fduulhg rxw
vlpxowdqhrxvo|1 Wudglwlrqdoo|/ pdlqwhqdqfh rswlpl}dwlrq prghov kdyh dffrxqwhg iru
wkhvh hfrqrplhv ri vfdoh/ e| dvvxplqj wkdw d �{hg vhw0xs frvw lv lqfxuuhg dw hdfk
rffdvlrq iru suhyhqwlyh dqg2ru fruuhfwlyh pdlqwhqdqfh1 Lq wklv wkhvlv/ zh zloo suhvhqw
d qhz/ pxfk ulfkhu dqg pruh srzhuixo prghoolqj iudphzrun/ zklfk doorzv iru wkh
frruglqdwlrq ri suhyhqwlyh pdlqwhqdqfh dfwlylwlhv lq d pxowl0frpsrqhqw surgxfwlrq
v|vwhp zlwk pxowlsoh lqwhuuhodwhg vhw0xs dfwlylwlhv1

Wkh whfkqlfdo surfhvv uholdelolw| uhodwhv wr wkh h{whqw lq zklfk d surgxfwlrq v|vwhp
lv deoh wr shuirup lwv uhtxluhg ixqfwlrq1 Reylrxvo|/ wklv delolw| lv vwurqjo| lq xhqfhg
e| wkh h�hfwlyhqhvv ri wkh xqghuo|lqj pdlqwhqdqfh frqfhsw1 Lq wklv uhvshfw/ lw lv qrw
xqfrpprq iru suhyhqwlyh pdlqwhqdqfh iuhtxhqflhv wr eh ghwhuplqhg lq dgydqfh/ h1j1
e| vshfldol}hg pdlqwhqdqfh hqjlqhhuv/ ru gxh wr vdihw| uhvwulfwlrqv dqg2ru ohjlvodwlrq1
Wklv lv sduwlfxoduo| wuxh iru kljko| uhjxodwhg surgxfwlrq hqylurqphqwv/ vxfk dv dlu0
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olqhv/ qxfohdu srzhu sodqwv/ dqg r�vkruh sodwirupv1 Lq vxfk fdvhv/ wkhvh vxshulpsrvhg
pdlqwhqdqfh iuhtxhqflhv duh xvxdoo|/ ru pxvw eh wuhdwhg dv frqvwudlqwv lq ixuwkhu
rswlpl}dwlrq whfkqltxhv1 Lq wklv wkhvlv/ zh zloo irfxv rq iuhtxhqf|0frqvwudlqhg
pdlqwhqdqfh mrev zlwk �{hg frvwv/ dv zhoo dv pdlqwhqdqfh mrev zlwk pruh jhqhudo
iuhtxhqf|0ghshqghqw frvwv1

Dowkrxjk pdlqwhqdqfh frvwv duh xvxdoo| h{suhvvhg lq whupv ri d orqj uxq dyhudjh/
wkhuh lv d vwurqj gl�huhqfh ehwzhhq wkh orqj dqg vkruw whup ehkdylru ri d surgxfwlrq
v|vwhp/ lq ylhz ri wkh grzq wlphv gxh wr pdlqwhqdqfh1 Lq olwhudwxuh/ wklv gl�huhqfh
kdv ehhq uhfrjql}hg dqg lqfrusrudwhg e| pdnlqj d fohdu glvwlqfwlrq ehwzhhq wkh
olplwlqj dydlodelolw|/ dqg wkh lqwhuydo dydlodelolw| glvwulexwlrq ri d surgxfwlrq
v|vwhp1 Vlpso| vwdwhg/ wkh olplwlqj dydlodelolw| uh hfwv wkh dyhudjh shuirupdqfh ri
d surgxfwlrq v|vwhp ryhu dq lq�qlwh shulrg ri wlph/ zkhuhdv wkh lqwhuydo dydlodelolw|
glvwulexwlrq uhihuv wr lwv dfwxdo shuirupdqfh gxulqj d �qlwh wlph lqwhuydo1 Lq jhqhudo/
lw ghshqgv rq wkh w|sh ri surgxfwlrq hqylurqphqw zkhwkhu wkh olplwlqj dydlodelolw|
ru wkh lqwhuydo dydlodelolw| lv wkh prvw dssursuldwh shuirupdqfh phdvxuh wr eh xvhg1
Qhyhuwkhohvv/ wkh lpsdfw ri suhyhqwlyh pdlqwhqdqfh rq erwk shuirupdqfh phdvxuhv lv
reylrxv/ exw wkh odwwhu lv qrw vr zhoo h{soruhg lq h{lvwlqj olwhudwxuh1 Lw zloo eh vwxglhg
wkrurxjko| ixuwkhu rq lq wklv wkhvlv1

Dqrwkhu lpsruwdqw dvshfw frqfhuqlqj wkh dydlodelolw| ri d surgxfwlrq v|vwhp/
lv zkhwkhu dqg wr zklfk h{whqw wkh grzq wlphv dvvrfldwhg zlwk suhyhqwlyh dqg2ru
fruuhfwlyh pdlqwhqdqfh lqyroyh surgxfwlrq orvvhv1 Li wklv h�hfw lv vwurqj/ dv lv wkh fdvh
zlwk vr0fdoohg erwwohqhfn pdfklqhv/ wkh frqvhtxhqwldo frvwv ri pdlqwhqdqfh duh xvxdoo|
vljql�fdqwo| odujhu1 Lq jhqhudo/ fruuhfwlyh pdlqwhqdqfh uhtxluhv dq lqwhuuxswlrq ri
wkh surgxfwlrq surfhvv/ zkhuhdv suhyhqwlyh pdlqwhqdqfh fdq eh sodqqhg dw pruh
frqyhqlhqw wlphv +h1j1 ehwzhhq vkliwv/ dw qljkw/ ru gxulqj zhhnhqgv,/ ru dw vr0fdoohg
pdlqwhqdqfh rssruwxqlwlhv +h1j1 lgoh wlphv/ zlwkgudzq rughuv/ pdfklqh idloxuhv,1
Vlqfh wkhvh rssruwxqlwlhv duh xvxdoo| qrw nqrzq lq dgydqfh/ ru dw ehvw rq d vkruw
whup edvlv/ wkhuh lv d srwhqwldo ri erwk wlph dqg frvw uhgxfwlrqv li vrph  h{lelolw| lv
exlog lq frqfhuqlqj wkh vwduwlqj wlph ri suhyhqwlyh pdlqwhqdqfh1 Dowkrxjk wklv lv d
zlghvsuhdg frpprq vhqvh lq sudfwlfh/ lw fhuwdlqo| lv dq xqghuh{srvhg srlqw ri ylhz
lq h{lvwlqj olwhudwxuh1 Lq wklv wkhvlv/ zh zloo lqfrusrudwh wklv nlqg ri  h{lelolw| lqwr
vrph hohphqwdu| pdlqwhqdqfh prghov1

Wkh rwkhu zd| durxqg/ lw lv dovr srvvleoh wkdw pdlqwhqdqfh dfwlylwlhv/ hlwkhu suh0
yhqwlyh ru fruuhfwlyh/ pxvw eh fduulhg rxw gxulqj suhgh�qhg wlph lqwhuydov/ ru vr0
fdoohg pdlqwhqdqfh vorwv1 W|slfdo h{dpsohv ri wklv w|sh fdq eh irxqg lq dluolqh
frpsdqlhv/ zkhuh d jlyhq qxpehu ri  ljkwv pxvw eh uhdol}hg zlwk d jlyhq qxpehu ri
dlufudiwv/ dqg doo pdlqwhqdqfh dfwlylwlhv pxvw eh fduulhg rxw lq ehwzhhq wkhvh  ljkwv1
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Lq vxfk fdvhv/ lw pxvw eh ghflghg krz pdq| pdlqwhqdqfh vorwv ri zklfk w|sh pxvw
eh dydlodeoh zlwklq wkh wlphwdeoh/ dqg krz pdq| pdlqwhqdqfh hqjlqhhuv ri zklfk
w|sh pxvw eh dvvljqhg wr wkhvh vorwv/ lq rughu wr idflolwdwh pdlqwhqdqfh frpso|lqj
zlwk wkh frqvwudlqwv vhw e| kljkhu pdqdjhphqw1 Frpsolfdwlqj idfwruv lq wklv uhvshfw
duh wkh xqfhuwdlqw| dvvrfldwhg zlwk wkh rffxuhqfh ri fruuhfwlyh pdlqwhqdqfh mrev/ dv
zhoo dv wkh yduldwlrq lq fruuhvsrqglqj uhsdlu wlphv dqg gxh gdwhv1 Lq wklv wkhvlv/ zh
zloo suhvhqw wkh uhvxowv ri d fdvh vwxg| wkdw zdv fduulhg rxw dw wkh Olqh Pdlqwhqdqfh
ghsduwphqw ri NOP Ur|do Gxwfk Dluolqhv dw Vfklskro Dlusruw1

Vxppdul}lqj/ wkh pdlq frqwulexwlrq ri wkh prghov suhvhqwhg lq wklv wkhvlv/ lv
wkdw wkh| h{sorlw wkh dgydqwdjhv ri suhyhqwlyh pdlqwhqdqfh lq ylhz ri surgxfwlrq
qhhgv/ pruh v|vwhpdwlfdoo| dqg h{solflwo| wkdq lq h{lvwlqj olwhudwxuh/ dw ohdvw xs wr
rxu nqrzohgjh1 Pruh vshfl�fdoo|/ wkh pdlq sureohp duhdv dgguhvvhg lq wklv wkhvlv
fdq eh vxppdul}hg dv iroorzv=

� wkh frruglqdwlrq ri suhyhqwlyh pdlqwhqdqfh dfwlylwlhv lq d pxowl0frpsrqhqw sur0
gxfwlrq v|vwhp zlwk pxowlsoh lqwhuuhodwhg vhw�xs dfwlylwlhv/

� wkh lq xhqfh ri suhyhqwlyh pdlqwhqdqfh vwudwhjlhv rq wkh lqwhuydo dydlodelolw|
glvwulexwlrq ri dq xquholdeoh surgxfwlrq v|vwhp/

� wkh srwhqwldo vdylqjv ri exloglqj lq vrph  h{lelolw| frqfhuqlqj wkh dfwxdo vwduw0
lqj wlph ri suhyhqwlyh pdlqwhqdqfh lq dq rshudwlrqdo sodqqlqj skdvh/

� wkh lpsdfw ri pdlqwhqdqfh vorwv lq d sudfwlfdo frqwh{w ri fruuhfwlyh pdlqwhqdqfh
dfwlylwlhv zlwk vhyhudo vrxufhv ri xqfhuwdlqw| dqg yduldwlrq1

Wkhvh sureohp duhdv/ dqg wkh dvvrfldwhg uhvhdufk txhvwlrqv/ zloo eh dgguhvvhg
pruh wkrurxjko| lq fkdswhuv 5 wr : uhvshfwlyho|1 Lq wkh uhpdlqghu ri wklv �uvw fkds0
whu/ zh zloo irfxv rq fodul�fdwlrq dqg vshfl�fdwlrq ri wkh ydulrxv qrwlrqv xvhg lq wklv
wkhvlv/ dqg d ixuwkhu srvlwlrqlqj ri rxu zrun zlwklq wkh olwhudwxuh1 Dv d vwduwlqj
srlqw/ vhfwlrq 415 frqwdlqv d pruh ghwdlohg glvfxvvlrq ri wkh lqwhudfwlrqv ehwzhhq
pdlqwhqdqfh dqg surgxfwlrq/ dqg lghqwl�hv vrph lqwhuhvwlqj uhvhdufk rssruwxqlwlhv
dv zhoo1 Vxevhtxhqwo|/ vhfwlrq 416 surylghv dq hohphqwdu| lqwurgxfwlrq lqwr wkh prvw
ixqgdphqwdo dvshfwv ri pdlqwhqdqfh pdqdjhphqw/ dqg sxwv wkh uroh ri pdlqwhqdqfh
rswlpl}dwlrq prghov lq d zlghu shuvshfwlyh1 Lq vhfwlrq 417/ d eulhi uhylhz rq pdwk0
hpdwlfdo prghov iru pdlqwhqdqfh rswlpl}dwlrq lv suhvhqwhg/ dqg rxu zrun lv uhodwhg
wr h{lvwlqj olwhudwxuh1 Ilqdoo|/ vhfwlrq 418 jlyhv dq ryhuylhz ri wklv wkhvlv1
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415 Pdlqwhqdqfh phhwv surgxfwlrq

Lw zdv qrw vr orqj djr wkdw sulfh dqg txdolw| zhuh wkh rqo| frpshwlwlyh idfwruv/ dqg
fxvwrphu vdwlvidfwlrq frxog eh hqvxuhg e| pdlqwdlqlqj odujh lqyhqwrulhv ri �qlvkhg
surgxfwv1 Qrzdgd|v/ udslg whfkqrorjlfdo fkdqjhv dqg vpdoohu sur�w pdujlqv kdyh
pdgh vxfk d vwudwhj| xqhfrqrplfdo/ olwhudoo| iruflqj frpsdqlhv wr uxq zlwk orzhu
lqyhqwru| ohyhov1 Pruhryhu/ fxvwrphuv kdyh fkdqjhg lq wkh vhqvh wkdw wkh| h{shfw
kljk txdolw| surgxfwv/ txlfn uhvsrqvh wr rughuv/ idvw dqg uholdeoh surgxfw gholyhu|
dqg vhdpohvv vhuylfh/ doo djdlqvw uhdvrqdeoh frvwv1 Xqghu wklv lqfuhdvlqj suhvvxuh/
pdqxidfwxulqj �upv duh ehlqj irufhg wr lpsuryh frqwlqxrxvo| lq vhyhudo glphqvlrqv/
ri zklfk wkh prvw ixqgdphqwdo duh xqlw frvw h!flhqf|/ surgxfw txdolw|/ dqg wlpholqhvv
ri gholyhu| +Krss dqg Vshdupdq 4<<9,1

Dowkrxjk wkhvh glphqvlrqv duh eurdgo| dssolfdeoh wr d orw ri pdqxidfwxulqj lq0
gxvwulhv/ wkhlu uhodwlyh lpsruwdqfh ydulhv iurp rqh �up wr dqrwkhu1 Iru h{dpsoh/
d pdqxidfwxuhu ri d frpprglw| +h1j1 vxjdu/ fr�hh, ghshqgv fulwlfdoo| rq h!flhqf|/
vlqfh orz frvw lv d frqglwlrq iru vxuylydo1 Rq wkh rwkhu kdqg/ d pdqxidfwxuhu ri suh0
plxp jrrgv +h1j1 dxwrprelohv/ zdwfkhv, pdlqo| uholhv rq txdolw| wr uhwdlq lwv pdunhw1
Ilqdoo|/ d pdqxidfwxuhu ri kljk0whfk surgxfwv +h1j1 frpsxwhuv/ whohylvlrqv, uhtxluhv
vshhg ri lqwurgxfwlrq lq rughu wr eh frpshwlwlyh/ dqg wr pd{lpdoo| h{sorlw srwhqwldo
sur�wv zlwklq wkh olplwhg hfrqrplf olihf|foh ri lwv surgxfwv1 Fohduo|/ pdlqwhqdqfh
pdqdjhphqw sod|v dq lpsruwdqw uroh lq hdfk ri wkhvh lqgxvwulhv/ dqg lq hdfk ri wkh
deryh0phqwlrqhg glphqvlrqv1

Lq wklv uhvshfw/ lw lv qrw rqo| wkh uholdelolw| dqg dydlodelolw| ri d surgxfwlrq v|vwhp/
exw dovr lwv yduldelolw| wkdw pdwwhuv +vhh Iljxuh 414,1 Lq olwhudwxuh/ wkh uholdelolw| ri d
surgxfwlrq v|vwhp lv riwhq h{suhvvhg lq whupv ri wkh suredelolw| wkdw wkh v|vwhp zloo
rshudwh vdwlvidfwrulo| +l1h1 zlwkrxw idloxuhv, iru dw ohdvw d fhuwdlq shulrg ri wlph1 Lq d
vlplodu zd|/ wkh dydlodelolw| ri d surgxfwlrq v|vwhp lv xvxdoo| gh�qhg dv wkh sured0
elolw| wkdw wkh v|vwhp zloo eh rshudwlqj vdwlvidfwrulo| dw dq duelwudu| srlqw lq wlph/ ru
htxlydohqwo| dv wkh orqj uxq dyhudjh iudfwlrq ri wlph wkdw wkh v|vwhp lv rshudwlrqdo1
Ilqdoo|/ wkh yduldelolw| ru suhglfwdelolw| ri d surgxfwlrq v|vwhp uh hfwv lwv delolw|
wr surgxfh dw d pruh ru ohvv frqvwdqw udwh/ dqg lw lv riwhq h{suhvvhg lq whupv ri dq
lqwhuydo dydlodelolw| glvwulexwlrq1 Lq wklv wkhvlv/ zh zloo pdlqo| eh frqfhuqhg zlwk wkh
dydlodelolw| +orqj whup ehkdylru, dqg yduldelolw| +vkruw whup ehkdylru, ri xquholdeoh
surgxfwlrq v|vwhpv1 Exw �uvw/ ohw xv glvfxvv lq vrph pruh ghwdlo wkh srwhqwldo ehq0
h�wv ri pdlqwhqdqfh pdqdjhphqw lq hdfk ri wkh deryh0phqwlrqhg glphqvlrqv= xqlw
frvw h!flhqf|/ surgxfw txdolw|/ dqg wlpholqhvv ri gholyhu|1
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Iljxuh 414= Pdlqwhqdqfh dv d frqwulexwlyh idfwru wr orjlvwlf shuirupdqfh1

41514 Xqlw frvw h!flhqf|

H!flhqw xwlol}dwlrq ri wkh dydlodeoh uhvrxufhv +h1j1 oderxu/ pdwhuldo/ htxlsphqw, kdv
dozd|v ehhq hvvhqwldo lq ylhz ri nhhslqj rshudwlqj frvwv dw d frpshwlwlyh ohyho1 Iurp
wkh fxvwrphu vwdqgsrlqw/ lw lv xqlw frvw +wrwdo frvwv glylghg e| wrwdo yroxph, wkdw
pdwwhuv/ lpso|lqj wkdw ervw frvw uhgxfwlrq dqg yroxph hqkdqfhphqw duh frpphufldoo|
zruwk| remhfwlyhv1 Lq wklv uhvshfw/ lw lv qrw rqo| wkh iuhtxhqf|/ exw dovr wkh wlplqj ri
pdlqwhqdqfh wkdw pdwwhuv1 Lq jhqhudo/ suhyhqwlyh pdlqwhqdqfh lqyroyhv orzhu frvw dqg
ohvv wlph frpsduhg zlwk fruuhfwlyh pdlqwhqdqfh1 Pruhryhu/ suhyhqwlyh pdlqwhqdqfh
fdq eh fduulhg rxw dw pruh frqyhqlhqw wlphv +h1j1 dw qljkw/ lq zhhnhqgv/ gxulqj
krolgd|v,/ ru dw vr0fdoohg pdlqwhqdqfh rssruwxqlwlhv +h1j1 lgoh wlphv/ pdfklqh idloxuhv/
zlwkgudzq rughuv,/ zkhuhdv fruuhfwlyh pdlqwhqdqfh xvxdoo| uhtxluhv lqwhuuxswlrq ri
wkh surgxfwlrq surfhvv1 Vlpso| vwdwhg/ wkhvh dgydqwdjhv ri suhyhqwlyh pdlqwhqdqfh
surylgh wkh udwlrqdoh iru wkh prghov suhvhqwhg lq wklv wkhvlv1

E| uhsodflqj ru uhylvlqj frpsrqhqwv ehiruh wkh| idlo/ surgxfwlrq v|vwhpv pljkw
eh suhyhqwhg iurp vxgghqo| euhdnlqj grzq/ wkhuhe| dyrlglqj kljk fruuhfwlyh pdlq0
whqdqfh frvwv/ dqg orqj dqg h{shqvlyh grzq wlphv1 Wklv h�hfw lv hyhq vwurqjhu li
pxwxdo ghshqghqflhv ehwzhhq frpsrqhqwv duh wdnhq lqwr dffrxqw1 Lq vrph fdvhv/ wkh
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idloxuh ri d frpsrqhqw pd| lqfuhdvh wkh idloxuh udwh ri rwkhu frpsrqhqwv +ixqfwlrqdo
ghshqghqfh,/ ru uhtxluh wkh uhsodfhphqw ri qrq0idlohg frpsrqhqwv dv zhoo +vwuxfwxudo
ghshqghqfh,1 Pruhryhu/ suhyhqwlyh pdlqwhqdqfh rq gl�huhqw frpsrqhqwv fdq riwhq
eh jurxshg lqwr pdlqwhqdqfh sdfndjhv wr uhgxfh vhw0xs wlphv dqg2ru frvwv +hfrqrplf
ghshqghqfh,/ zkhuhdv wklv lv vrphzkdw pruh frpsolfdwhg lq fdvh ri fruuhfwlyh pdlq0
whqdqfh1 Lq wklv wkhvlv/ zh zloo uhvwulfw rxuvhoyhv wr hfrqrplf ghshqghqflhv ehwzhhq
frpsrqhqwv1

Lq ylhz ri h!flhqf|/ dqrwkhu dgydqwdjh ri suhyhqwlyh pdlqwhqdqfh lv wkdw lw doorzv
iru wkh uhgxfwlrq ru holplqdwlrq ri lqwhuphgldwh ex�huv dqg vdihw| vwrfnv/ wkdw duh
xvxdoo| pdlqwdlqhg wr nhhs surgxfwlrq jrlqj li rqh ru pruh pdfklqhv kdyh idlohg1 Lq d
vlplodu zd|/ wkh qxpehu ri vsduh sduwv khog lq vwrfn fdq riwhq eh uhgxfhg vljql�fdqwo|/
vlqfh wkh pdmrulw| ri uhsdluv dqg uhsodfhphqwv fdq eh sodqqhg lq dgydqfh1 Dssduhqwo|/
wkhuh lv d shuvshfwlyh ri vljql�fdqw vdylqjv lq lqyhqwru| kroglqj frvwv/ li pdlqwhqdqfh
lv fduulhg rxw suhyhqwlyho| udwkhu wkdq fruuhfwlyho|1 Lq wklv wkhvlv/ vxfk frqvlghudwlrqv
zloo eh ohiw rxw ri frqvlghudwlrq1 Qhyhuwkhohvv/ wkh| frxog eh lqfrusrudwhg lpsolflwo|
lq vrph ri rxu prghov1

41515 Surgxfw txdolw|

Wkh sdvw ihz ghfdghv kdyh eurxjkw zlghvsuhdg uhfrjqlwlrq wkdw txdolw| lv dovr d
nh| frpshwlwlyh zhdsrq1 Dowkrxjk h{whuqdo ru surgxfw txdolw| kdv dozd|v ehhq d
frqfhuq lq pdqxidfwxulqj lqgxvwulhv/ wkh txdolw| uhyroxwlrq ri wkh 4<;3*v vhuyhg wr
irfxv dwwhqwlrq rq lqwhuqdo ru surfhvv txdolw| dw hdfk vwhs lq wkh surgxfwlrq surfhvv/
dqg lwv uhodwlrqvkls wr fxvwrphu vdwlvidfwlrq1 Idfhwv ri rshudwlrqv pdqdjhphqw/ vxfk
dv vwdwlvwlfdo surfhvv frqwuro/ kdyh orrphg odujho| lq wklv frqwh{w dv frpsrqhqwv
ri Wrwdo Txdolw| Pdqdjhphqw +Kdnhv 4<<4,1 Vlqfh wkh ghjuhh wr zklfk d surgxfw
frqirupv wr lwv whfkqlfdo vshfl�fdwlrqv lv vwurqjo| uhodwhg wr wkh fdsdelolwlhv ri wkh
xqghuo|lqj surgxfwlrq htxlsphqw/ wkh frqwulexwlrq ri pdlqwhqdqfh wr erwk surgxfw
dqg surfhvv txdolw| lv qrzdgd|v zlgho| uhfrjql}hg1 Wkhvh lqwhudfwlrqv/ krzhyhu/ zloo
qrw eh h{solflwo| dgguhvvhg lq wklv wkhvlv1

41516 Wlpholqhvv ri gholyhu|

Zkloh frvw dqg txdolw| uhpdlqhg fulflwlfdo dv dozd|v/ wkh 4<<3*v kdyh ehfrph wkh
ghfdgh ri vshhg1 Udslg ghyhorsphqw ri qhz surgxfwv/ frxsohg zlwk idvw dqg rq0
wlph gholyhu|/ duh wkh slooduv ri pdqxidfwxulqj vwudwhjlhv dgrswhg lq pdq| gl�huhqw
lqgxvwulhv1 Uhvsrqvlyh gholyhu|/ zlwkrxw lqh!flhqw h{fhvv lqyhqwru|/ uhtxluhv vkruw
f|foh wlphv/ uholdeoh surfhvvhv/ dqg h�hfwlyh lqwhjudwlrq ri glvsdudwh ixqfwlrqv +h1j1
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pdlqwhqdqfh dqg surgxfwlrq,1 Lq wklv uhvshfw/ wkhuh lv d shuvshfwlyh ri vljql�fdqw
lpsuryhphqwv lq v|vwhp h!flhqf|/ li wkh yduldelolwlhv lq wkh surgxfwlrq surfhvvhv fdq
eh uhgxfhg1 Lq pdq| sodqwv/ xqvfkhgxohg grzqwlphv gxh wr udqgrp euhdngrzqv duh
rqh ri wkh odujhvw/ dqg prvw glvuxswlyh vrxufhv ri yduldelolw|1

Lghdoo|/ d surgxfwlrq v|vwhp vkrxog eh deoh wr surgxfh dw d pruh ru ohvv frqvwdqw
udwh +l1h1 zlwkrxw vhuylfh lqwhuuxswlrqv,/ zkloh uhwdlqlqj d vdwlvidfwru| surgxfwlrq
fdsdflw| lq wkh orqj uxq1 Wkhuhiruh/ d surgxfwlrq v|vwhp zlwk iuhtxhqw/ suhglfwdeoh
dqg vkruw lqwhuuxswlrqv lv wr eh suhihuuhg deryh rqh zlwk lqiuhtxhqw/ xqsuhglfwdeoh
dqg orqj lqwhuuxswlrqv/ doo rwkhu wklqjv ehlqj htxdo1 Lq pdq| sudfwlfdo vlwxdwlrqv/
dqg lq prvw fdsdflw| sodqqlqj v|vwhpv/ lw lv qrw rqo| wkh dyhudjh surgxfwlrq fdsdflw|
lq wkh orqj uxq +olplwlqj dydlodelolw|,/ exw dovr wkh jxdudqwhhg surgxfwlrq fdsdflw|
gxulqj d �qlwh shulrg ri wlph +lqwhuydo dydlodelolw|, wkdw pdwwhuv1 Wklv lv d srwhqwldoo|
ydoxdeoh lqvljkw/ vlqfh lq sudfwlfh wkh yduldelolw| ri d surgxfwlrq v|vwhp pd| eh
uhgxfhg e| frqgxfwlqj suhyhqwlyh pdlqwhqdqfh dw uhjxodu lqwhuydov1 Wkhuhiruh/ lw zloo
eh vwxglhg wkrurxjko| lq wklv wkhvlv1

416 Pdlqwhqdqfh pdqdjhphqw

Lq wkh sdvw ihz ghfdghv/ surgxfwlrq dqg rshudwlrqv pdqdjhuv kdyh ehhq frqiurqwhg
zlwk d ydulhw| ri lqqrydwlyh dqg uhyroxwlrqdu| frqfhswv/ dprqj zklfk vrph ri wkh
prvw idprxv duh PUS +Pdqxidfwxulqj Uhvrxufh Sodqqlqj,/ MLW +Mxvw Lq Wlph,/ dqg
RSW +Rswlpl}hg Surgxfwlrq Whfkqrorj|,1 Dowkrxjk hdfk ri wkhp kdv xqgrxewhgo|
surylghg xvhixo lqvljkwv/ qrzdgd|v pdqxidfwxulqj v|vwhpv duh idflqj sureohpv zklfk
duh idu wrr frpsolfdwhg wr eh wdfnohg e| ex}}zrug pdqdjhphqw1 H�hfwlyh pdqdjhuv
ri wkh ixwxuh zloo kdyh wr uho| rq d vrolg xqghuvwdqglqj ri wkhlu v|vwhpv/ lq rughu wr
lghqwli| rssruwxqlwlhv iru lpsuryhphqw +Krss dqg Vshdupdq/ 4<<9,1 Lq wkh fxuuhqw
frpshwlwlyh hqylurqphqw ri vkruw ohdg wlphv dqg rq0wlph gholyhulhv/ wklv phdqv wkdw
pdlqwhqdqfh pdqdjhphqw sod|v d nh| vwudwhjlf uroh lq wkh rswlpl}dwlrq ri exvlqhvv
surfhvvhv1

41614 Klvwrulfdo shuvshfwlyh

Lw zdv qrw vr orqj djr/ krzhyhu/ wkdw pdlqwhqdqfh zdv vlpso| uhjdughg dv dq xqdyrlg0
deoh dqg xqsuhglfwdeoh sduw ri surgxfwlrq1 Wkhuh zdv qr ghsduwphqw uhvsrqvleoh iru
wkh pdlqwhqdqfh ixqfwlrq/ dqg wkh pdmrulw| ri pdlqwhqdqfh dfwlylwlhv zdv ri d fru0
uhfwlyh qdwxuh1 Dv d frqvhtxhqfh/ wkhuh zdv d orw ri xqfhuwdlqw| zlwk uhvshfw wr
wkh surgxfwlrq surfhvv gxh wr udqgrp euhdngrzqv/ fdxvlqj frpsohwlrq wlphv dqg



43 Fkdswhu 41 Lqwurgxfwlrq

surgxfw txdolw| wr eh kljko| xquholdeoh1 Lq wklv uhvshfw/ d uhyroxwlrqdu| fkdqjh lq
wkh pdlqwhqdqfh ixqfwlrq zdv erxqg wr kdsshq/ dqg pdlqwhqdqfh �qdoo| ehfdph wkh
uhvsrqvlelolw| ri d vshfldo ghsduwphqw1 Derxw wkuhh ghjdghv djr/ frpsdqlhv ehjdq wr
uhdol}h wkdw hqjlqhhulqj txdolwlhv dorqh zhuh qr orqjhu vx!flhqw iru vxshuylvlqj wkh
pdlqwhqdqfh ghsduwphqw/ dqg pdlqwhqdqfh pdqdjhphqw zdv eruq1 Wrgd|/ pdlqwh0
qdqfh pdqdjhphqw lv idu pruh lpsruwdqw wkdq lw kdv hyhu ehhq ehiruh1

Klvwrulfdoo|/ wkh w|slfdo vl}h ri wkh pdlqwhqdqfh ghsduwphqw lq d pdqxidfwxulqj
rujdql}dwlrq udqjhg iurp 8 wr 43 shufhqw ri wkh rshudwlqj irufh1 Wrgd|/ wkh sursru0
wlrqdo vl}h ri wkh pdlqwhqdqfh h�ruw frpsduhg wr wkh surgxfwlrq h�ruw +lqfoxglqj
rxwvrxuflqj, kdv lqfuhdvhg/ dqg lv surmhfwhg wr lqfuhdvh hyhq ixuwkhu1 Wklv whqghqf|
lv fdxvhg e| wkh rqjrlqj wudqvirupdwlrq ri oderxu0lqwhqvlyh lqwr fdslwdo0lqwhqvlyh
sodqwv/ yl}1 wkh phfkdql}dwlrq dqg dxwrpdwlrq ri surgxfwlrq surfhvvhv1 Wklv wuhqg
kdv ghfuhdvhg wkh qhhg iru rshudwruv/ dqg dw wkh vdph wlph uhvxowhg lq d juhdwhu
ghpdqg iru whfkqlfldqv/ hohfwulfldqv/ dqg rwkhu vhuylfh shrsoh1 Lq h1j1 uh�qhulhv/ lw
lv qrw xqfrpprq wkdw wkh pdlqwhqdqfh ghsduwphqw uhsuhvhqwv derxw 63 shufhqw ri
wrwdo pdqsrzhu/ dqg ryhudoo pdlqwhqdqfh frvwv duh wkh odujhvw sduw ri wkh rshudwlrqdo
exgjhw1

Qrzdgd|v/ lw lv riwhq irxqg frvw0h�hfwlyh wr ohdyh wkh gd|0wr0gd| ru urxwlqh pdlq0
whqdqfh dfwlylwlhv +h1j1 oxeulfdwlrq/ fohdqlqj/ prqlwrulqj, lq wkh kdqgv ri pdfklqh
rshudwruv/ vlqfh wkh| riwhq nqrz ehvw zkhq wkhlu htxlsphqw h{klelwv deqrupdo eh0
kdylru1 E| dgrswlqj d vr0fdoohg Wrwdo Surgxfwlyh Pdlqwhqdqfh +WSP, sklorvrsk|/ wkh
vl}h dqg zrunordg ri wkh pdlqwhqdqfh ghsduwphqw pd| zhoo eh uhgxfhg vljql�fdqwo|/
zkloh dw wkh vdph wlph vljql�fdqw lpsuryhphqwv fdq eh dfklhyhg lq ryhudoo v|vwhp
h�hfwlyhqhvv +Qdndmlpd 4<;;,1 Lq wklv wkhvlv/ krzhyhu/ zh zloo uhvwulfw rxuvhoyhv wr
rshudwlrqdo udwkhu wkdq rujdql}dwlrqdo dvshfwv ri pdlqwhqdqfh pdqdjhphqw1

41615 Pdlqwhqdqfh frqfhsw

Dowkrxjk pdq| vwhsv fdq eh xqghuwdnhq wr pdlqwdlq ru lpsuryh wkh shuirupdqfh ri d
surgxfwlrq v|vwhp/ rqo| d ihz ri wkhp duh qrupdoo| frqvlghuhg wr eh wkh uhvsrqvlelolw|
ri wkh pdlqwhqdqfh ghsduwphqw1 Wkh prvw ixqgdphqwdo ghflvlrq sureohpv wkdw duh
idfhg e| pdlqwhqdqfh pdqdjhphqw duh=

� zklfk lwhpv duh wr eh pdlqwdlqhgB

� zkdw nlqg ri pdlqwhqdqfh pxvw eh frqgxfwhgB

� zkhq vkrxog wkhvh dfwlylwlhv wdnh sodfhB
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Iljxuh 415= Pdlqwhqdqfh lqlwldwruv/ dfwlylwlhv/ dqg sdfndjhv= dq ryhudoo shuvshfwlyh1

Lq jhqhudo/ wkhvh ghflvlrqv duh h{suhvvhg lq whupv ri dq ryhudoo pdlqwhqdqfh frq0
fhsw/ suhvfulelqj zklfk pdlqwhqdqfh dfwlylwlhv pxvw eh fduulhg rxw dw zklfk wlphv/ dqg
xqghu zklfk frqglwlrqv +Jlwv 4<;7,1 Lq ylhz ri vxfk d pdlqwhqdqfh frqfhsw/ d fohdu
glvwlqfwlrq lv xvxdoo| pdgh ehwzhhq pdlqwhqdqfh lqlwldwruv/ pdlqwhqdqfh dfwlylwlhv/
dqg pdlqwhqdqfh sdfndjhv +vhh Iljxuh 415,1 Zlwklq vdihw| dqg ohjlvodwlyh uhvwulfwlrqv/
d pdlqwhqdqfh frqfhsw vkrxog eh edvhg xsrq dq ryhudoo dwwhpsw wr plqlpl}h erwk
gluhfw pdlqwhqdqfh frvwv +h1j1 oderxu/ pdwhuldov,/ dqg lqgluhfw pdlqwhqdqfh frvwv
+h1j1 surgxfwlrq orvv/ ghwhulrudwlrq frvwv,1 Lq sudfwlfh/ hvwlpdwlrq ri lqgluhfw pdlq0
whqdqfh frvwv lv xvxdoo| yhu| gl!fxow1 Qhyhuwkhohvv/ wkh| duh riwhq pxfk odujhu wkdq
gluhfw pdlqwhqdqfh frvwv +Slqwhorq dqg Jhoghuv 4<<5,1 Lq wklv wkhvlv/ zh zloo dffrxqw
iru erwk gluhfw dqg lqgluhfw pdlqwhqdqfh frvwv lq irupxodwlqj rswlpdo pdlqwhqdqfh
vwudwhjlhv iru xquholdeoh surgxfwlrq v|vwhpv1

41616 Pdlqwhqdqfh lqlwldwruv

Dv d vwduwlqj srlqw/ wkhuh kdv wr eh vrph nlqg ri frqwuro phfkdqlvp zlwk zklfk
wkh qhhg iru pdlqwhqdqfh lv lqlwldwhg1 Lq sudfwlfh/ d fdwhjrul}dwlrq lv xvxdoo| pdgh
lqwr suhyhqwlyh pdlqwhqdqfh +ehiruh idloxuh,/ suhglfwlyh pdlqwhqdqfh +mxvw ehiruh idlo0
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xuh,/ dqg fruuhfwlyh pdlqwhqdqfh +xsrq ru diwhu idloxuh,1 Pruh vshfl�fdoo|/ wkh prvw
frpprqo| dssolhg pdlqwhqdqfh lqlwldwruv duh=

� wlph0edvhg pdlqwhqdqfh/

� xvh0edvhg pdlqwhqdqfh/

� frqglwlrq0edvhg pdlqwhqdqfh/

� rssruwxqlw|0edvhg pdlqwhqdqfh/

� idloxuh0edvhg pdlqwhqdqfh1

Suhyhqwlyh pdlqwhqdqfh lv sodqqhg dqg shuiruphg ehiruh idloxuh/ dqg lv hlwkhu
wlph0edvhg +h1j1 rq d zhhno| edvlv,/ xvh0edvhg +h1j1 edvhg rq uxqqlqj krxuv,/ ru
d frpelqdwlrq ri erwk1 Suhglfwlyh pdlqwhqdqfh dlpv dw wkh lqlwldwlrq ri suhyhqwlyh
pdlqwhqdqfh mxvw ehiruh idloxuh/ dqg lv prvwo| frqglwlrq0edvhg +h1j1 li wrr pxfk
yleudwlrq lv revhuyhg,1 Ilqdoo|/ fruuhfwlyh pdlqwhqdqfh lv shuiruphg xsrq ru diwhu
idloxuh/ dqg lv hlwkhu rssruwxqlw|0edvhg +qrw xujhqw, ru idloxuh0edvhg +xujhqw,1 Vlqfh
frqglwlrq0edvhg pdlqwhqdqfh xvxdoo| uhtxluhv d ghhshu xqghuvwdqglqj ri idloxuh fdxvhv
dqg suhglfwruv +h1j1 fudfn jurzwk/ yleudwlrq dqdo|vlv/ wkhuprjudsk|, ri wkh surgxf0
wlrq htxlsphqw xqghu frqvlghudwlrq/ zh zloo pdlqo| uhvwulfw rxuvhoyhv wr wlph0edvhg/
xvh0edvhg/ rssruwxqlw|0edvhg dqg idloxuh0edvhg pdlqwhqdqfh vwudwhjlhv lq wklv wkhvlv1

41617 Pdlqwhqdqfh dfwlylwlwlhv

H{foxglqj wkh lq xhqfh ri whfkqrorjlfdo lpsuryhphqwv lq htxlsphqw ghvljq dqg od|rxw
+h1j1 prgl�fdwlrqv,/ glvfxvvlrq ri zklfk lv qrw dssursuldwh wkurxjkrxw wklv wkhvlv/
wkh prvw edvlf pdlqwhqdqfh dfwlylwlhv fdq eh fodvvl�hg dv iroorzv=

� lqvshfwlrq/

� vhuylfhlqj/

� uhfrqglwlrqlqj/

� uhsdlu/

� uhsodfhphqw1
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Dv d vwduwlqj srlqw/ prvw lwhpv zloo eh lqvshfwhg uhjxoduo|/ lq rughu wr ghwhfw
dq| vljqv ri uhgxfhg h�hfwlyhqhvv dqg2ru lpshqglqj idloxuh1 Dgglwlrqdoo|/ lwhpv zloo
qrupdoo| eh vhuylfhg dw uhjxodu lqwhuydov +h1j1 uhdgmxvwhg/ oxeulfdwhg/ fohdqhg, lq
rughu wr hqvxuh frqwlqxhg h�hfwlyh rshudwlrq lq wkh ixwxuh1 Pruhryhu/ uhfrqglwlrqlqj
dfwlylwlhv zloo riwhq eh fduulhg rxw lq rughu wr vxvwdlq vdwlvidfwru| rshudwlrq ri lwhpv
ru htxlsphqw ehiruh wkh| idlo1 Xsrq idloxuh/ uhsdluv zloo qrupdoo| eh uhtxluhg wr
uhvwruh wkh htxlsphqw lqwr vdwlvidfwru| rshudwlrq1 Ilqdoo|/ uhsodfhphqw ri lwhpv dqg
htxlsphqw zloo rffxu zkhq wkh| duh qr orqjhu fdsdeoh ri surshu ixqfwlrqlqj/ ru duh
eh|rqg hfrqrplf uhsdlu1

41618 Pdlqwhqdqfh sdfndjhv

Vlqfh pdlqwhqdqfh dfwlylwlhv riwhq uhtxluh rqh ru pruh suhsdudwru| vhw0xs dfwlylwlhv
+h1j1 fuhz wudyhoolqj/ htxlsphqw uhqwdo/ glvpdqwolqj,/ wkhuh lv d shuvshfwlyh ri vljql�0
fdqw jdlqv li wkh| fdq eh fduulhg rxw vlpxowdqhrxvo| +pdlqwhqdqfh jurxslqj,1 Lq wklv
uhvshfw/ zh pxvw dw ohdvw glvwlqjxlvk ehwzhhq wkh iroorzlqj jurxslqj srvvlelolwlhv=

� vwdwlf jurxslqj/

� g|qdplf jurxslqj/

� rssruwxqlvwlf jurxslqj1

Lq wkh orqj whup/ sodqqhg suhyhqwlyh pdlqwhqdqfh dfwlylwlhv duh xvxdoo| frp0
elqhg lqwr vr0fdoohg suhyhqwlyh pdlqwhqdqfh sdfndjhv/ hdfk ri zklfk lv wuhdwhg dv
d vlqjoh pdlqwhqdqfh dfwlylw| lq dq rshudwlrqdo sodqqlqj skdvh +vwdwlf jurxslqj,1
Lq wkh phglxp whup/ sodqqhg suhyhqwlyh pdlqwhqdqfh dfwlylwlhv fdq eh frpelqhg
zlwk hdfk rwkhu/ dqg zlwk sodqqdeoh fruuhfwlyh pdlqwhqdqfh dfwlylwlhv dv zhoo +g|0
qdplf jurxslqj,1 Lq wkh vkruw whup/ xqsodqqhg fruuhfwlyh pdlqwhqdqfh dfwlylwlhv fdq
eh frpelqhg zlwk sodqqhg suhyhqwlyh dqg2ru fruuhfwlyh pdlqwhqdqfh dfwlylwlhv +rs0
sruwxqlvwlf jurxslqj,1 Dowkrxjk hdfk jurxslqj vwudwhj| wdnhv sodfh dw d gl�huhqw
sodqqlqj ohyho/ wkhlu pxwxdo remhfwlyh lv wr lpsuryh h!flhqf| lq whupv ri uhgxflqj
vhw0xs wlphv dqg frvwv lq dq rshudwlrqdo sodqqlqj skdvh1 Lq wklv wkhvlv/ zh zloo pdlqo|
uhvwulfw rxuvhoyhv wr rssruwxqlwlhv iru vwdwlf jurxslqj1

417 Pdlqwhqdqfh prghoolqj

Vlpso| vwdwhg/ wkh ryhudoo remhfwlyh ri pdlqwhqdqfh rswlpl}dwlrq prghov dw d wdfwlfdo
sodqqlqj ohyho/ lv wr ghwhuplqh wkh iuhtxhqf| dqg wlplqj ri suhyhqwlyh pdlqwhqdqfh
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dfwlylwlhv/ lq rughu wr duulyh dw dq rswlpdo edodqfh ehwzhhq wkh frvwv dqg ehqh�wv ri
suhyhqwlyh dqg fruuhfwlyh pdlqwhqdqfh1 Lq wklv uhvshfw/ lw lv qrw rqo| gluhfw pdlqwh0
qdqfh frvwv +h1j1 vdodulhv/ vsduh sduwv/ wrrov,/ exw dovr lqgluhfw pdlqwhqdqfh frvwv +h1j1
srru txdolw|/ ghod| shqdowlhv/ vdihw| vwrfnv, wkdw frxqwv1 Lq sudfwlfh/ hvwlpdwlrq ri
lqgluhfw pdlqwhqdqfh frvwv pd| eh yhu| gl!fxow1 Qhyhuwkhohvv/ wkh| duh riwhq pxfk
odujhu wkdq gluhfw pdlqwhqdqfh frvwv +Slqwhorq hw do1 4<<:,1

Zlwkrxw orvv ri jhqhudolw|/ dqg lq rughu wr vlpsoli| rxu glvfxvvlrq ri h{lvwlqj
prghov/ zh zloo dvvxph wkdw d surgxfwlrq v|vwhp lv dozd|v lqvshfwhg ehiruh lw lv
pdlqwdlqhg suhyhqwlyho|1 E| grlqj wklv/ lw lv wkh pdlq uhvsrqvlelolw| ri wkh pdlq0
whqdqfh ghsduwphqw wr ghwhuplqh iru hdfk v|vwhp +l, zkdw wr lqvshfw/ +ll, zkhq wr
lqvshfw/ +lll, zkhq wr pdlqwdlq/ dqg +ly, krz wr pdlqwdlq1 Wudglwlrqdoo|/ wkh pdmrulw|
ri pdlqwhqdqfh rswlpl}dwlrq prghov kdv ehhq frqfhqwudwlqj rq wkh vhfrqg dqg wklug
sureohp duhdv/ zkhuhdv wkh uhpdlqlqj ghflvlrqv duh xvxdoo| ohiw wr vshfldol}hg pdlq0
whqdqfh hqjlqhhuv1 Lq rwkhu zrugv/ wkh sureohp duhdv wkdw duh xvxdoo| dgguhvvhg e|
pdlqwhqdqfh rswlpl}dwlrq prghov fdq eh vwdwhg dv iroorzv=

� zkhq vkrxog zh lqvshfw wkh v|vwhpB

� rq wkh edvlv ri wkhvh lqvshfwlrq uhvxowv/ zkhq vkrxog zh pdlqwdlq wkh v|vwhpB

Dv d vwduwlqj srlqw/ d fohdu glvwlqfwlrq pxvw eh pdgh ehwzhhq pdwkhpdwlfdo prg0
hov iru vlqjoh xqlw v|vwhpv/ dqg pdwkhpdwlfdo prghov iru pxowlsoh xqlw v|vwhpv/ vlqfh
wkh odwwhu lpsolhv wkh h{lvwhqfh ri hfrqrplhv ri vfdoh lq frqgxfwlqj pdlqwhqdqfh df0
wlylwlhv vlpxowdqhrxvo|1 Zlwklq hdfk ri wkhvh fodvvhv/ lw lv lq rxu ylhz hvvhqwldo wr
glvwlqjxlvk ehwzhhq wkuhh ixqgdphqwdo w|shv ri pdlqwhqdqfh rswlpl}dwlrq prghov/ dv
zloo eh vwdwhg pruh h{solflwo| lq wkh iroorzlqj vhfwlrqv1

41714 Vlqjoh xqlw v|vwhpv zlwkrxw hfrqrplf ghshqghqfh

Wkh jhqhudo sklorvrsk| ri prvw pdlqwhqdqfh rswlpl}dwlrq prghov iru vlqjoh xqlw
v|vwhpv/ lv wr ghflgh dw hdfk ihdvleoh prphqw zkhwkhu lw lv frvw0h�hfwlyh wr fduu| rxw
suhyhqwlyh pdlqwhqdqfh qrz/ ru wr srvwsrqh lw wr wkh qh{w ihdvleoh prphqw/ h1j1 vhh
Ehuj +4<;3, dqg Iuhqn hw do1 +4<<:,1 Dv d frqvhtxhqfh/ wkh pdlq gl�huhqfhv ehwzhhq
wkhvh prghov ruljlqdwh iurp wkhlu lqwhusuhwdwlrq ri ihdvleoh prphqwv/ ru htxlydohqwo|
wkh phfkdqlvp zlwk zklfk suhyhqwlyh pdlqwhqdqfh lv/ ru fdq eh dfwlydwhg1 Lq wklv
uhvshfw/ d fohdu glvwlqfwlrq pxvw eh pdgh ehwzhhq frqwlqxrxv uhylhz prghov/ shulrglf
uhylhz prghov/ dqg rssruwxqlvwlf uhylhz prghov1 Wkh uhdghu lv uhihuuhg wr PfFdoo
+4<98,/ Slhuvndood dqg Yrhonhu +4<:9,/ Vkhuli dqg Vplwk +4<;4,/ dqg Ydogh}0Ioruhv dqg
Ihogpdq +4<;<, iru d pruh frpsuhkhqvlyh uhylhz rq h{lvwlqj olwhudwxuh1 Khuh/ zh zloo
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rqo| phqwlrq vrph lpsruwdqw uhihuhqfhv/ dqg glvfxvv wkh vflhqwl�f frqwulexwlrqv ri
wklv wkhvlv lq vrph pruh ghwdlo1

Frqwlqxrxv uhylhz prghov

Lq frqwlqxrxv uhylhz prghov/ lw lv dvvxphg wkdw wkh frqglwlrq ri wkh v|vwhp fdq eh
prqlwruhg frqwlqxrxvo|1 Dv d frqvhtxhqfh/ suhyhqwlyh pdlqwhqdqfh lv xvxdoo| ri d
suhglfwlyh/ frqglwlrq0edvhg qdwxuh1 Dffruglqj wr Qlheho +4<<7,/ wkhuh duh �yh edvlf
whfkqltxhv w|slfdoo| xvhg lq frqglwlrq prqlwrulqj= yleudwlrq prqlwrulqj/ surfhvv sd0
udphwhu prqlwrulqj/ wkhuprjudsk|/ wulerorj| dqg ylvxdo lqvshfwlrq1 Frqwlqxrxv prq0
lwrulqj ri wkrvh sdudphwhuv wkdw doorz wkh dffxudwh suhglfwlrq ri idloxuh zloo shuplw
suhflvh vfkhgxolqj ri uhsdluv zlwkrxw wkh frvwv ri hphujhqf| grzqwlph1 Pdwkhpdwlfdo
prghov lq wklv duhd ghulyh wkhlu ydoxh iurp �qglqj wkh sdudphwhuv/ dqg fruuhvsrqglqj
wuhvkrog ydoxhv/ zlwk zklfk wkh rffxuhqfh ri idloxuhv fdq eh suhglfwhg dffxudwho|1 Wkh
uhdghu lv uhihuuhg wr h1j1 Eduurq +4<<9, iru dq lqwurgxfwlrq lqwr wkh sudfwlfh/ phwkrgv
dqg dssolfdwlrqv ri frqglwlrq prqlwrulqj whfkqltxhv1

Shulrglf uhylhz prghov

Lq shulrglf uhylhz prghov/ lw lv dvvxphg wkdw wkh frqglwlrq ri wkh v|vwhp fdqqrw eh
prqlwruhg frqwlqxrxvo|/ dv lv wkh fdvh lq frqwlqxrxv uhylhz prghov/ exw rqo| wkurxjk
shulrglf lqvshfwlrq dw �{hg frvwv1 Lq wkhvh prghov/ lqvshfwlrqv duh xvxdoo| fduulhg
rxw dw uhjxodu lqwhuydov/ dqg duh hlwkhu wlph0edvhg ru xvh0edvhg1 Lq jhqhudo/ xvh0edvhg
pdlqwhqdqfh srolflhv rxwshuirup wlph0edvhg pdlqwhqdqfh srolflhv lq ylhz ri h!flhqf|1
Rq wkh rwkhu kdqg/ wlph0edvhg pdlqwhqdqfh srolflhv gr kdyh wkh dgydqwdjh wkdw rqh
grhv qrw kdyh wr nhhs wudfn ri lqglylgxdo frpsrqhqw djhv/ dv d uhvxow ri zklfk wkh|
fdq hdvlo| eh lpsohphqwhg dqg h{hfxwhg lq d sudfwlfdo frqwh{w1 Pdwkhpdwlfdo prghov
lq wklv duhd duh xvxdoo| frqfhuqhg zlwk �qglqj wkh rswlpdo pdlqwhqdqfh lqwhuydo/
hlwkhu wlph0edvhg ru xvh0edvhg/ lq rughu wr duulyh dw dq rswlpdo edodqfh ehwzhhq wkh
frvwv ri suhyhqwlyh dqg fruuhfwlyh pdlqwhqdqfh1 Zhoo0nqrzq pdlqwhqdqfh prghov ri
wkh xvh0edvhg w|sh duh wkh djh uhsodfhphqw dqg plqlpdo uhsdlu prgho +Eduorz dqg
Kxqwhu 4<93,1 Fodvvlfdo h{dpsohv ri wlph0edvhg pdlqwhqdqfh prghov duh wkh eorfn
uhsodfhphqw prgho +Eduorz dqg Survfkdq 4<98,/ wkh prgl�hg eorfn uhsodfhphqw
prgho +Ehuj dqg Hsvwhlq 4<:9,/ wkh vwdqgdug lqvshfwlrq prgho +Eduorz hw do1 4<96,/
dqg wkh ghod| wlph prgho +Fkulvwhu 4<;5,1
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Rssruwxqlvwlf uhylhz prghov

Lq rssruwxqlvwlf uhylhz prghov/ lw lv dvvxphg wkdw lqvshfwlrqv fdqqrw eh fduulhg rxw
dw dq| wlph/ dv lv wkh fdvh lq shulrglf uhylhz prghov/ exw rqo| dw vr0fdoohg pdlqwh0
qdqfh rssruwxqlwlhv1 Wkh xqghuo|lqj revhuydwlrq ehklqg wkhvh prghov lv wkdw lq pdq|
sudfwlfdo vlwxdwlrqv/ suhyhqwlyh pdlqwhqdqfh rq qrq0fulwlfdo xqlwv lv ghod|hg wr vrph
prphqw lq wlph zkhuh wkh xqlw lv qrw uhtxluhg iru surgxfwlrq1 Lq jhqhudo/ vxfk rs0
sruwxqlwlhv pd| dulvh gxh wr h1j1 udqgrp euhdngrzqv dqg2ru zlwkgudzq surgxfwlrq
rughuv1 Ehfdxvh ri wkh udqgrp rffxuhqfh ri rssruwxqlwlhv/ dqg ehfdxvh ri wkhlu vrph0
wlphv uhvwulfwhg gxudwlrq/ wudglwlrqdo pdlqwhqdqfh prghov idlo wr pdnh h�hfwlyh xvh
ri wkhp1 Pdwkhpdwlfdo prghov lq wklv duhd duh sulpdulo| xvhg wr ghwhuplqh zkhwkhu
d pdlqwhqdqfh dfwlylw| pxvw eh frqgxfwhg dw d jlyhq rssruwxqlw|/ ru zkhwkhu lw pxvw
eh srvwsrqhg wr wkh qh{w rqh/ h1j1 vhh Ehuj +4<;7,/ Ghnnhu dqg Vphlwlqn +4<<4,/ dqg
Ghnnhu dqg Glmnvwud +4<<5,1

Frqwulexwlrq ri wklv wkhvlv

Lq wklv wkhvlv/ zh zloo uhvwulfw rxuvhoyhv wr shulrglf dqg rssruwxqlvwlf uhylhz prg0
hov1 Wudglwlrqdoo|/ pdlqwhqdqfh rswlpl}dwlrq prghov iru vlqjoh xqlw v|vwhpv kdyh
ehhq irfxvvhg rq plqlpl}lqj wkh orqj uxq dyhudjh wlphv dqg2ru frvwv dvvrfldwhg zlwk
suhyhqwlyh dqg fruuhfwlyh pdlqwhqdqfh1 Pruhryhu/ wkh lqlwldwlrq ri suhyhqwlyh pdlq0
whqdqfh lv riwhq hlwkhu wlph0edvhg/ ru xvh0edvhg/ ru rssruwxqlw|0edvhg/ exw qrwklqj lq
ehwzhhq1 Vlpso| vwdwhg/ wkh prghov suhvhqwhg lq wklv wkhvlv jhqhudol}h suhylrxv zrun
lq wkh odwwhu uhvshfw/ dqg dovr e| wdnlqj lqwr dffrxqw lqwhudfwlrqv zlwk surgxfwlrq lq
whupv ri yduldelolw| phdvxuhv1 Lq fkdswhu 7/ zh vwxg| wkh h�hfw ri suhyhqwlyh pdlq0
whqdqfh srolflhv rq wkh lqwhuydo dydlodelolw| glvwulexwlrq ri dq xquholdeoh surgxfwlrq
v|vwhp1 Lq fkdswhu 8/ zh suhvhqw d frpelqhg shulrglf2rssruwxqlvwlf uhylhz prgho/
lq zklfk suhyhqwlyh pdlqwhqdqfh lv fduulhg rxw dw wkh ehvw rssruwxqlw| gxulqj d suh0
gh�qhg lqwhuydo1 Dowkrxjk wkhvh sklorvrsklhv duh frpprq vhqvh lq sudfwlfh/ wkh|
fhuwdlqo| duh dq xqghuh{srvhg srlqw ri ylhz lq h{lvwlqj olwhudwxuh1

41715 Pxowlsoh xqlw v|vwhpv zlwk hfrqrplf ghshqghqfh

Wkh mxvwl�fdwlrq ri prvw pdlqwhqdqfh rswlpl}dwlrq prghov iru pxowlsoh xqlw v|vwhpv/
lv d srwhqwldo ri uhgxfwlrqv lq vhw0xs frvwv dqg2ru wlphv li pdlqwhqdqfh dfwlylwlhv duh
fduulhg rxw vlpxowdqhrxvo| +pdlqwhqdqfh jurxslqj,1 Dv zh h{sodlqhg lq wkh suhylrxv
vhfwlrq/ pdwkhpdwlfdo prghov lq wklv duhd fdq eh fdwhjrul}hg lqwr vwdwlf jurxslqj/
g|qdplf jurxslqj/ dqg rssruwxqlvwlf jurxslqj vwudwhjlhv1 Dowkrxjk hdfk jurxslqj
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vwudwhj| wdnhv sodfh dw d gl�huhqw sodqqlqj ohyho/ wkhlu pxwxdo remhfwlyh lv wr lpsuryh
h!flhqf| lq whupv ri uhgxflqj vhw0xs wlphv dqg frvwv lq dq rshudwlrqdo sodqqlqj
skdvh1 Wkh uhdghu lv uhihuuhg wr Fkr dqg Sduodu +4<<4, dqg Ghnnhu hw do1 +4<<:, iru
dq h{whqvlyh dqg xs0wr0gdwh olwhudwxuh uhylhz rq pdlqwhqdqfh prghov iru pxowl0xqlw
v|vwhpv zlwk hfrqrplf ghshqghqfh1 Khuh/ zh zloo uhvwulfw rxuvhoyhv wr vrph lpsruwdqw
uhihuhqfhv1 Pruhryhu/ zh glvfxvv wkh frqwulexwlrqv ri wklv wkhvlv wr h{lvwlqj olwhudwxuh1

Vwdwlf jurxslqj prghov

Vwdwlf jurxslqj uhihuv wr wkh frpelqdwlrq ri sodqqhg suhyhqwlyh pdlqwhqdqfh dfwlyl0
wlhv lq d vwudwhjlfdo sodqqlqj skdvh1 Lq wklv uhvshfw/ d fohdu glvwlqfwlrq pxvw eh pdgh
ehwzhhq gluhfw dqg lqgluhfw jurxslqj prghov1 Lq gluhfw jurxslqj prghov/ wkh fro0
ohfwlrq ri suhyhqwlyh pdlqwhqdqfh dfwlylwlhv lv sduwlwlrqhg lqwr vhyhudo pdlqwhqdqfh
sdfndjhv/ hdfk ri zklfk lv h{hfxwhg dw dq lqwhuydo wkdw lv rswlpdo iru wkdw sdfndjh1
Lq lqgluhfw jurxslqj prghov/ pdlqwhqdqfh sdfndjhv duh qrw ghwhuplqhg lq dgydqfh/
exw duh iruphg lqgluhfwo| zkhqhyhu wkh pdlqwhqdqfh ri gl�huhqw xqlwv frlqflghv1 Wr
dfklhyh wklv/ hdfk pdlqwhqdqfh dfwlylw| lv fduulhg rxw dw dq lqwhjhu pxowlsoh ri d
fhuwdlq edvlv lqwhuydo1 Edvlfdoo|/ vwdwlf jurxslqj prghov dwwhpsw wr �qg wkh rswl0
pdo edodqfh ehwzhhq wkh frvwv ri ghyldwlqj iurp wkh rswlpdo suhyhqwlyh pdlqwhqdqfh
lqwhuydov iru lqglylgxdo xqlwv/ dqg wkh ehqh�wv ri frpelqlqj suhyhqwlyh pdlqwhqdqfh
dfwlylwlhv rq gl�huhqw xqlwv1 W|slfdo h{dpsohv ri vwdwlf jurxslqj prghov fdq eh irxqg
lq h1j1 Jhuwvednk +4<::,/ Jr|do dqg Nxv| +4<;8,/ Jr|do dqg Jxqdvhndudq +4<<5,/
dqg Zloghpdq +4<<9,1

G|qdplf jurxslqj prghov

G|qdplf jurxslqj uhihuv wr wkh frpelqdwlrq ri sodqqhg suhyhqwlyh pdlqwhqdqfh df0
wlylwlhv zlwk hdfk rwkhu/ dqg2ru zlwk sodqqdeoh fruuhfwlyh pdlqwhqdqfh dfwlylwlhv/ lq
d wdfwlfdo sodqqlqj skdvh1 Ri frxuvh/ wkh odwwhu lv rqo| srvvleoh li wkh uhsdlu ri idlohg
xqlwv fdq eh srvwsrqhg wr d pruh vxlwdeoh prphqw lq wlph/ h1j1 ehfdxvh vwdqge|
xqlwv duh dydlodeoh/ ru wkh xqlw grhv qrw d�hfw wkh v|vwhp dv d zkroh1 Wkh pdlq gl!0
fxow| ri g|qdplf jurxslqj prghov lv wkdw wkh idloxuh ri d xqlw fdqqrw eh suhglfwhg lq
dgydqfh1 Wkhuhiruh/ g|qdplf jurxslqj prghov riwhq pdnh xvh ri d vr0fdoohg uroolqj
krul}rq dssurdfk1 Pruh vshfl�fdoo|/ wkh| xvh d �qlwh krul}rq lq rughu wr duulyh dw d
vhtxhqfh ri ghflvlrqv/ exw rqo| lpsohphqw wkh �uvw rqh1 Edvlfdoo|/ pdwkhpdwlfdo prg0
hov iru g|qdplf jurxslqj ghulyh wkhlu ydoxh iurp �qglqj dq rswlpdo edodqfh ehwzhhq
wkh frvwv ri srvwsrqlqj fruuhfwlyh pdlqwhqdqfh dfwlylwlhv/ dqg wkh ehqh�wv ri frp0
elqlqj wkhp zlwk rwkhu suhyhqwlyh dqg2ru fruuhfwlyh pdlqwhqdqfh dfwlylwlhv1 W|slfdo
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h{dpsohv ri g|qdplf jurxslqj prghov duh suhvhqwhg lq h1j1 Dvvdi dqg Vkdqwklnxpdu
+4<;:,/ Ulwfknhq dqg Zlovrq +4<<3,/ Mdqvhq dqg Ydq ghu Gx|q Vfkrxwhq +4<<8,/ dqg
Zloghpdq hw do1 +4<<:,1

Rssruwxqlvwlf jurxslqj prghov

Rssruwxqlvwlf jurxslqj uhihuv wr wkh frpelqdwlrq ri sodqqhg pdlqwhqdqfh dfwlyl0
wlhv zlwk xqsodqqhg pdlqwhqdqfh dfwlylwlhv lq dq rshudwlrqdo sodqqlqj skdvh1 Lq
wkhvh prghov/ wkh idloxuh ri d sduwlfxodu xqlw lv xvhg dv dq rssruwxqlw| iru sodqqhg
pdlqwhqdqfh rq rwkhu xqlwv1 Lq sudfwlfh/ wklv phdqv wkdw rssruwxqlvwlf pdlqwhqdqfh
jurxslqj lv gl!fxow wr pdqdjh/ vlqfh lw d�hfwv wkh sodqqdeoh qdwxuh ri suhyhqwlyh
pdlqwhqdqfh1 Qhyhuwkhohvv/ li doo wkh suhsdudwlrqv qhhghg iru suhyhqwlyh pdlqwhqdqfh
kdyh ehhq pdgh lq dgydqfh/ lw fhuwdlqo| lv dq h�hfwlyh phwkrg wr uhgxfh vhw0xs
frvwv dqg wlphv lq dq rshudwlrqdo sodqqlqj skdvh1 Edvlfdoo|/ pdwkhpdwlfdo prghov
iru rssruwxqlvwlf jurxslqj dwwhpsw wr �qg dq rswlpdo edodqfh ehwzhhq wkh frvwv ri
dgydqflqj sodqqhg pdlqwhqdqfh dfwlylwlhv/ dqg wkh ehqh�wv ri frpelqlqj wkhp zlwk
rwkhu xqsodqqhg pdlqwhqdqfh dfwlylwlhv1 W|slfdo h{dpsohv ri rssruwxqlvwlf jurxslqj
prghov fdq eh irxqg lq h1j1 Kdxulh dqg O*Hfx|hu +4<;5,/ R}hnlfl +4<;;,/ Ydq ghu
Gx|q Vfkrxwhq dqg Ydqqhvwh +4<<3,/ Ydq ghu Gx|q Vfkrxwhq dqg Ydqqhvwh +4<<6,/
Ghnnhu dqg Vphlwlqn +4<<7,/ dqg Zlmqpdohq dqg Krqwhoh} +4<<:,1

Frqwulexwlrq ri wklv wkhvlv

Lq wklv wkhvlv/ zh zloo pdlqo| eh frqfhuqhg zlwk vwdwlf jurxslqj ru vr0fdoohg foxvwhulqj
prghov1 Wudglwlrqdoo|/ foxvwhulqj prghov kdyh dffrxqwhg iru wkh hfrqrplhv ri vfdoh lq
fduu|lqj rxw pdlqwhqdqfh mrev vlpxowdqhrxvo|/ e| dvvxplqj wkdw d �{hg vhw0xs frvw
lv lqfxuuhg dw hdfk rffdvlrq iru suhyhqwlyh dqg2ru fruuhfwlyh pdlqwhqdqfh1 Lq wklv
wkhvlv/ zh zloo suhvhqw d qhz/ pxfk ulfkhu dqg pruh srzhuixo prghoolqj iudphzrun/
zklfk doorzv iru pxowlsoh lqwhuuhodwhg vhw0xs dfwlylwlhv1 Lq fkdswhu 5/ wklv iudphzrun
lv dssolhg wr d gluhfw foxvwhulqj prgho/ lq zklfk d froohfwlrq ri iuhtxhqf|0frqvwudlqhg
pdlqwhqdqfh mrev pxvw eh vxeglylghg lqwr vhyhudo iuhtxhqf|0frqvwudlqhg pdlqwhqdqfh
sdfndjhv/ dqg rxu remhfwlyh lv wr plqlpl}h suhyhqwlyh pdlqwhqdqfh frvwv shu xqlw
ri wlph1 Lq fkdswhu 6/ zh frqvlghu dq lqgluhfw foxvwhulqj prgho/ zlwk pruh jhqhudo
iuhtxhqf|0ghshqghqw frvwv lqvwhdg ri iuhtxhqf| frqvwudlqwv iru hdfk frpsrqhqw1 Khuh/
hdfk frpsrqhqw lv pdlqwdlqhg suhyhqwlyho| dw dq lqwhjhu pxowlsoh ri d fhuwdlq edvlv
lqwhuydo/ zklfk lv wkh vdph iru doo frpsrqhqwv1 Rxu dssurdfk jhqhudol}hv suhylrxv
zrun lq wkh vhqvh wkdw frqvlghudeo| pruh ghjuhhv ri iuhhgrp duh wdnhq lqwr dffrxqw1
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Ohw xv qrz eulh | glvfxvv wkh frqwhqwv ri wklv wkhvlv lq vrph pruh ghwdlo1 Lq fkdswhuv
5 dqg 6/ zh suhvhqw d prghoolqj iudphzrun zlwk zklfk wkh frvwv dqg wlphv dvvrfldwhg
zlwk suhyhqwlyh dqg fruuhfwlyh pdlqwhqdqfh fdq eh prghoohg wr d surshu ohyho ri gh0
wdlo/ dqg iru d odujh fodvv ri surgxfwlrq v|vwhpv1 Wkh xqghuo|lqj revhuydwlrq ehklqg
wklv prghoolqj iudphzrun lv wkdw doprvw doo surgxfwlrq v|vwhpv fdq eh ghfrpsrvhg
klhudufklfdoo| lqwr d wuhh0olnh vwuxfwxuh ri vhw0xs dfwlylwlhv dqg frpsrqhqwv/ lq zklfk
hdfk frpsrqhqw fruuhvsrqgv wr h{dfwo| rqh vhw0xs dfwlylw|1 Lq olqh zlwk wklv/ fuhdw0
lqj dq rffdvlrq iru suhyhqwlyh pdlqwhqdqfh rq rqh ri wkhvh frpsrqhqwv uhtxluhv d
froohfwlrq ri suhsdudwru| vhw0xs dfwlylwlhv wr eh fduulhg rxw lq dgydqfh/ zlwk fruuh0
vsrqglqj vhw0xs wlphv dqg2ru frvwv1 Vlqfh gl�huhqw frpsrqhqwv pd| uhtxluh rqh ru
pruh lghqwlfdo ru vkduhg vhw0xs dfwlylwlhv/ wkhuh lv d shuvshfwlyh ri vljql�fdqw jdlqv
li suhyhqwlyh pdlqwhqdqfh dfwlylwlhv duh fduulhg rxw vlpxowdqhrxvo|1 E| dvvxplqj dq
dgglwlyh frvw vwuxfwxuh/ wkh rssruwxqlwlhv iru vwdwlf jurxslqj duh ixuwkhu h{sorlwhg lq
fkdswhuv 5 dqg 6 uhvshfwlyho|1 Wkhvh fkdswhuv duh sduwldoo| edvhg rq lghdv wkdw zhuh
�uvw suhvhqwhg lq Ydq Glmnkxl}hq +4<<8,1

Fkdswhu 5 frqvlghuv d gluhfw foxvwhulqj sureohp iru d pxowl0vhwxs dqg pxowl0
frpsrqhqw surgxfwlrq v|vwhp zlwk iuhtxhqf|0frqvwudlqhg suhyhqwlyh pdlqwhqdqfh
mrev/ zklfk pxvw eh fduulhg rxw zlwk suhvfulehg ru kljkhu iuhtxhqflhv1 Wklv dssurdfk
lv sduwlfxoduo| xvhixo li wkhvh iuhtxhqflhv duh uhvwulfwhg e| odz +h1j1 dlufudiw pdlq0
whqdqfh,/ ru klvwrulfdo gdwd duh vlpso| qrw dydlodeoh +h1j1 qhz htxlsphqw,1 Rxu
remhfwlyh lq wklv fkdswhu lv wr �qg d sduwlwlrqlqj ri suhyhqwlyh pdlqwhqdqfh mrev lqwr
suhyhqwlyh pdlqwhqdqfh sdfndjhv/ lq vxfk d zd| wkdw ryhudoo suhyhqwlyh pdlqwhqdqfh
frvwv shu xqlw ri wlph duh plqlpl}hg1 Wr wklv hqg/ d fohdu glvwlqfwlrq lv pdgh ehwzhhq
surgxfwlrq v|vwhpv zlwk d vlqjoh vhw0xs dfwlylw| +frpprq vhw0xsv,/ dqg surgxfwlrq
v|vwhpv zlwk pxowlsoh vhw0xs dfwlylwlhv +vkduhg vhw0xsv,/ vlqfh wkh iruphu uhtxluhv
pxfk vlpsohu vroxwlrq whfkqltxhv wkdq wkh odwwhu1 D suholplqdu| yhuvlrq ri wklv fkds0
whu kdv ehhq sxeolvkhg lq Ydq Glmnkxl}hq dqg Ydq Kduwhq +4<<:d,1

Lq fkdswhu 6/ rxu prghoolqj iudphzrun lv ixuwkhu ghyhorshg lqwr dq lqgluhfw jurxs0
lqj sureohp/ lq zklfk hdfk frpsrqhqw lv pdlqwdlqhg suhyhqwlyho| dw lqwhjhu pxowl0
sohv ri d fhuwdlq edvlv lqwhuydo/ dqg fruuhfwlyh pdlqwhqdqfh lv fduulhg rxw lq ehwzhhq
zkhqhyhu qhfhvvdu|1 Zlwklq wklv vhwwlqj/ rxu remhfwlyh lv wr ghwhuplqh d uhshwlwlyh
pdlqwhqdqfh f|foh zklfk plqlpl}hv wkh dyhudjh pdlqwhqdqfh frvwv shu xqlw ri wlph
lq wkh orqj uxq1 Wr wklv hqg/ ghwdlohg lqirupdwlrq derxw wkh idloxuh ehkdylru ri hdfk
frpsrqhqw lv dvvxphg wr eh dydlodeoh1 Pruh vshfl�fdoo|/ wkh iuhtxhqf| frqvwudlqwv ri
fkdswhu 5 duh uhsodfhg zlwk iuhtxhqf|0ghshqghqw frvwv iru hdfk pdlqwhqdqfh mre1 Rxu
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dssurdfk jhqhudol}hv suhylrxv zrun lq wkh vhqvh wkdw lw doorzv iru pxowlsoh lqwhuuhodwhg
vhw0xs dfwlylwlhv dqg frpsrqhqwv/ dqg wkdw frqvlghudeo| pruh ghjuhhv ri iuhhgrp duh
wdnhq lqwr dffrxqw1 Wkh pdmrulw| ri wklv fkdswhu lv edvhg rq uhvxowv suhvhqwhg lq Ydq
Glmnkxl}hq dqg Ydq Kduwhq +4<<:e,1

Fkdswhu 7 lv frqfhuqhg zlwk wkh lqwhuydo dydlodelolw| glvwulexwlrq ri dq xquholdeoh
surgxfwlrq v|vwhp/ zklfk lv pdlqwdlqhg suhyhqwlyho| dw uhjxodu lqwhuydov/ dqg fruuhf0
wlyho| xsrq idloxuh1 Zlwklq wklv vhwwlqj/ lw lv h{dplqhg zkhwkhu/ dqg wr zklfk h{whqw/
rswlpdo suhyhqwlyh pdlqwhqdqfh srolflhv zrxog fkdqjh li wkh jxdudqwhhg shuirupdqfh
ri d surgxfwlrq v|vwhp gxulqj d �qlwh shulrg ri wlph +lqwhuydo dydlodelolw|, zrxog
eh suhihuuhg deryh lwv dyhudjh shuirupdqfh lq wkh orqj uxq +olplwlqj dydlodelolw|,1
D jhqhudo prghoolqj iudphzrun lv suhvhqwhg zklfk doorzv iru vwrfkdvwlf suhyhqwlyh
dqg fruuhfwlyh pdlqwhqdqfh wlphv1 Lq dgglwlrq/ h{solflw irupxodv duh ghulyhg iru d
surgxfwlrq v|vwhp zlwk ghwhuplqlvwlf suhyhqwlyh pdlqwhqdqfh wlphv/ dqg Jdppd0
glvwulexwhg fruuhfwlyh pdlqwhqdqfh wlphv1 Frpsxwdwlrqdo uhvxowv lqglfdwh wkdw iuh0
txhqw dqg vkruw vhuylfh lqwhuuxswlrqv duh wr eh suhihuuhg deryh lqiuhtxhqw dqg orqj
rqhv/ doo rwkhu wklqjv ehlqj htxdo1 Wkh uhvxowv ri wklv fkdswhu duh sulpdulo| edvhg rq
Ydq Glmnkxl}hq dqg Ydq ghu Khlmghq +4<<;,1

Fkdswhu 8 lv frqfhuqhg zlwk wkh srwhqwldo ehqh�wv ri exloglqj lq vrph  h{lelolw|
frqfhuqlqj wkh vwduwlqj wlph ri suhyhqwlyh pdlqwhqdqfh1 Wkh xqghuo|lqj revhuydwlrq
ehklqg wklv dssurdfk lv wkdw wkh lqlwldwlrq ri suhyhqwlyh pdlqwhqdqfh vkrxog eh edvhg
rq wkh whfkqlfdo vwdwh dv zhoo dv wkh rshudwlqj vwdwh ri d surgxfwlrq v|vwhp/ dqg wkdw
wkh odwwhu lv riwhq vxemhfw wr  xfwxdwlrqv lq wlph1 Dowkrxjk wklv lv d zlghvsuhdg
frpprq vhqvh lq sudfwlfh/ lw fhuwdlqo| lv dq xqghuh{srvhg srlqw ri ylhz lq h{lvwlqj
olwhudwxuh1 Wkhuhiruh/ d wzr0vwdjh pdlqwhqdqfh srolf| lv frqvlghuhg/ zklfk 0 lq d �uvw
vwdjh 0 xvhv wkh whfkqlfdo vwdwh ri wkh surgxfwlrq v|vwhp wr ghwhuplqh d �qlwh lqwhuydo
gxulqj zklfk suhyhqwlyh pdlqwhqdqfh pxvw eh fduulhg rxw/ dqg 0 lq d vhfrqg vwdjh 0
xvhv wkh rshudwlqj vwdwh ri wkh surgxfwlrq v|vwhp wr ghwhuplqh wkh rswlpdo vwduwlqj
wlph zlwklq wkdw lqwhuydo1 Frpsxwdwlrqdo uhvxowv lqglfdwh wkdw vljql�fdqw vdylqjv fdq
eh rewdlqhg lq frpsdulvrq zlwk fodvvlfdo pdlqwhqdqfh srolflhv1 Wkhvh fkdswhuv kdyh
ehhq sxeolvkhg lq dgdswhg irup lq Ydq Glmnkxl}hq dqg Ydq Kduwhq +4<<;d, dqg Ydq
Glmnkxl}hq dqg Ydq Kduwhq +4<<;e,1

Lq fkdswhu 9/ zh zloo suhvhqw wkh uhvxowv ri d fdvh vwxg| wkdw zdv fduulhg rxw dw
wkh Olqh Pdlqwhqdqfh ghsduwphqw ri NOP Ur|do Gxwfk Dluolqhv1 Wklv ghsduwphqw
lv uhvsrqvleoh iru wkh lqvshfwlrq/ pdlqwhqdqfh dqg uhsdlu ri dlufudiwv gxulqj wkhlu
vwd| dw Vfklskro Dlusruw/ dv zhoo dv wkh dvvljqphqw ri dlufudiwv wr  ljkwv lq NOP*v
wlphwdeoh1 D ghflvlrq vxssruw v|vwhp kdv ehhq ghyhorshg zklfk vkrxog hyhqwxdoo|
dvvlvw pdlqwhqdqfh pdqdjhuv lq ghwhuplqlqj krz pdq| pdlqwhqdqfh vorwv ri zklfk
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w|sh vkrxog eh dydlodeoh lq wkh wlphwdeoh/ dqg krz pdq| pdlqwhqdqfh hqjlqhhuv ri
zklfk w|sh vkrxog eh dvvljqhg wr wkhvh vorwv1 Wklv fkdswhu lv sduwldoo| edvhg rq lghdv
suhvhqwhg lq Ydq Glmnkxl}hq +4<<:,1

Ilqdoo|/ fkdswhu : vxppdul}hv wkh lghdv dqg prghov suhvhqwhg lq wklv wkhvlv/
dqg fohduv wkh zd| wrzdugv d ghflvlrq vxssruw v|vwhp iru frruglqdwhg sodqqlqj dqg
vfkhgxolqj ri surgxfwlrq dqg pdlqwhqdqfh1 Zh frqfoxgh wkdw suhyhqwlyh pdlqwhqdqfh
iuhtxhqflhv vkrxog eh ghwhuplqhg lq d vwudwhjlfdo sodqqlqj skdvh/ zkhuhdv wdfwlfdo dqg
rshudwlrqdo ghflvlrq pdnlqj vkrxog eh vxssruwhg zlwk uhodwlyho| vlpsoh/ dqg udwkhu
vwudljkwiruzdug frqwuro phfkdqlvpv1 Wkhuhiruh/ d fohdu glvwlqfwlrq lv pdgh ehwzhhq
orqj whup/ phglxp whup/ dqg vkruw whup pdlqwhqdqfh sodqqlqj1 Wr frqfoxgh wklv wkh0
vlv/ zh eulh | glvfxvv wkhvh frqwuro phfkdqlvpv dw hdfk sodqqlqj ohyho/ lq ylhz ri wkh
srvvleoh lqwhudfwlrqv zlwk surgxfwlrq/ dqg lqglfdwh vhyhudo lqwhuhvwlqj rssruwxqlwlhv
iru ixuwkhu uhvhdufk dv zhoo1
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Fkdswhu 5

Rswlpdo foxvwhulqj ri
iuhtxhqf|0frqvwudlqhg pdlqwhqdqfh mrev

zlwk vkduhg vhw0xsv

Vlqfh pdlqwhqdqfh mrev riwhq uhtxluh hlwkhu rqh/ ru d froohfwlrq ri suhsdud0

wru| vhw0xs dfwlylwlhv/ mrlqw h{hfxwlrq ru foxvwhulqj ri pdlqwhqdqfh mrev lv riwhq

vhhq dv d srzhuixo lqvwuxphqw wr uhgxfh vkxw0grzq frvwv1 Lq wklv fkdswhu/ zh

frqvlghu d foxvwhulqj sureohp iru iuhtxhqf|0frqvwudlqhg pdlqwhqdqfh mrev/ l1h1

pdlqwhqdqfh mrev wkdw pxvw eh fduulhg rxw zlwk suhvfulehg +ru kljkhu, iuhtxhq0

flhv1 Dv d vwduwlqj srlqw/ vhyhudo vwurqj grplqdqfh uxohv duh surylghg iru wkh

foxvwhulqj ri pdlqwhqdqfh mrev zlwk lghqwlfdo/ vr0fdoohg frpprq vhw0xsv1 Vxe0

vhtxhqwo|/ wkhvh grplqdqfh uxohv duh xvhg lq dq h!flhqw g|qdplf surjudpplqj

dojrulwkp/ zklfk vroyhv wklv sureohp lq sro|qrpldo wlph1 Iru wkh foxvwhulqj

ri pdlqwhqdqfh mrev zlwk sduwldoo| lghqwlfdo/ vr0fdoohg vkduhg vhw0xsv/ vlplodu

exw ohvv vwurqj grplqdqfh uxohv duh ghulyhg1 Qhyhuwkhohvv/ d g|qdplf surjudp0

plqj dojrulwkp dqg d pl{hg lqwhjhu olqhdu surjudp/ dv zhoo dv wzr vxusulvlqjo|

zhoo0shuiruplqj khxulvwlfv/ fdq eh irupxodwhg wr vroyh wklv sureohp1

514 Lqwurgxfwlrq

Pdq| suhyhqwlyh pdlqwhqdqfh mrev +lqvshfwlrqv/ uhsodfhphqwv, ri surgxfwlrq v|vwhpv
uhtxluh vkxw0grzq ri wkh xqlwv lqyroyhg1 Li wkhvh xqlwv duh xvhg frqwlqxrxvo|/ dv lv
wkh fdvh lq surfhvv lqgxvwu|/ vkxw0grzqv fdq eh yhu| frvwo| dqg pdqdjhphqw zloo wu|
wr plqlpl}h wkhlu gxudwlrq dqg iuhtxhqf|1 Vlqfh pdlqwhqdqfh mrev riwhq vkduh rqh
ru pruh suhsdudwru| vhw0xs dfwlylwlhv dqg2ru frvwv +h1j1 fuhz wudyhoolqj/ glvpdqwolqj/
htxlsphqw uhqwdo/ fduu| lq dw d uhsdlu idflolw|,/ wkhuh lv d shuvshfwlyh ri vljql�fdqw
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jdlqv li wkh| fdq eh fduulhg rxw vlpxowdqhrxvo| +pdlqwhqdqfh jurxslqj,1 Lq wkh sdvw
ihz ghfdghv/ d jurzlqj lqwhuhvw fdq eh revhuyhg lq wkh prghoolqj dqg rswlpl}dwlrq ri
suhyhqwlyh dqg fruuhfwlyh pdlqwhqdqfh sodqqlqj/ zkhuh fruuhodwlrq ehwzhhq ydulrxv
mrev lv hvvhqwldo lq ylhz ri vhw0xs dyrlgdqfh1 Prvw ri wkhvh prghov ghulyh wkhlu ydoxh
iurp wkh hfrqrplhv ri vfdoh lq fduu|lqj rxw pdlqwhqdqfh mrev vlpxowdqhrxvo|/ h1j1
vhh Fkr dqg Sduodu +4<<4, dqg Ghnnhu hw do1 +4<<:, iru dq h{whqvlyh dqg xs0wr0gdwh
uhylhz ri h{lvwlqj olwhudwxuh1 Khuh/ zh zloo rqo| phqwlrq vrph lpsruwdqw uhihuhqfhv1
Dv lq wkh suhylrxv fkdswhu/ zh pdnh d fohdu glvwlqfwlrq ehwzhhq vwdwlf/ g|qdplf dqg
rssruwxqlvwlf jurxslqj prghov1

Iluvw ri doo/ vwdwlf jurxslqj uhihuv wr wkh frruglqdwlrq ri sodqqhg suhyhqwlyh pdlq0
whqdqfh mrev lq d vwudwhjlfdo sodqqlqj skdvh/ h1j1 vhh Jhuwvednk +4<::,/ Jr|do dqg
Nxv| +4<;8,/ Jr|do dqg Jxqdvhndudq +4<<5,/ dqg Zloghpdq +4<<9,1 Lq d vlpl0
odu zd|/ g|qdplf jurxslqj prghov dlp dw wkh vlpxowdqhrxv h{hfxwlrq ri sodqqhg
suhyhqwlyh pdlqwhqdqfh mrev dqg sodqqdeoh fruuhfwlyh pdlqwhqdqfh mrev lq d wdfwl0
fdo sodqqlqj skdvh/ h1j1 vhh Dvvdi dqg Vkdqwklnxpdu +4<;:,/ Ulwfknhq dqg Zlovrq
+4<<3,/ Mdqvhq dqg Ydq ghu Gx|q Vfkrxwhq +4<<8,/ dqg Zloghpdq/ Ghnnhu/ dqg Vplw
+4<<:,1 Ilqdoo|/ rssruwxqlvwlf jurxslqj frphv grzq wr wkh frpelqdwlrq ri sodqqhg
zlwk xqsodqqhg pdlqwhqdqfh mrev lq dq rshudwlrqdo sodqqlqj skdvh/ h1j1 vhh Kdxulh
dqg O*Hfx|hu +4<;5,/ R}hnlfl +4<;;,/ Ydq ghu Gx|q Vfkrxwhq dqg Ydqqhvwh +4<<3,/
Ydq ghu Gx|q Vfkrxwhq dqg Ydqqhvwh +4<<6,/ Ghnnhu dqg Vphlwlqn +4<<7,/ dqgZlmq0
pdohq dqg Krqwhoh} +4<<:,1 Edvlfdoo|/ wkh remhfwlyh ri pdlqwhqdqfh jurxslqj prghov
lv wr �qg dq rswlpdo edodqfh ehwzhhq wkh frvwv ri ghyldwlqj iurp wkh rswlpdo lqwhuydo
iru lqglylgxdo pdlqwhqdqfh mrev/ dqg wkh ehqh�wv lq whupv ri vhw0xs dyrlgdqfh e|
frpelqlqj pdlqwhqdqfh mrev1 Lq wklv fkdswhu/ zh zloo irfxv rq vwdwlf jurxslqj/ ru
orqj whup foxvwhulqj srvvlelolwlhv iru suhyhqwlyh pdlqwhqdqfh mrev1

Lq wklv uhvshfw/ d fohdu glvwlqfwlrq pxvw eh pdgh ehwzhhq gluhfw dqg lqgluhfw
foxvwhulqj whfkqltxhv1 Lq gluhfw foxvwhulqj prghov/ wkh froohfwlrq ri suhyhqwlyh pdlq0
whqdqfh dfwlylwlhv lv sduwlwlrqhg lqwr vhyhudo pdlqwhqdqfh sdfndjhv/ hdfk ri zklfk
lv h{hfxwhg dw dq lqwhuydo wkdw lv rswlpdo iru wkdw sdfndjh1 Lq lqgluhfw foxvwhulqj
prghov/ wkhvh pdlqwhqdqfh sdfndjhv duh qrw ghwhuplqhg lq dgydqfh/ exw duh iruphg
lqgluhfwo| zkhqhyhu wkh rffxuhqfh ri gl�huhqw pdlqwhqdqfh mrev frlqflghv1 Wr dfklhyh
wklv/ hdfk pdlqwhqdqfh mre lv fduulhg rxw dw dq lqwhjhu pxowlsoh ri d fhuwdlq edvlv lq0
whuydo1 Lq jhqhudo/ lqgluhfw foxvwhulqj whfkqltxhv dozd|v rxwshuirup gluhfw foxvwhulqj
whfkqltxhv/ dw ohdvw iurp d frvw h!flhqf| srlqw ri ylhz +Ydq Hlmv/ Khxwv/ dqg Nohlqhq
4<<5,1 Qhyhuwkhohvv/ wkhuh pd| eh vrph rwkhu h1j1 dgplqlvwudwlyh uhdvrqv zklfk hp0
skdvl}h rq wkh xvh ri suhgh�qhg pdlqwhqdqfh sdfndjhv1 Lq wklv fkdswhu/ zh zloo irfxv
rq gluhfw foxvwhulqj whfkqltxhv1
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Iurp d wkhruhwlfdo srlqw ri ylhz/ wkh foxvwhulqj sureohp fdq eh irupxodwhg dv d
fodvvlfdo vhw0sduwlwlrqlqj sureohp/ dqg dv vxfk lvQS0kdug +Jduh| dqg Mrkqvrq 4<:<,1
Frqvhtxhqwo|/ dq rswlpdo foxvwhulqj fdq eh irxqg iru rqo| d uhodwlyho| vpdoo qxpehu ri
pdlqwhqdqfh mrev/ xqohvv d yhu| vshfldo vwuxfwxuh lv dvvxphg1 Dq h{dpsoh ri wklv w|sh
lv suhvhqwhg lq wklv fkdswhu/ zkhuh zh uhvwulfw rxuvhoyhv wr iuhtxhqf|0frqvwudlqhg
pdlqwhqdqfh mrev1 Pruh vshfl�fdoo|/ zh frqvlghu pdlqwhqdqfh mrev wkdw pxvw eh
fduulhg rxw dw �{hg lqwhuydov zlwk suhvfulehg ru kljkhu iuhtxhqflhv +h1j1 dw ohdvw
rqfh shu prqwk,1 Dowkrxjk lw lv yhu| zhoo srvvleoh wkdw wkhvh vr0fdoohg olplwdwlyh
iuhtxhqflhv duh ghwhuplqhg zlwk wkh xvh ri pdwkhpdwlfdo prghov/ wkh| pljkw dovr eh
edvhg rq h{shuw rslqlrqv/ vdihw| uhvwulfwlrqv dqg2ru ohjlvodwlrq1 Lq jhqhudo/ wkh xvh ri
iuhtxhqf| frqvwudlqwv uhtxluhv qr h{solflw gdwd rq idloxuh vwdwlvwlfv zkdwvrhyhu/ dqg
wkhuhiruh hqdeohv xv wr lqwhjudwh erwk txdolwdwlyh dqg txdqwlwdwlyh ghflvlrqv lq rqh
dqg wkh vdph prghoolqj iudphzrun1

Slrqhhulqj zrun zlwklq wkh �hog ri iuhtxhqf|0frqvwudlqhg pdlqwhqdqfh mrev zdv
fduulhg rxw e| Jlwv +4<;:,/ zkr frqvlghuhg d foxvwhulqj sureohp iru pdlqwhqdqfh mrev
zlwk lghqwlfdo/ vr0fdoohg frpprq vhw0xs dfwlylwlhv1 Wkh odwwhu lpsolhv wkdw fuhdwlqj dq
rffdvlrq iru suhyhqwlyh pdlqwhqdqfh rq rqh ru pruh frpsrqhqwv uhtxluhv d �{hg vhw0
xs frvw/ luuhvshfwlyh ri krz pdq| dqg zklfk frpsrqhqwv duh pdlqwdlqhg1 Dowkrxjk
wklv pljkw eh dq lqwhuhvwlqj dssurdfk iurp d wkhruhwlfdo srlqw ri ylhz/ lw lv reyl0
rxv wkdw qrzdgd|v surgxfwlrq v|vwhpv duh xvxdoo| pxfk pruh frpsolfdwhg1 Lq rxu
rslqlrq/ suhyhqwlyh pdlqwhqdqfh prghov vkrxog dw ohdvw dffrxqw iru pxowlsoh vhw0xs
dfwlylwlhv dqg frpsrqhqwv/ doorzlqj gl�huhqw vhw0xs frvwv iru gl�huhqw frpsrqhqwv/ ru
jurxsv ri frpsrqhqwv1 Rq wkh rwkhu kdqg/ lw vhhpv yluwxdoo| lpsrvvleoh wr vxssruw
d vhsdudwh/ lqghshqghqw gdwd vwuxfwxuh iru hdfk srvvleoh jurxs ri frpsrqhqwv/ wkdw
frxog dulvh lq wkh prvw jhqhudo vlwxdwlrq1

Lq rughu wr duulyh dw d frpsurplvh/ zh ghyhorshg d srzhuixo prghoolqj iudphzrun/
lq zklfk d ydulhw| ri frpsoh{ vhw0xs vwuxfwxuhv fdq eh prghoohg wr d surshu ohyho ri
ghwdlo1 Pruh vshfl�fdoo|/ zh dvvxph wkdw wkh froohfwlrq ri vhw0xs dfwlylwlhv fdq eh
rughuhg klhudufklfdoo| lqwr d wuhh0olnh vwuxfwxuh/ lq zklfk hdfk pdlqwhqdqfh mre fdq
eh dvvrfldwhg zlwk h{dfwo| rqh vhw0xs dfwlylw| +vhh Iljxuh 514,1 Frqvlghulqj wklv
wuhh0olnh vwuxfwxuh/ lw lv qrz lpphgldwho| fohdu wkdw vrph pdlqwhqdqfh mrev pd| qrw
vkduh doo vhw0xs dfwlylwlhv/ exw rqo| d vxevhw ri wkhp1 Reylrxvo|/ wkhvh srvvlelolwlhv iru
vkduhg vhw0xs dfwlylwlhv surylgh d ulfkhu dqg pruh uhdolvwlf prghoolqj iudphzrun
lq frpsdulvrq zlwk wkh uhtxluhphqw ri frpsohwho| frlqflglqj sdwkv/ dv lv wkh fdvh
zlwk frpprq vhw0xsv1

Wr d fhuwdlq h{whqw/ wkh deryh0phqwlrqhg frqfhsw ri vkduhg vhw0xs dfwlylwlhv rulj0
lqdwhv iurp Jhuwvednk +4<:5,/ zkr ghyhorshg d vrphzkdw vlplodu exw ohvv srzhuixo
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Iljxuh 514= Wuhh0olnh vwuxfwxuh ri vhw0xs dfwlylwlhv dqg pdlqwhqdqfh mrev +h{dpsoh,1

prghoolqj iudphzrun/ lq zklfk pdlqwhqdqfh mrev fdq rqo| eh gh�qhg dw wkh orzhvw0
ohyho vhw0xs dfwlylwlhv1 Sudfwlfdo h{dpsohv ri vkduhg/ exw qrw frpprq vhw0xsv fdq eh
irxqg lq ydulrxv duhdv/ h1j1 lq dlufudiw pdlqwhqdqfh/ pdlqwhqdqfh ri qxfohdu srzhu
sodqwv/ r�0vkruh pdlqwhqdqfh/ dqg hyhq wudpfdu pdlqwhqdqfh +vhh Iljxuh 515,1 Vxp0
pdul}lqj/ wkh qrwlrq ri vkduhg exw qrw frpprq vhw0xs dfwlylwlhv vhhpv wr eh d frp0
prq vhqvh lq sudfwlfh/ exw dw wkh vdph wlph dq xqghuh{srvhg srlqw ri ylhz lq h{lvwlqj
olwhudwxuh1

Wkh rxwolqh ri wklv fkdswhu lv dv iroorzv1 Lq vhfwlrq 515/ d pdwkhpdwlfdo irupxod0
wlrq ri wkh foxvwhulqj sureohp lv jlyhq/ dqg wkh frpsoh{lw| ri wklv sureohp lv eulh |
glvfxvvhg1 Lq vhfwlrq 516/ wkh foxvwhulqj sureohp zlwk frpprq vhw0xsv lv frqvlghuhg1
Vhyhudo grplqdqfh uxohv duh surylghg/ dqg dq h!flhqw g|qdplf surjudpplqj dojr0
ulwkp lv ghyhorshg/ zklfk vroyhv wklv sureohp lq sro|qrpldo wlph1 Lq vhfwlrq 517/
wkh foxvwhulqj sureohp zlwk vkduhg vhw0xsv lv frqvlghuhg/ dqg vlplodu exw ohvv vwurqj
grplqdqfh uxohv duh ghulyhg1 Qhyhuwkhohvv/ d g|qdplf surjudpplqj dojrulwkp dqg d
pl{hg lqwhjhu olqhdu surjudp fdq eh irupxodwhg/ zlwk zklfk wklv foxvwhulqj sureohp
fdq dovr eh vroyhg wr rswlpdolw|1 Vxevhtxhqwo|/ wzr h!flhqw khxulvwlfv duh suhvhqwhg
lq vhfwlrq 518/ dqg wkhlu devroxwh dv zhoo dv uhodwlyh shuirupdqfh lv ixuwkhu lqyhvwl0
jdwhg lq vhfwlrq 5191 Ilqdoo|/ vrph frqfoxvlrqv duh vxppdul}hg lq vhfwlrq 51:/ dqg
vhyhudo srvvlelolwlhv iru ixuwkhu uhvhdufk duh glvfxvvhg1
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A

B

DC

E F

1 2 3 4 5 6 7 8 9 10

A : Tramcar

B : Truck Assembly

C : Motor 1

D : Motor 2

E : Motor 1 Housing

F : Motor 2 Housing

1,5 : Armature

2,6 : Roller Bearing

3,7 : Field Coil

4,8 : Interpole Coil

9 : Truck

10 : Body

Removing and fitting body to truck assembly   120
Removing and fitting motors to truck   300
Opening motor and removing armature plus reassembling     50
Dismantling motor housing and removing interpole and field coils plus reassembling     50
Reconditioning armature   900
Reconditioning field coil   120
Reconditioning interpole coil   100
New roller bearing   350
Major truck overhaul 5000
Minor truck overhaul 1900
Body overhaul and painting 3000

Iljxuh 515= Pxowlsoh lqwhuuhodwhg vhw0xs dqg pdlqwhqdqfh dfwlylwlhv zlwk dvvrfldwhg
frvwv iru d wudpfdu +Vfxool dqg Vxudzhhud 4<:<,1

515 Jhqhudo dssurdfk

Lq wklv vhfwlrq/ wkh xqghuo|lqj dvvxpswlrqv ri rxu prghoolqj iudphzrun duh vwdwhg
pruh h{solflw|1 Ixuwkhupruh/ d surshu sureohp gh�qlwlrq dqg d pdwkhpdwlfdo irupx0
odwlrq ri wkh foxvwhulqj sureohp duh jlyhq1 Pruhryhu/ wkh frpsoh{lw| ri wklv sureohp
lq whupv ri wkh qxpehu ri srvvleoh foxvwhulqjv lq uhodwlrq wr wkh qxpehu ri pdlqwh0
qdqfh mrev lv glvfxvvhg1

51514 Sureohp gh�qlwlrq

Dv d vwduwlqj srlqw/ zh dvvxph wkdw �{hg frvwv duh lqfxuuhg iru hdfk vhw0xs dfwlylw|/
dqg iru hdfk pdlqwhqdqfh mre1 Lq jhqhudo/ wkhvh frvwv fdq eh fdwhjrul}hg lqwr gluhfw



5; Fkdswhu 51 Foxvwhulqj Iuhtxhqf|0Frqvwudlqhg Pdlqwhqdqfh Mrev

pdlqwhqdqfh frvwv +h1j1 vdodulhv/ wrrov/ pdwhuldov,/ dqg lqgluhfw pdlqwhqdqfh frvwv
+h1j1 surgxfwlrq orvv/ ghod| shqdowlhv,1 Jlyhq d olplwdwlyh iuhtxhqf| ru iuhtxhqf|
frqvwudlqw iru hdfk pdlqwhqdqfh mre/ wkh foxvwhulqj sureohp lv qrz frqfhuqhg zlwk wkh
sduwlwlrqlqj +foxvwhulqj, ri pdlqwhqdqfh mrev lqwr pdlqwhqdqfh sdfndjhv +foxvwhuv,/
lq vxfk d zd| wkdw suhyhqwlyh pdlqwhqdqfh frvwv shu xqlw ri wlph duh plqlpl}hg lq
wkh orqj uxq1 Qrwh wkdw wkh srvvleoh uhgxfwlrqv lq htxlsphqw idloxuhv dqg dvvrfldwhg
fruuhfwlyh pdlqwhqdqfh frvwv/ dv d srvlwlyh vlgh0h�hfw ri foxvwhulqj/ duh qrw frqwdlqhg
lq rxu dqdo|vlv1 Li vr/ foxvwhulqj ri suhyhqwlyh pdlqwhqdqfh mrev zrxog ehfrph hyhq
pruh sur�wdeoh1

Zlwklq rxu prghoolqj iudphzrun/ zh dvvxph wkdw wkh frvwv ri d foxvwhu fdq eh
frpsxwhg iurp wkh frvwv ri wkh lqglylgxdo vhw0xs dfwlylwlhv dqg pdlqwhqdqfh mrev/
dqg wkdw wkh frvwv ri d foxvwhulqj fdq eh frpsxwhg iurp wkh frvwv ri wkh lqglylgxdo
foxvwhuv1 Lq rwkhu zrugv/ zh xvh dq ryhudoo dgglwlyh frvw vwuxfwxuh/ dv zloo eh vwdwhg
pruh h{solflwo| lq wkh iroorzlqj vhfwlrq1 Iurp d sudfwlfdo srlqw ri ylhz/ wklv phdqv
wkdw +l, sdudooho h{hfxwlrq ri pdlqwhqdqfh mrev zlwklq d foxvwhu/ dqg +ll, vlpxowdqhrxv
h{hfxwlrq ri foxvwhuv zlwklq d foxvwhulqj +h1j1 lq dq rshudwlrqdo sodqqlqj skdvh, duh
qrw doorzhg/ ru gr qrw ohdg wr frvw uhgxfwlrqv1 Reylrxvo|/ rwkhu dvvxpswlrqv zrxog
ohdg wr rwkhu lqwhuhvwlqj yhuvlrqv ri wkh foxvwhulqj sureohp1 Lq idfw/ dq looxvwudwlyh
h{dpsoh zloo eh suhvhqwhg lq wkh iroorzlqj fkdswhu1

Lq olqh zlwk wkh deryh/ wkh froohfwlrq ri vhw0xs dfwlylwlhv dqg iuhtxhqf|0frqvwudlqhg
pdlqwhqdqfh mrev lv qrz frqyhuwhg lqwr d vr0fdoohg pdlqwhqdqfh wuhh1 Wkh urrw ri
wklv pdlqwhqdqfh wuhh fruuhvsrqgv wr wkh surgxfwlrq v|vwhp lq rshudwlqj frqglwlrq1
Pruhryhu/ pdlqwhqdqfh mrev duh uhsuhvhqwhg e| wkh ohdiv/ dqg vhw0xs dfwlylwlhv e|
wkh uhpdlqlqj qrghv ri wkh wuhh1 Dv d frqvhtxhqfh/ hdfk pdlqwhqdqfh mre fdq eh
dvvrfldwhg zlwk h{dfwo| rqh sduhqwdo vhw0xs dfwlylw|/ dqg wkh frppxqdolw| ri vhw0xs
dfwlylwlhv lv ghwhuplqhg e| wkh mrlqw sduw ri wkh sdwkv frqqhfwlqj wkh qrghv wr wkh
urrw ri wkh wuhh +vhh Iljxuh 516,1 Wkhvh duh wkh edvlf uxohv iru wkh frqyhuvlrq/ ixuwkhu
ghwdlov duh glvfxvvhg ehorz1

Lq jhqhudo/ wklv wuhh0olnh vwuxfwxuh ri vhw0xs dfwlylwlhv dqg pdlqwhqdqfh mrev uhodwhv
wr wkh klhudufklfdo ghfrpsrvlwlrq ri d surgxfwlrq v|vwhp lqwr lwv vhyhudo vxev|vwhpv1
Wklv grhv qrw qhfhvvdulo| lpso|/ krzhyhu/ wkdw rwkhu srvvlelolwlhv gr qrw h{lvw1 Dv dq
looxvwudwlyh h{dpsoh/ frqvlghu d phowlqj ixuqdfh zklfk lv vxemhfw wr vhyhudo shulrglf
suhyhqwlyh pdlqwhqdqfh mrev1 Gxh wr vdihw| uhvwulfwlrqv/ gl�huhqw pdlqwhqdqfh mrev
uhtxluh gl�huhqw ixuqdfh whpshudwxuhv1 Wkh ixuqdfh kdv wr eh frrohg grzq wr wkh
uhtxluhg whpshudwxuh ehiruh d vshfl�f pdlqwhqdqfh mre fdq eh fduulhg rxw1 Li zh
dvvrfldwh d vhw0xs dfwlylw| zlwk hdfk ri wkh uhtxluhg whpshudwxuhv/ wkhq wkh vhw ri
gl�huhqw whpshudwxuhv dovr uh hfwv d vkduhg vhw0xs vwuxfwxuh1
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Iljxuh 516= H{dpsohv ri d pdlqwhqdqfh wuhh zlwk +d, frpprq dqg +e, vkduhg vhw0xs
dfwlylwlhv= vhw0xs dqg pdlqwhqdqfh frvwv duh vkrzq dw wkh dufv/ olplwdwlyh iuhtxhqflhv
lq eudfnhwv dw wkh fruuhvsrqglqj qrghv1

51515 Pdwkhpdwlfdo irupxodwlrq

Frqvlghu d froohfwlrq ri suhsdudwru| vhw0xs dfwlylwlhv L ' i�c ���c6j dqg iuhtxhqf|0
frqvwudlqhg pdlqwhqdqfh mrev M ' i�c ���c ?j/ dqg ohw U� � L ghqrwh wkh vhw0xs df0
wlylwlhv � 5 L uhtxluhg iru pdlqwhqdqfh mre � 5 M +h1j1 U2 ' i�c 2j lq Iljxuh 516e,1
Ixuwkhupruh/ gh�qh r� : f dqg S� : f dv wkh +h{shfwhg, frvwv dvvrfldwhg zlwk vhw0xs
dfwlylw| � 5 L uhvs1 pdlqwhqdqfh mre � 5 M / dqg ohw s� : f ghqrwh wkh olplwdwlyh
iuhtxhqf| ri pdlqwhqdqfh mre � 5 M 1

D foxvwhu ri pdlqwhqdqfh mrev lv gh�qhg dv d vxevhw L � M 1 Vlplodu wr wkh gh�0
qlwlrqv deryh/ ohw sEL� : f ghqrwh wkh olplwdwlyh iuhtxhqf|/ rEL� : f wkh +h{shfwhg,
vhw0xs frvwv dqg SEL� : f wkh +h{shfwhg, pdlqwhqdqfh frvwv dvvrfldwhg zlwk d foxvwhu
L � M 1 Wkhq wkh iroorzlqj h{suhvvlrqv iru sEL�/ rEL� dqg SEL� fdq eh ghulyhg=

sEL� ' 4@ 
�ML

s�c

rEL� '
[

�M
V

�ML

U�

r�c

SEL� '
[
�ML

S��
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Lq d vlplodu zd|/ wkh +h{shfwhg, frvwv shu xqlw ri wlph bEL�/ dvvrfldwhg zlwk d
foxvwhu L � M / fdq eh gh�qhg udwkhu vwudljkwiruzdugo| dv iroorzv=

bEL� ' sEL� � irEL� n SEL�j �

D foxvwhulqj ri pdlqwhqdqfh mrev lv gh�qhg dv d sduwlwlrqlqj l ri M 1 Vlqfh rxu
remhfwlyh lv wr plqlpl}h wkh wrwdo +h{shfwhg, frvwv shu xqlw wlph/ zh qhhg wr ghwhuplqh
d foxvwhulqj lW iru zklfk wkh iroorzlqj h{suhvvlrq lv plqlpl}hg=

\El� '
[
LMl

bEL� '
[
LMl

sEL� � irEL� n SEL�j �

51516 Ixuwkhu qrwdwlrq dqg dvvxpswlrqv

Dv d vwduwlqj srlqw/ zh gh�qh a� ' i� 5 M m � 5 U�j dqg aW� � a� dv wkh froohfwlrq
ri pdlqwhqdqfh mrev � 5 M wkdw uhtxluh uhvs1 duh dwwdfkhg wr vhw0xs dfwlylw| � 5 L1
Pruhryhu/ zh ghqrwh zlwk 7� � L wkh vxffhvvruv ri vhw0xs dfwlylw| � 5 L/ dqg zlwk
N ' is� m � 5 M j wkh hqwluh vhw ri gl�huhqw olplwdwlyh pdlqwhqdqfh iuhtxhqflhv1
Ilqdoo|/ zh gh�qh g� ' i& 5 N m & � s�j dqg N� '

V
�Ma�

g� dv wkh vhw ri ihdvleoh
pdlqwhqdqfh iuhtxhqflhv iru pdlqwhqdqfh mre � 5 M uhvs1 vhw0xs dfwlylw| � 5 L1 Dv
dq looxvwudwlyh h{dpsoh/ zh frqvlghu wkh pdlqwhqdqfh wuhh ri Iljxuh 516e1 Wklv |lhogv=

U� ' U2 ' i�c 2j/ U� ' i�j/
a� ' i�c 2c �j/ a2 ' i�c 2jc
aW� ' i�j/ aW2 ' i�c 2j/
7� ' i2j/ 72 ' >/

N ' N� ' iDc �c 2j/ N2 ' iDc �jc
g� ' iDj/ g2 ' iDc �j/ g� ' iDc �c 2j1

Iru qrwdwlrqdo frqyhqlhqfh/ dqg zlwkrxw orvv ri jhqhudolw|/ zh dvvxph wkdw �� : �

iru doo � 5 L dqg �� 5 7� lq wkh vhtxho1 Pruhryhu/ dqg lq olqh zlwk wkh deryh/ zh
dvvxph wkdw U� _ ��� _ U? ' i�j/ l1h1 wkhuh h{lvwv h{dfwo| rqh frpprq vhw0xs dfwlylw|
� ' �1 Wr vhh wklv/ U� _ ��� _ U? ' > lpsolhv wkdw wkh foxvwhulqj sureohp fdq eh
ghfrpsrvhg lqwr wzr ru pruh +vpdoohu, foxvwhulqj sureohpv/ zklfk fdq eh wuhdwhg
dqg vroyhg vhsdudwho|1 Lq fdvh mU� _ ��� _ U?m ' & : �/ wkh frpprq vhw0xs dfwlylwlhv
� 5 i�c ���c &j fdq dv zhoo eh frpelqhg lqwr d vlqjoh frpprq vhw0xs dfwlylw| � ' �/
zlwk fruuhvsrqglqj vhw0xs frvwv r� n ���n r& : f1 Iru vlplodu uhdvrqv/ zh fdq dvvxph
wkdw a� 9' B iru doo � 5 L/ vlqfh reylrxvo| vhw0xs dfwlylwlhv zlwk qr frpsrqhqwv fdq
dv zhoo eh qhjohfwhg1
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Wdeoh 514= Wrwdo qxpehu ri gl�huhqw foxvwhulqjv �E?� iru d foxvwhulqj sureohp zlwk
? pdlqwhqdqfh mrev1

? 2 S �2 2f �f

�E?� 2 2f� e�2� � �fS D��. � �f�� H�e. � �f2�

51517 Frpsoh{lw| ri wkh foxvwhulqj sureohp

Ohw xv qrz lqyhvwljdwh wkh frpsoh{lw| ri wkh foxvwhulqj sureohp/ e| ghulylqj dq
h{suhvvlrq�E?� iru wkh qxpehu ri gl�huhqw foxvwhulqjv ri i�c ���c ?j1 Wr wklv hqg/ gh�qh
�E?c &� dv wkh qxpehu ri gl�huhqw foxvwhulqjv ri i�c ���c ?j lqwr & foxvwhuv E� � & � ?�1
Wkhq �E?� '

S
&�E?c &� e| gh�qlwlrq/ zkhuhdv �E?c �� ' �E?c ?� ' � lv doprvw

wulyldo1 Pruhryhu/ �E?c &� ' & � �E? � �c &� n �E? � �c & � �� iru � 	 & 	 ?1 Vrph
ydoxhv ri �E?� iru lqfuhdvlqj ydoxhv ri ? duh suhvhqwhg lq Wdeoh 5141 Dssduhqwo|/
wkh vhdufk vsdfh ri wkh foxvwhulqj sureohp jurzv h{srqhqwldoo| zlwk wkh qxpehu ri
pdlqwhqdqfh mrev ?1 Lq wkh iroorzlqj vhfwlrqv/ zh zloo vkrz wkdw wkh frpsoh{lw| ri wkh
foxvwhulqj sureohp fdq eh uhgxfhg vljql�fdqwo|/ e| h{sorlwlqj lwv vshfldo vwuxfwxuh1

516 Wkh foxvwhulqj sureohp zlwk frpprq vhw0xsv

Lq wklv vhfwlrq/ wkh foxvwhulqj sureohp iru pdlqwhqdqfh mrev zlwk frpprq vhw0xsv
lv frqvlghuhg1 Iluvw/ dq h{dpsoh lv jlyhq/ dqg vhyhudo vwurqj grplqdqfh uxohv duh
surylghg1 Zlwk wkhvh grplqdqfh uxohv/ dq h!flhqw g|qdplf surjudpplqj dojrulwkp
lv ghyhorshg/ zklfk vroyhv wklv sureohp lq sro|qrpldo wlph1 Lq wkh foxvwhulqj sureohp
zlwk frpprq vhw0xsv/ wkhuh lv rqo| rqh vhw0xs dfwlylw| E6 ' ��1 Frqvhtxhqwo|/
rEL� ' r� iru doo L � M / zkhuh r� : f uhsuhvhqwv wkh frpprq vhw0xs frvwv1

51614 H{dpsoh

Frqvlghu wkh foxvwhulqj sureohp zlwk frpprq vhw0xsv/ dv vkrzq lq Iljxuh 516d1 Wkhq
wkh frvwv bEL� iru doo srvvleoh foxvwhuv L � M duh ghwhuplqhg dv iroorzv=

bEi�j� ' D � EDf n Df� ' Dffc

bEi2j� ' � � EDf n Sf� ' ��fc

bEi�j� ' 2 � EDf n �f� ' �Sfc

bEi�c 2j� ' D � EDf n Df n Sf� ' Hffc

bEi�c �j� ' D � EDf n Df n �f� ' SDfc

bEi2c �j� ' � � EDf n Sf n �f� ' e2fc

bEi�c 2c �j� ' D � EDf n Df n Sf n �f� ' bDf�
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Lq d vlplodu zd|/ wkh frvwv \El� iru doo srvvleoh foxvwhulqjv l ri M duh jlyhq e|=

\Eii�jc i2jc i�jj� ' Dff n ��f n �Sf ' bbfc

\Eii�jc i2c �jj� ' Dff n e2f ' b2fc

\Eii2jc i�c �jj� ' ��f n SDf ' bHfc

\Eii�jc i�c 2jj� ' �Sf n Hff ' bSfc

\Eii�c 2c �jj� ' bDf�

Dssduhqwo|/ wkh rswlpdo foxvwhulqj lv ghwhuplqhg e| lW ' ii�jc i2c �jj/ zlwk
fruuhvsrqglqj +plqlpdo, frvwv \ElW� ' b2f1

51615 Sureohp uhgxfwlrq

Ohw xv qrz ghulyh vrph grplqdqfh uxohv/ zlwk zklfk rswlpdo foxvwhulqjv fdq eh
fkdudfwhul}hg/ dqg dv d uhvxow ri zklfk wkh frpsoh{lw| ri wkh foxvwhulqj sureohp fdq
eh uhgxfhg vljql�fdqwo|1

Wkhruhp 4 Frqvlghu dq rswlpdo foxvwhulqj lW dqg ohw '� 5 lW ghqrwh wkh foxvwhu
fruuhvsrqglqj wr pdlqwhqdqfh mre � 5 M 1 Wkhq wkh iroorzlqj pxvw eh vdwlv�hg=

E�� ;�c & 5 M G sE'�� ' sE'&� $ '� ' '&c

E��� ;�c & 5 M G s� � s& $ sE'�� � sE'&�c

E���� ;� 5 M G sE'�� � s� � Er� n S��*S�c

E��� ;�c & 5 M G s� ' s& $ '� ' '&c

E�� ;�c &c , 5 M G s� � s, � s& a '� ' '& $ '� ' ', ' '&�

Surri1 Li lW ylrodwhv +l,/ wkhq sE'�� ' sE'&� dqg '� 9' '& iru vrph �c & 5 M 1 Lq
wkdw fdvh/ frpelqdwlrq ri foxvwhuv '� dqg '& uhvxowv lq d foxvwhulqj l zlwk \El� '

\ElW� � sE'�� � r� 	 \ElW�/ vlqfh r� : f e| dvvxpswlrq1 Li lW ylrodwhv +ll,/ wkhq
s� � s& dqg sE'�� 	 sE'&� iru vrph �c & 5 M 1 Lq wkdw fdvh/ prylqj mre & iurp
foxvwhu '& wr '� uhvxowv lq d foxvwhulqj l zlwk \El� � \ElW�� sE'&� � S& n sE'�� �
S& 	 \ElW�/ vlqfh sE'�� � s� � s& dqg S& : f e| dvvxpswlrq1 Li lW ylrodwhv
+lll,/ wkhq sE'�� � S� : s� � Er� n S�� iru vrph � 5 M 1 Lq wkdw fdvh/ uhprylqj mre
� iurp foxvwhu '� dqg fuhdwlqj d qhz foxvwhu i�j uhvxowv lq d foxvwhulqj l zlwk
\El� � \ElW� � sE'�� � S� n s� � Er� n S�� 	 \ElW�1 Ilqdoo|/ surshuwlhv +ly, dqg +y,
iroorz gluhfwo| iurp surshuwlhv +l, dqg +ll,1 �

Ohw xv qrz ghqrwh zlwk �E?c &� wkh wrwdo qxpehu ri gl�huhqw foxvwhulqjv iru ?

pdlqwhqdqfh mrev/ zklfk vdwlvi| grplqdqfh uxohv +l, dqg +ll, dqg wkxv +ly, dqg +y, ri
Wkhruhp 4/ jlyhq wkdw wkhuh duh & ' mNm gl�huhqw pdlqwhqdqfh iuhtxhqflhv1 Wkhq lw lv
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Wdeoh 515= Wrwdo qxpehu ri gl�huhqw foxvwhulqjv �E?c &� iru d foxvwhulqj sureohp
zlwk ? pdlqwhqdqfh mrev dqg & pdlqwhqdqfh iuhtxhqflhv1

? 2 S �2 2f �f

& 2 � e D S

�E?� 2 2f� e�2� � �fS D��. � �f�� H�e. � �f2�
�E?c &� 2 e H �S �2

hdvlo| yhul�hg wkdw �E?c &� ' 2&3�1 Vrph ydoxhv ri �E?c &� yhuvxv �E?� iru lqfuhdvlqj
ydoxhv ri ? dqg & duh jlyhq lq Wdeoh 5151 Fohduo|/ wkh frpsoh{lw| ri wkh foxvwhulqj
sureohp zlwk frpprq vhw0xsv lv uhgxfhg gudvwlfdoo|/ hyhq li grplqdqfh uxoh +lll, ri
Wkhruhp 4 lv ohiw rxw ri frqvlghudwlrq1

51616 D g|qdplf surjudpplqj dojrulwkp

Xvlqj grplqdqfh uxoh +ly, ri Wkhruhp 4/ zh fdq dvvxph 0zlwkrxw orvv ri jhqhudolw|0
wkdw s� : ��� : s?/ vlqfh pdlqwhqdqfh mrev zlwk lghqwlfdo iuhtxhqflhv duh dozd|v
frqwdlqhg lq wkh vdph foxvwhu1 Lq rwkhu zrugv/ mrev � dqg & zlwk s� ' s& fdq dv zhoo
eh uhsodfhg e| d vlqjoh mre , ' i�j ^ i&j zlwk s, ' s� ' s& dqg S, ' S� n S&1 Dv d
vwduwlqj srlqw ri rxu dqdo|vlv/ ohw xv qrz ghqrwh zlwk 	s� : f wkh pd{lpdo iuhtxhqf|
ri pdlqwhqdqfh mre � 5 M / dffruglqj wr grplqdqfh uxoh +lll, ri Wkhruhp 4=

	s� '

�
s� � r� n S�

S�

�
�

Ixuwkhupruh/ ohw }E&� ghqrwh wkh plqlpdo frvwv iru foxvwhulqj wkh �uvw & pdlq0
whqdqfh mrev E� � & � ?�/ dqg gh�qh }Ef� ' f iru qrwdwlrqdo frqyhqlhqfh1 Xvlqj
grplqdqfh uxohv +lll, dqg +y, ri Wkhruhp 4/ }E&� fdq qrz eh ghwhuplqhg uhfxuvlyho|
e| phdqv ri wkh iroorzlqj g|qdplf surjudpplqj htxdwlrq=

}E&� ' 4�?
�$&Gs�$ 	s&

i}E� � �� n s� � Er� n S� n ���n S&�j �

Lq jhqhudo/ wkh foxvwhulqj sureohp pd| kdyh dowhuqdwlyh rswlpdo vroxwlrqv1 Qhyhu0
wkhohvv/ wkh deryh0phqwlrqhg g|qdplf surjudpplqj dojrulwkp uhtxluhv �

2
� ? � E?n��

frpsxwdwlrqv lq wkh zruvw fdvh +l1h1 li 	s� � s� iru doo � 5 M ,/ dqg wkhuhiruh lv dq
�E?2� dojrulwkp1

51617 H{dpsoh +frqwlqxhg,

Frqvlghu wkh h{dpsoh ri Iljxuh 516d/ iru zklfk lw fdq hdvlo| eh yhul�hg wkdw 	s� '�
D � DfnDf

Df

�
' �f/ 	s2 '

�
� � DfnSf

Sf

�
' D/ dqg 	s� '

�
2 � Dfn�f

�f

�
' D1 Dffruglqj wr
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wkhvh pd{lpdo iuhtxhqflhv/ qrqh ri wkh srvvleoh foxvwhuv fdq eh glvfdughg lq dgydqfh1
Khqfh/ wkh g|qdplf surjudpplqj dojrulwkp uhvxowv lq=

}E�� ' s� � Er� n S��

' D � EDf n Df� ' Dffc

}E2� ' 4�?is� � Er� n S� n S2�c }E�� n s2 � Er� n S2�j
' 4�?iD � EDf n Df n Sf�c Dff n � � EDf n Sf�j
' 4�?iHffc H�fj ' Hffc

}E�� ' 4�?is� � Er� n S� n S2 n S��c }E�� n s2 � Er� n S2 n S��c }E2� n s� � Er� n S��j
' 4�?iD � EDf n Df n Sf n �f�c Dff n � � EDf n Sf n �f�c Hff n 2 � EDf n �f�j
' 4�?ibDfc b2fc bSfj ' b2f�

Khqfh/ wkh rswlpdo vroxwlrq lv lW ' ii�jc i2c �jj/ zlwk fruuhvsrqglqj +plqlpdo,
frvwv \ElW� ' b2f1

517 Wkh foxvwhulqj sureohp zlwk vkduhg vhw0xsv

Lq wklv vhfwlrq/ wkh foxvwhulqj sureohp iru pdlqwhqdqfh mrev zlwk vkduhg vhw0xsv lv
frqvlghuhg1 Iluvw ri doo/ d qxphulfdo h{dpsoh lv jlyhq/ dqg vhyhudo grplqdqfh uxohv duh
surylghg1 Vxevhtxhqwo|/ wkhvh grplqdqfh uxohv duh xvhg lq d g|qdplf surjudpplqj
dojrulwkp/ dv zhoo dv d pl{hg lqwhjhu olqhdu surjudpplqj irupxodwlrq/ zlwk zklfk
wklv foxvwhulqj sureohp fdq eh vroyhg wr rswlpdolw|1 Wr frqfoxgh wklv vhfwlrq/ erwk
phwkrgv duh looxvwudwhg e| phdqv ri d qxphulfdo h{dpsoh1

51714 H{dpsoh

Frqvlghu wkh foxvwhulqj sureohp zlwk vkduhg vhw0xsv/ dv vkrzq lq Iljxuh 516e1 Wkhq
wkh frvwv bEL� iru doo srvvleoh foxvwhuv L � M duh ghwhuplqhg dv iroorzv=

bEi�j� ' D � EDf n ef n �f� ' Dffc

bEi2j� ' � � EDf n ef n 2f� ' ��fc

bEi�j� ' 2 � EDf n �f� ' �Sfc

bEi�c 2j� ' D � EDf n ef n �f n 2f� ' Sffc

bEi�c �j� ' D � EDf n ef n �f n �f� ' SDfc

bEi2c �j� ' � � EDf n ef n 2f n �f� ' e2fc

bEi�c 2c �j� ' D � EDf n ef n �f n 2f n �f� ' .Df�

Lq d vlplodu zd|/ wkh frvwv \El� iru doo srvvleoh foxvwhulqjv l ri M duh jlyhq e|=
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\Eii�jc i2jc i�jj� ' Dff n ��f n �Sf ' bbfc

\Eii�jc i2c �jj� ' Dff n e2f ' b2fc

\Eii2jc i�c �jj� ' ��f n SDf ' bHfc

\Eii�jc i�c 2jj� ' �Sf n Sff ' .Sfc

\Eii�c 2c �jj� ' .Df�

Dssduhqwo|/ wkh rswlpdo foxvwhulqj lv ghwhuplqhg e| lW ' ii�c 2c �jj/ zlwk fruuh0
vsrqglqj +plqlpdo, frvwv \ElW� ' .Df1

51715 Sureohp uhgxfwlrq

Dv lq wkh foxvwhulqj sureohp zlwk frpprq vhw0xsv/ ohw xv qrz ghulyh vrph grplqdqfh
uxohv/ zlwk zklfk rswlpdo foxvwhulqjv fdq eh fkdudfwhul}hg/ dqg dv d uhvxow ri zklfk
wkh frpsoh{lw| ri wkh foxvwhulqj sureohp fdq eh uhgxfhg vljql�fdqwo|1 Dv d vwduwlqj
srlqw ri rxu dqdo|vlv/ zh ghqrwh zlwk r�& : f wkh vkduhg vhw0xs frvwv ri pdlqwhqdqfh
mrev �c & 5 M =

r�& '
[

�MU�KU&

r��

Qrwh wkdw r�& � r� : f iru doo �c & 5 M / vlqfh zh dvvxphg wkh h{lvwhqfh ri h{dfwo|
rqh frpprq vhw0xs dfwlylw| � ' �/ zlwk fruuhvsrqglqj frvwv r� : f1 Zlwk wklv lq
plqg/ Wkhruhp 4 fdq qrz eh jhqhudol}hg dv iroorzv1 Exw �uvw/ zh qhhg wkh iroorzlqj
ohppd1

Ohppd 4 Frqvlghu dq duelwudu| foxvwhulqj l/ dqg ohw '� 5 l ghqrwh wkh foxvwhu
fruuhvsrqglqj wr pdlqwhqdqfh mre � 5 M 1 Ixuwkhupruh/ gh�qh B�& ' Er��nS��r�&�*S�

iru doo �c & 5 M 1 Wkhq B3�&� � sE'&� : sE'�� � s& iru vrph �c & 5 M lpsolhv wkdw l lv
qrw rswlpdo1

Surri1 Vxssrvh wkdw sE'�� � s& iru vrph �c & 5 M 1 Wkhq uhprylqj mre & iurp
foxvwhu '& uhvxowv lq d frvw ghfuhphqw ri dw ohdvw {3 ' sE'&� � S&1 Vlploduo|/ prylqj
mre & wr foxvwhu '� uhvxowv lq d frvw lqfuhphqw ri dw prvw {n ' sE'�� � Er&&nS&�r�&�/
vlqfh sE'�� � s& e| dvvxpswlrq/ dqg � 5 '� e| gh�qlwlrq1 Vlqfh B

3�
&� � sE'&� : sE'��

lv htxlydohqw wr {3 : {n/ wklv frpsohwhv wkh surri1 �

Lw lv hdvlo| yhul�hg wkdw B�& � � iru doo �c & 5 M 1 Ixuwkhupruh/ B�& ' B&� ' � li r�� '
r�& ' r&� ' r&& iru vrph �c & 5 M / l1h1 li pdlqwhqdqfh mrev � dqg & uhtxluh wkh h{dfw
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vdph vhw0xs dfwlylwlhv1 Lq jhqhudo whupv/ Ohppd 4 surylghv rswlpdolw| frqglwlrqv iru
wkh foxvwhu iuhtxhqflhv isE'��c sE'&�j ri hdfk sdlu i�c &j ri pdlqwhqdqfh mrev1 Lw lv
qrz srvvleoh wr jhqhudol}h Wkhruhp 41

Wkhruhp 5 Frqvlghu dq rswlpdo foxvwhulqj lW dqg ohw '� 5 lW ghqrwh wkh foxvwhu
fruuhvsrqglqj wr pdlqwhqdqfh mre � 5 M 1 Wkhq wkh iroorzlqj pxvw eh vdwlv�hg=

E�� ;�c & 5 M G sE'�� ' sE'&� $ '� ' '&c

E��� ;�c & 5 M G s� � s& $ sE'�� � B3�&� � sE'&�c

E���� ;� 5 M G sE'�� � s� � Er�� n S��*S�c

E��� ;�c & 5 M G s� ' s& $ B3��& � sE'&�
sE'��

� B&� c

E�� ;�c &c , 5 M G s� � s, � s& a '� ' '& $ B3�&, � sE',�
sE'�''&�

� 4�?iB,�c B,&j�

Surri1 Li lW ylrodwhv +l,/ wkhq sE'�� ' sE'&� dqg '� 9' '& iru vrph �c & 5 M 1 Lq
wkdw fdvh/ frpelqdwlrq ri foxvwhuv '� dqg '& uhvxowv lq d foxvwhulqj l zlwk \El� �
\ElW� � sE'�� � r�& 	 \ElW�/ vlqfh r�& : f e| dvvxpswlrq1 Li lW ylrodwhv +ll,/ wkhq
s� � s& dqg B3�&� �sE'&� : sE'�� iru vrph �c & 5 M 1 Zlwk sE'�� � s� � s&/ wklv |lhogv
B3�&� � sE'&� : sE'�� � s&/ dqg lw iroorzv iurp Ohppd 4 wkdw lW lv qrw rswlpdo1 Li lW

ylrodwhv +lll,/ wkhq sE'�� � S� : s� � Er�� n S�� iru vrph � 5 M 1 Lq wkdw fdvh/ uhprylqj
mre � iurp foxvwhu '� dqg fuhdwlqj d qhz foxvwhu i�j uhvxowv lq d foxvwhulqj l zlwk
\El� � \ElW�� sE'�� � S� n s� � Er�� n S�� 	 \ElW�1 Rqfh djdlq/ surshuwlhv +ly, dqg
+y, fdq eh ghulyhg lq dq dqdorjrxv zd| wr surshuwlhv +l, dqg +ll,1 �

Lw fdq hdvlo| eh yhul�hg wkdw Wkhruhp 5 lv lqghhg d jhqhudol}dwlrq ri Wkhruhp 41
Lq rwkhu zrugv/ wkh grplqdqfh uxohv iru wkh foxvwhulqj sureohp zlwk frpprq vhw0xsv/
fdq dovr eh dssolhg wr hdfk vkduhg vhw0xs dfwlylw| lq lvrodwlrq1 Pruh vshfl�fdoo|/ li
zh ghqrwh zlwk �c & 5 aW� wzr pdlqwhqdqfh mrev wkdw duh dwwdfkhg wr wkh vdph vhw0xs
dfwlylw| � 5 L/ wkhq sE'�� ' sE'&� $ '� ' '& dqg s� � s& $ sE'�� � sE'&�/
exw dovr s� ' s& $ '� ' '&1 Wklv lv d srwhqwldoo| ydoxdeoh lqvljkw/ vlqfh wkhvh
grplqdqfh uxohv pd| vwurqjo| uhgxfh wkh frpsoh{lw| ri wkh foxvwhulqj sureohp zlwk
vkduhg vhw0xsv1

51716 D g|qdplf surjudpplqj dojrulwkp

Lq wklv vhfwlrq/ zh zloo vkrz wkdw wkh foxvwhulqj sureohp iru pdlqwhqdqfh mrev zlwk
vkduhg vhw0xsv fdq dovr eh vroyhg e| phdqv ri d g|qdplf surjudpplqj dojrulwkp1
Dffruglqj wr grplqdqfh uxoh +l, ri Wkhruhp 5/ gl�huhqw foxvwhuv pxvw kdyh gl�hu0
hqw iuhtxhqflhv1 Lq rwkhu zrugv/ wkh foxvwhulqj sureohp fdq eh lqwhusuhwhg dv wkh
dvvljqphqw ri vhw0xs dfwlylwlhv � 5 L dqg pdlqwhqdqfh mrev � 5 a� wr pdlqwhqdqfh
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iuhtxhqflhv & 5 N�/ lq vxfk d zd| wkdw wrwdo +h{shfwhg, frvwv duh plqlpl}hg1 Uhfdoo
wkdw N� � N ghqrwhv wkh vhw ri ihdvleoh pdlqwhqdqfh iuhtxhqflhv iru vhw0xs dfwlylw|
� 5 L/ zkhuhdv N ' is� m � 5 M j ghqrwhv wkh vhw ri gl�huhqw pdlqwhqdqfh iuhtxhqflhv1

Rxu dqdo|vlv qrz surfhhgv dv iroorzv1 Dv d vwduwlqj srlqw/ zh ghqrwh zlwk }�Eg�

wkh plqlpdo frvwv iru wkh vxewuhh dvvrfldwhg zlwk vhw0xs dfwlylw| � 5 L/ surylghg
wkdw vhw0xs dfwlylwlhv dqg pdlqwhqdqfh mrev zlwklq wklv vxewuhh fdq rqo| eh dvvljqhg
wr iuhtxhqflhv & 5 g � N�1 Iru hdfk vhw0xs dfwlylw| � 5 L/ dqg hdfk srvvleoh
vwdwh g � N�/ zh pxvw qrz ghflgh zklfk iuhtxhqflhv u � g wr xvh1 Edvhg xsrq
wklv ghflvlrq/ wkh +rswlpdo, dvvljqphqw ri pdlqwhqdqfh mrev � 5 aW� wr pdlqwhqdqfh
iuhtxhqflhv , 5 u/ dv zhoo dv wkh frqvhtxhqfhv iru doo orzhu0ohyho vhw0xs dfwlylwlhv
�� 5 7�/ duh lpphgldwho| fohdu1 Pruh vshfl�fdoo|/ }�Eg� fdq eh ghwhuplqhg uhfxuvlyho|
e| phdqv ri wkh iroorzlqj g|qdplf surjudpplqj htxdwlrq=

}�Eg� ' 4�?
uMn�Eg�

+
��Eu� n

[
��M7�

}��Eu _ N���

,
�

Khuh/ ��Eu� ghqrwhv wkh +plqlpdo, frvwv dvvrfldwhg zlwk dvvljqlqj vhw0xs dfwlylw|
� 5 L dqg pdlqwhqdqfh mrev � 5 aW� wr pdlqwhqdqfh iuhtxhqflhv , 5 u1 Reylrxvo|/
��Eu� fdq eh ghwhuplqhg udwkhu vwudljkwiruzdugo| e| phdqv ri wkh iroorzlqj h{suhv0
vlrq=

��Eu� '
[
,Mu

r� � , n
[
�MaW�

S� �4�?i, 5 u m , � s�j�

Pruhryhu/ O�Eg� ghqrwhv wkh vhw ri ihdvleoh ghflvlrqv u � g wkdw fdq eh pdgh
iru vhw0xs dfwlylw| � 5 L lq vwdwh g � N�=

O�Eg� ' iu � g m 4@ i, 5 uj � 4@ is� m � 5 a�jj�
Reylrxvo|/ wkh rswlpdo foxvwhulqj lv qrz ghwhuplqhg e| fdofxodwlrq ri }�EN�/ vlqfh

� ' � ghqrwhv wkh frpprq l1h1 kljkhvw0ohyho vhw0xs dfwlylw|/ dqg N� ' N e| gh�qlwlrq1
Lq wkh zruvw fdvh/ wklv |lhogv d g|qdplf surjudpplqj dojrulwkp zlwk 2�d� vwdwhv dqg
ghflvlrqv/ zkhuh mNm ghqrwhv wkh qxpehu ri gl�huhqw pdlqwhqdqfh iuhtxhqflhv1 Rq
wkh rwkhu kdqg/ wkh vhw ri ihdvleoh vwdwhv g � N� dqg ghflvlrqv u � g iru vhw0xs
dfwlylw| � 5 L fdq riwhq eh uhgxfhg vljql�fdqwo|/ e| revhuylqj wkdw wkh rqo| uhohydqw
ghflvlrqv u 5 O�Eg� duh wkrvh wkdw vdwlvi| wkh iroorzlqj frqglwlrq=

ucu� 5 O�Eg� , ��Eu� 	 ��Eu
�� ru u _ N�� - u� _ N�� iru vrph �� 5 7��

Wkh xqghuo|lqj revhuydwlrq ehklqg wklv uhdvrqlqj lv wkdw d uhohydqw ghflvlrq
u � g vkrxog qrw eh rxwshuiruphg e| dqrwkhu uhohydqw ghflvlrq u� � g xqghu doo flu0
fxpvwdqfhv1 Dw wkh yhu| ohdvw/ wklv phdqv wkdw ��Eu� � ��Eu

�� iru vrph u � u� � g
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lpsolhv wkdw ghflvlrq u � g fdq dv zhoo eh qhjohfwhg1 Ghvslwh wkh srwhqwldo uhgxf0
wlrqv rewdlqhg wklv zd|/ lw lv vwloo lpphgldwho| fohdu wkdw wklv g|qdplf surjudpplqj
dojrulwkp ehfrphv lqdwwudfwlyh/ ru hyhq lqwudfwdeoh/ li wkh qxpehu ri pdlqwhqdqfh
iuhtxhqflhv jurzv wrr odujh +h1j1 mNm : �f,1 Lq vxfk fdvhv/ lw vhhpv zruwkzloh wr
h{soruh wkh srvvlelolwlhv iru wkh xvh ri rwkhu phwkrgv1 Wr wklv hqg/ zh dovr ghyhorshg
d pl{hg lqwhjhu olqhdu surjudpplqj irupxodwlrq1

51717 D pl{hg lqwhjhu olqhdu surjudpplqj irupxodwlrq

Ohw xv qrz suhvhqw d pl{hg lqwhjhu olqhdu surjudpplqj irupxodwlrq/ zklfk fdq eh
xvhg wr ghwhuplqh dq rswlpdo foxvwhulqj iru pdlqwhqdqfh mrev zlwk vkduhg vhw0xsv1
Wr wklv hqg/ wkh dvvljqphqw ri vhw0xs dfwlylwlhv � 5 L wr pdlqwhqdqfh iuhtxhqflhv
& 5 N� lv frpsulvhg lqwr yduldeohv %�& 5 ifc �j1 Lq d vlplodu zd|/ wkh dvvljqphqw
ri pdlqwhqdqfh mrev � 5 M wr pdlqwhqdqfh iuhtxhqflhv & 5 g� lv uhsuhvhqwhg e|
yduldeohv +�& 5 ifc �j=

%�& '

;?
= � li vhw0xs � 5 L lv dvvljqhg wr iuhtxhqf| & 5 N�c

f rwkhuzlvh/

+�& '

;?
= � li mre � 5 M lv dvvljqhg wr iuhtxhqf| & 5 g�c

f rwkhuzlvh1

Uhfdoo wkdw g� ' i& 5 N m & � s�j uh hfwv wkh vhw ri ihdvleoh pdlqwhqdqfh
iuhtxhqflhv iru pdlqwhqdqfh mre � 5 M 1 Zlwk @�& ' & � r� : f/ zh ghqrwh wkh dyhudjh
frvwv shu xqlw ri wlph dvvrfldwhg zlwk wkh dvvljqphqw ri vhw0xs dfwlylw| � 5 L wr
pdlqwhqdqfh iuhtxhqf| & 5 N�1 Vlploduo|/ K�& ' & � S� : f ghqrwhv wkh dyhudjh frvwv
shu xqlw ri wlph dvvrfldwhg zlwk wkh dvvljqphqw ri frpsrqhqw � 5 M wr pdlqwhqdqfh
iuhtxhqf| & 5 g�1 Vlqfh %�& ' 4@ i+�& m � 5 a�j e| gh�qlwlrq/ rxu sureohp fdq qrz
eh irupxodwhg dv d pl{hg lqwhjhu olqhdu surjudp/ zkhuh rxu remhfwlyh lv wr plqlpl}h
wkh +h{shfwhg, wrwdo frvwv shu xqlw ri wlph=

Plqlpl}h 5 '
S
�MP

S
&Md�

@�& � %�& n
S
�M[

S
&Mg�

K�& � +�&
Vxemhfw wr=
+d, %�& � %��& ;� 5 Lc �� 5 7�c & 5 N��

+e, %�& � +�& ;� 5 Lc � 5 aW� c & 5 g�

+f,
S

&Mg�
+�& ' � ;� 5 M

+g, %�& � f ;� 5 Lc & 5 N�

+h, +�& 5 ifc �j ;� 5 M c & 5 g�
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Khuh/ uhvwulfwlrq +d, suhvfulehv wkdw wkh dvvljqphqw ri d vhw0xs dfwlylw| � 5 L wr d
pdlqwhqdqfh iuhtxhqf| & 5 N� uhtxluhv wkh sduhqwdo vhw0xs dfwlylwlhv wr eh fduulhg rxw
zlwk wkh vdph pdlqwhqdqfh iuhtxhqf| wrr1 Lq d vlplodu zd|/ uhvwulfwlrq +e, suhvfulehv
wkdw wkh dvvljphqw ri pdlqwhqdqfh mre � 5 aW� wr pdlqwhqdqfh iuhtxhqf| & 5 g�

uhtxluhv wkh fruuhvsrqglqj vhw0xs dfwlylw| � 5 L wr eh fduulhg rxw zlwk wkh vdph
pdlqwhqdqfh iuhtxhqf| wrr1 Pruhryhu/ uhvwulfwlrqv +f, dqg +h, jxdudqwhh wkdw h{dfwo|
rqh iuhtxhqf| & 5 g� lv dvvljqhg wr hdfk pdlqwhqdqfh mre � 5 M 1 Dv d frqvhtxhqfh/
uhvwulfwlrq +g, lv vx!flhqw wr hqvxuh wkdw %�& 5 ifc �j iru doo � 5 L dqg & 5 N�1

51718 H{dpsoh +frqwlqxhg,

Ohw xv qrz looxvwudwh wkh deryh0phqwlrqhg phwkrgv e| uhfrqvlghulqj wkh h{dpsoh ri
Iljxuh 516e1 Dv d vwduwlqj srlqw/ wkh g|qdplf surjudpplqj dojrulwkp ghwhu0
plqhv wkh vhw ri uhohydqw ghflvlrqv O�EN�� iru vhw0xs dfwlylw| � ' �1 Wkh rqo| ihdvleoh
ghflvlrqv duh jlyhq e| iDj/ iDc �j/ iDc 2j dqg iDc �c 2j/ zlwk fruuhvsrqglqj frvwv=

��EiDj� ' D � Df n D � �f ' effc

��EiDc �j� ' ED n �� � Df n � � �f ' ebfc

��EiDc 2j� ' ED n 2� � Df n 2 � �f ' e�fc

��EiDc �c 2j� ' ED n � n 2� � Df n 2 � �f ' DSf�

Vlqfh N2 ' iDc �j/ lw lv hdvlo| yhul�hg wkdw ghflvlrqv iDc 2j dqg iDc �c 2j fdq dv zhoo
eh qhjohfwhg1 Diwhu doo/ ��EiDj� 	 ��EiDc 2j� dqg ��EiDc �j� 	 ��EiDc �c 2j�/ zkhuhdv
iDj _ iDc �j ' iDc 2j _ iDc �j ' iDj dqg iDc �j _ iDc �j ' iDc �c 2j _ iDc �j ' iDc �j1
Dssduhqwo|/ wkh rqo| uhohydqw ghflvlrqv iru vhw0xs dfwlylw| � ' � duh iDj dqg iDc �j/
l1h1 O�EN�� ' iiDjc iDc �jj1 Frqvhtxhqwo|/ wkh rqo| uhohydqw vwdwhv iru vhw0xs dfwlylw|
� ' 2 duh g ' iDj _ iDc �j ' iDj dqg g ' iDc �j _ iDc �j ' iDc �j1 Zlwk wklv lq
plqg/ wkh g|qdplf surjudpplqj dojrulwkp uhvxowv lq=

}2EiDj� ' �2EiDj�
' D � ef n D � E�f n 2f� ' �Dfc

}2EiDc �j� ' �2EiDc �j�
' ED n �� � ef n D � �f n � � 2f ' e�fc

}�EiDc �c 2j� ' 4�?i��EiDj� n }2EiDj�c �2EiDc �j� n }2EiDc �j�
' 4�?ieff n �Dfc ebf n e�fj
' 4�?i.Dfc b2fj ' .Df�

Lq d vlplodu zd|/ wkhpl{hg lqwhjhu olqhdu surjudp vwduwv zlwk N� ' iDc �c 2j/
N2 ' iDc �j/ g� ' iDj/ g2 ' iDc �j dqg g� ' iDc �c 2j/ dqg frqvhtxhqwo| gh�qhv
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�� yduldeohv %�D/ %��/ %�2/ %2D/ %2�/ +�D/ +2D/ +2�/ +�D/ +�� dqg +�2� Zkloh vroylqj wklv
sureohp zlwk d vwdqgdug LOS vroyhu/ wkh iroorzlqj +rswlpdo, vroxwlrq zdv irxqg=
%�D ' %2D ' +�D ' +2D ' +�D ' � dqg %�� ' %�2 ' %2� ' +2� ' +�� ' +�2 ' f/ zlwk
fruuhvsrqglqj frvwv 5 ' .Df1 Vxusulvlqjo| hqrxjk/ wklv vroxwlrq zdv dovr irxqg li wkh
lqwhjudolw| frqvwudlqwv +h, duh uhod{hg1 Lq vhfwlrq 519/ wklv skhqrphqrq zloo eh vwxglhg
lq pruh ghwdlo1 Exw �uvw/ zh zloo suhvhqw vrph h!flhqw khxulvwlfv iru wkh foxvwhulqj
sureohp zlwk vkduhg vhw0xsv1

518 H!flhqw khxulvwlfv iru wkh foxvwhulqj sureohp

Lq wklv vhfwlrq/ zh zloo suhvhqw wzr h!flhqw khxulvwlfv iru wkh foxvwhulqj sureohp zlwk
vkduhg vhw0xsv/ zklfk duh erwk fdsdeoh ri ghdolqj zlwk d odujh qxpehu ri vhw0xs
dfwlylwlhv/ pdlqwhqdqfh mrev dqg olplwdwlyh iuhtxhqflhv +h1j1 mLm ' �ff/ mM m ' �fff/
mNm ' Df,1 Wr dfklhyh wklv/ wkhvh khxulvwlfv h{soruh wkh qlfh vwuxfwxudo surshuwlhv
ri wkh foxvwhulqj sureohp zlwk frpprq vhw0xsv/ lq rughu wr duulyh dw dq rswlpdo ru
qhdu0rswlpdo vroxwlrq iru wkh foxvwhulqj sureohp zlwk vkduhg vhw0xsv1

51814 D wrs0grzq khxulvwlf

Wkh wrs0grzq khxulvwlf +WGK, lv edvhg rq wkh dvvxpswlrq wkdw grplqdqfh uxohv +l,
dqg +ll, iru wkh foxvwhulqj sureohp zlwk frpprq vhw0xsv/ dv ghulyhg lq Wkhruhp 4/
duh dovr dssolfdeoh wr wkh foxvwhulqj sureohp zlwk vkduhg vhw0xsv1 Li zh ghqrwh zlwk
'� � M wkh foxvwhu fruuhvsrqglqj wr pdlqwhqdqfh mre � 5 M / wkhvh grplqdqfh uxohv
lps| wkdw sE'�� ' sE'&� $ '� ' '& dqg s� � s& $ sE'�� � sE'&� iru doo �c & 5 M 1
Rqfh djdlq/ wklv phdqv wkdw pdlqwhqdqfh mrev � dqg & zlwk wkh vdph iuhtxhqf|
s� ' s& fdq dv zhoo eh uhsodfhg e| d vlqjoh pdlqwhqdqfh mre , ' i�j ^ i&j zlwk
iuhtxhqf| s, ' s� ' s&1 E| grlqj vr/ wkh froohfwlrq ri pdlqwhqdqfh mrev lv hyhqwxdoo|
vxeglylghg lqwr h{dfwo| mNm suhgh�qhg foxvwhuv L& +� � & � mNm,/ hdfk ri zklfk
fruuhvsrqgv wr d gl�huhqw pdlqwhqdqfh iuhtxhqf| & 5 N1 Vxevhtxhqwo|/ wkhvh foxvwhuv
duh rughuhg lq vxfk d zd| wkdw sEL�� : ��� : sEL�d��/ dqg wkh rswlpdo foxvwhulqj lv
ghwhuplqhg uhfxuvlyho| e| phdqv ri wkh iroorzlqj g|qdplf surjudpplqj htxdwlrq=

}E&� ' 4�?
�$&

i}E� � �� n bEL� ^ ��� ^ L&�j �

Khuh/ }E&� ghqrwhv wkh plqlpdo frvwv iru foxvwhulqj L����L&/ dqg zh gh�qh }Ef� ' f

iru qrwdwlrqdo frqylhqfh1 Uhfdoo wkdw bEL� ' sEL� � irEL� n SEL�j ghqrwhv wkh
+h{shfwhg, frvwv dvvrfldwhg zlwk d foxvwhu L � M 1
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51815 D erwwrp0xs khxulvwlf

Lq wkh erwwrp0xs khxulvwlf +EXK,/ wkh foxvwhulqj sureohp zlwk 6 vkduhg vhw0xsv lv
ghfrpsrvhg lqwr 6 frqvhfxwlyh foxvwhulqj sureohpv zlwk frpprq vhw0xsv1 Wr eh
vshfl�f/ wkh khxulvwlf vwduwv zlwk wkh orzhvw0ohyho vhw0xs dfwlylwlhv O ' i� 5 L m 7� '
>j/ dqg ghwhuplqhv dq rswlpdo foxvwhulqj iru hdfk orzhvw0ohyho vhw0xs dfwlylw| � 5 O
dqg fruuhvsrqglqj pdlqwhqdqfh mrev � 5 aW� lq lvrodwlrq1 Vxevhtxhqwo|/ wkh foxvwhuv
rewdlqhg wklv zd| duh xvhg dv lqglylgxdo frpsrvlwh pdlqwhqdqfh mrev dw doo kljkhu
ohyhov/ dqg wklv uhfxuvlyh surfhgxuh lv uhshdwhg e| surfhhglqj xszdugv wr wkh urrw ri
wkh pdlqwhqdqfh wuhh +� ' �,1 Iru hdfk vhw0xs dfwlylw| � 5 L lq lvrodwlrq/ zh dvvxph
wkdw grplqdqfh uxohv +l, dqg +ll, iru wkh foxvwhulqj sureohp zlwk frpprq vhw0xsv/ dv
ghulyhg lq Wkhruhp 4/ fdq eh dssolhg1

Dv dq looxvwudwlyh h{dpsoh/ frqvlghu dq duelwudu| vhw0xs dfwlylw| � 5 L/ dqg dvvxph
wkdw suhgh�qhg foxvwhuv L� w2p LR zlwk L� ^ ��� ^ LR ' a� kdyh ehhq iruphg e| wkh
orzhu0ohyho vhw0xs dfwlylwlhv �� 5 7�/ dqg e| wkh lqglylgxdo pdlqwhqdqfh mrev � 5 aW� 1
Dv ehiruh/ foxvwhuv L� dqg L& zlwk lghqwlfdo iuhtxhqflhv sEL�� ' sEL&� duh qrz
uhsodfhg e| d vlqjoh foxvwhu L� ^ L& zlwk iuhtxhqf| sEL� ^ L&� ' sEL�� ' sEL&�1
Vxevhtxhqwo|/ wkh uhpdlqlqj ^ � R foxvwhuv L& +� � & � ^, duh rughuhg lq vxfk d
zd| wkdw sEL�� : ��� : sEL^�1 Rqfh djdlq/ wkh rswlpdo foxvwhulqj iru wkh vxewuhh
dvvrfldwhg zlwk vhw0xs dfwlylw| � 5 L/ lv qrz ghwhuplqhg uhfxuvlyho| e| phdqv ri wkh
iroorzlqj g|qdplf surjudpplqj htxdwlrq=

}E&� ' 4�?
�$&

i}E� � �� n b�EL� ^ ��� ^ L&�j �

Khuh/ }E&� ghqrwhv wkh plqlpdo frvwv iru foxvwhulqj L����L&/ dqg zh gh�qh }Ef� ' f

iru qrwdwlrqdo frqylhqfh1 Pruhryhu/ b�EL� � bEL� uh hfwv wkh frvwv dvvrfldwhg zlwk
d foxvwhu L � M / h{foxvlyh ri wkh frvwv ri doo kljkhu ohyho vhw0xs dfwlylwlhv �� 	 � +h1j1
b2Ei�c 2j� ' D � Eef n �f n 2f� ' �Df lq Iljxuh 516e,1 Iru qrwdwlrqdo frqyhqlhqfh/
zh zloo ghqrwh zlwk l� wkh rswlpdo foxvwhulqj ri wkh vxewuhh dvvrfldwhg zlwk vhw0xs
dfwlylw| � 5 L/ dqg zlwk \�El�� wkh fruuhvsrqglqj +plqlpdo, frvwv lq wkh vhtxho1

51816 H{dpsoh +frqwlqxhg,

Dv d vwduwlqj srlqw/ wkh wrs0grzq khxulvwlf vwduwv zlwk suhghwhuplqhg foxvwhuv
L� ' i�j/ L2 ' i2j/ dqg L� ' i�j/ zlwk foxvwhu iuhtxhqflhv sEL�� ' D/ sEL2� ' �

dqg sEL�� ' 21 Vxevhtxhqwo|/ wkh g|qdplf surjudpplqj dojrulwkp duulyhv dw l '

ii�c 2c �jj/ zlwk fruuhvsrqglqj frvwv \El� ' D � EDf n ef n �f n 2f n �f� ' .Df1 Lq
d vlplodu zd|/ wkh erwwrp0xs khxulvwlf vwduwv zlwk wkh orzhvw ohyho vhw0xs dfwlylw|
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26
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28 28 14

23 6

15

18
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5 72

9 3 3

6

9 4

2

5 2

29

45

9 7

43

9

6

3

(21) (30) (3)(3)

(10) (28) (23)(21)

(22) (27) (13)

(14) (3) (4)

(3) (19) (24)

(23) (1)

(25) (26)

(12) (2)

(5) (11)

Iljxuh 517= H{dpsoh ri d whvw sureohp zlwk 43 vhw0xs dfwlylwlhv dqg 58 pdlqwhqdqfh
mrev= vhw0xs dqg pdlqwhqdqfh frvwv duh vkrzq dw wkh fruuhvsrqglqj qrghv/ olplwdwlyh
iuhtxhqflhv lq eudfnhwv ehorz1

� ' 2/ zlwk suhghwhuplqhg foxvwhuv L� ' i�j dqg L2 ' i2j/ dqg foxvwhu iuhtxhqflhv
sEL�� ' D dqg sEL2� ' �1 Vxevhtxhqwo|/ wkh g|qdplf surjudpplqj dojrulwkp duulyhv
dw l2 ' ii�c 2jj/ zlwk fruuhvsrqglqj frvwv \2El2� ' D � Eef n �f n 2f� ' �Df1 Dv
d qh{w vwhs/ vhw0xs dfwlylw| � ' � lv frqvlghuhg zlwk suhghwhuplqhg foxvwhuv L� '

i�c 2j dqg L2 ' i�j/ dqg foxvwhu iuhtxhqflhv sEL�� ' D dqg sEL2� ' 2� Lq d vlplodu
zd|/ wkh g|qdplf surjudpplqj duulyhv dw l� ' ii�c 2c �jj/ zlwk fruuhvsrqglqj frvwv
\�El�� ' D � EDf n ef n �f n 2f n �f� ' .Df1

519 Frpsxwdwlrqdo uhvxowv

Ohw xv qrz suhvhqw wkh uhvxowv ri d vhulhv ri qxphulfdo h{shulphqwv wkdw zhuh fduulhg
rxw wr lqyhvwljdwh wkh shuirupdqfh ri erwk khxulvwlfv/ lq uhodwlrq wr wkh rswlpdo vr0
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I II

IVIII

Iljxuh 518= Rswlpdo foxvwhulqj iru wkh whvw sureohp ri Iljxuh 5171

oxwlrq surylghg e| wkh pl{hg lqwhjhu olqhdu surjudpplqj irupxodwlrq1 Wr wklv hqg/
zh fuhdwhg d vhulhv ri 4333 lqvwdqfhv iru 57 w|shv ri whvw sureohpv/ hdfk ri zklfk
fruuhvsrqgv wr d �{hg qxpehu ri vhw0xs dfwlylwlhv 6 5 iDc �fj/ d �{hg qxpehu ri
pdlqwhqdqfh mrev ? 5 i2Dc Dfj/ d pd{lpdo vhw0xs frvw 7r 5 i�fc 2fc �fj/ d pd{lpdo
pdlqwhqdqfh frvw 7S 5 i�fc 2fc �fj/ dqg d pd{lpdo olplwdwlyh iuhtxhqf| 7s 5 i�Dc �fj1
Lq hdfk whvw sureohp/ wkh sduhqw ri vhw0xs dfwlylw| � 5 i�c ���c6j zdv gudzq dw udqgrp
iurp wkh vhw i�c ���c � � �j1 Lq d vlplodu zd|/ wkh sduhqwdo vhw0xs dfwlylw| ri pdlqwh0
qdqfh mre � 5 i�c ���c ?j zdv fkrvhq udqgrpo| iurp wkh vhw i�c ���c6j1 Ilqdoo|/ wkh
sdudphwhuv r�/ S� dqg s� zhuh gudzq dw udqgrp iurp wkh vhwv i�c ���c 7rj/ i�c ���c 7Sj dqg
i�c ���c 7sj uhvshfwlyho| +vhh Iljxuh 517 iru dq h{dpsoh,1

Iru hdfk whvw sureohp rewdlqhg wklv zd|/ zh ghwhuplqhg wkh rswlpdo vroxwlrq zlwk
wkh xvh ri wkh pl{hg lqwhjhu olqhdu surjudpplqj irupxodwlrq ri vhfwlrq 5171 Pruhryhu/
zh dgplqlvwudwhg wkh iudfwlrq ri wlphv wkdw lwv OS uhod{dwlrq duulyhg dw dq lqwhjhu
rswlpdo vroxwlrq/ dqg wkh qxpehu ri foxvwhuv lq wkh rswlpdo vroxwlrq dv zhoo +vhh Iljxuh
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518 iru dq h{dpsoh,1 Wkh shuirupdqfh ri erwk khxulvwlfv zdv ghwhuplqhg lq whupv ri
wkh iudfwlrq ri wlphv wkdw wkh| zhuh rswlpdo/ dqg wkh dyhudjh uhvs1 pd{lpdo ghyldwlrq
iurp wkh rswlpdo vroxwlrq dv zhoo1 Lq dgglwlrq/ d sdluzlvh frpsdulvrq ehwzhhq erwk
khxulvwlfv zdv pdgh1 Wkh uhvxowv duh ghslfwhg lq Wdeohv 516/ 517 dqg 518 uhvshfwlyho|1

Iurp Wdeoh 516/ lw fdq eh revhuyhg wkdw wkh ydvw pdmrulw| ri foxvwhulqj sureohpv
frxog eh vroyhg wr rswlpdolw| e| phdqv ri d olqhdu surjudpplqj irupxodwlrq1 Lq
doo rwkhu fdvhv/ wkh ghyldwlrqv zhuh uhodwlyho| vpdoo/ zlwk d pd{lpxp ri rqo| 316;(
ryhu doo 571333 whvw sureohpv1 Pruhryhu/ dq lqwhjhu rswlpdo vroxwlrq frxog xvxdoo|
eh irxqg zlwklq d ihz lwhudwlrqv ri wkh frqvhfxwlyh eudqfk dqg erxqg dojrulwkp1
Ilqdoo|/ dqg lq frpsoldqfh zlwk rxu jhqhudo h{shfwdwlrqv/ wkh qxpehu ri foxvwhuv lq
wkh rswlpdo vroxwlrq lqfuhdvhv zlwk wkh qxpehu ri pdlqwhqdqfh mrev dqg olplwdwlyh
iuhtxhqflhv/ exw ghfuhdvhv zlwk wkh udwlr ri vhw0xs wr pdlqwhqdqfh frvwv1

Lq d vlplodu zd|/ wkh uhvxowv lq Wdeoh 517 lqglfdwh wkdw wkh dyhudjh shuirupdqfh
ri erwk khxulvwlfv ghfuhdvhv zlwk wkh qxpehu ri vhw0xs dfwlylwlhv/ wkh qxpehu ri
pdlqwhqdqfh mrev/ wkh qxpehu ri olplwdwlyh iuhtxhqflhv/ dqg wkh udwlr ri vhw0xs wr
pdlqwhqdqfh frvwv1 Dw wkh vdph wlph/ krzhyhu/ wkh shuirupdqfh ri erwk khxulvwlfv lq
whupv ri wkh iudfwlrq ri wlphv wkdw wkh| zhuh rswlpdo lqfuhdvhv zlwk wkh udwlr ri vhw0xs
wr pdlqwhqdqfh frvwv1 Lq rxu rslqlrq/ wklv frxqwhu0lqwxlwlyh ehkdylru fdq eh h{sodlqhg
e| revhuylqj wkdw dq rswlpdo foxvwhulqj frqvlvwlqj ri rqo| d ihz foxvwhuv +gxh wr kljk
vhw0xs frvwv, lv pruh olnho| wr eh jhqhudwhg e| wkh khxulvwlfv/ lq frpsdulvrq zlwk dq
rswlpdo foxvwhulqj frqvlvwlqj ri pxowlsoh foxvwhuv +gxh wr orz vhw0xs frvwv,1

Vxppdul}lqj/ zh frqfoxgh wkdw wkh erwwrp0xs khxulvwlf fohduo| rxwshuirupv wkh
wrs0grzq khxulvwlf/ dw ohdvw iurp dq ryhudoo shuvshfwlyh1 Wklv grhv qrw qhfhvvdulo|
phdq/ krzhyhu/ wkdw wkh erwwrp0xs khxulvwlf rxwshuirupv wkh wrs0grzq khxulvwlf iru
hdfk lqglylgxdo whvw sureohp1 Wkh uhvxowv lq Wdeoh 518 surylgh d frpsdulwlyh vwxg|
lqwr wkh uhodwlyh shuirupdqfh ri erwk khxulvwlfv1 Dssduhqwo|/ wkh wrs0grzq khxulvwlf
rxwshuirupv wkh erwwrp0xs khxulvwlf lq d vljql�fdqw sduw ri doo whvw sureohpv/ do0
wkrxjk lwv uhodwlyh shuirupdqfh uhgxfhv vwurqjo| dv wkh qxpehu ri vhw0xs dfwlylwlhv
jurzv1 Wklv lv lqwxlwlyho| fohdu/ vlqfh wkh erwwrp0xs khxulvwlf pruh h{solflwo| wdnhv
lqwr dffrxqw wkh frpsoh{lw| ri wkh pdlqwhqdqfh wuhh xqghu frqvlghudwlrq1 Qhyhu0
wkhohvv/ zh eholhyh wkdw erwk khxulvwlfv duh ri sudfwlfdo ydoxh/ ehfdxvh hdfk ri wkhp
jhqhudwhv qhdu0rswlpdo vroxwlrqv zlwklq qhjoljleoh frpsxwdwlrq wlphv1

51: Frqfoxglqj uhpdunv

Lq wklv fkdswhu/ zh vkrzhg wkdw wkh foxvwhulqj sureohp iru iuhtxhqf|0frqvwudlqhg
pdlqwhqdqfh mrev zlwk frpprq vhw0xsv fdq eh vroyhg lq sro|qrpldo wlph e| phdqv
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Wdeoh 516= Rxwfrphv ri wkh +pl{hg lqwhjhu, olqhdu surjudpplqj irupxodwlrq iru 2e�
�fff udqgrpo| jhqhudwhg whvw sureohpv zlwk 6 vhw0xs dfwlylwlhv dqg ? pdlqwhqdqfh
mrev/ zkhuh r� 5 i�c ���c 7rj/ S� 5 i�c ���c 7Sj dqg s� 5 i�c ���c 7sj1

( ghyldwlrq +OS, & foxvwhuv +PLOS,

6 ? r S s rswlpdo pd{lpdo plqlpdo dyhudjh pd{lpdo

8 58 43 63 48 <<16 3155 6 91:6 46

8 58 53 53 48 <<13 3174 5 71:7 44

8 58 63 43 48 <<19 3147 4 614: <

8 58 43 63 63 <;19 3153 6 :14: 49

8 58 53 53 63 <<15 3159 5 71;7 45

8 58 63 43 63 <<16 3159 4 6165 44

8 83 43 63 48 <;13 3148 8 <148 48

8 83 53 53 48 <91: 316: 6 917; 46

8 83 63 43 48 <;17 3144 5 7168 44

8 83 43 63 63 <719 3154 8 4317: 54

8 83 53 53 63 <818 3157 6 91<9 4:

8 83 63 43 63 <:16 3156 5 718; 48

43 58 43 63 48 <<13 3159 6 918; 46

43 58 53 53 48 <;1< 314; 4 71:< 45

43 58 63 43 48 <<19 3144 4 614< ;

43 58 43 63 63 <;19 3154 5 91<8 4:

43 58 53 53 63 <<14 3169 4 71;8 45

43 58 63 43 63 <<1; 3143 4 616: <

43 83 43 63 48 <:18 3148 7 ;1;9 48

43 83 53 53 48 <913 3156 5 9158 47

43 83 63 43 48 <:1: 316; 4 715: 44

43 83 43 63 63 <819 314: 7 4315: 53

43 83 53 53 63 <815 3163 6 91<7 49

43 83 63 43 63 <;15 3149 4 7187 45
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Wdeoh 517= Shuirupdqfh ri wkh wrs0grzq +WGK, dqg erwwrp0xs +EXK, khxulvwlf/
iru 2e��fff udqgrpo| jhqhudwhg whvw sureohpv zlwk 6 vhw0xs dfwlylwlhv dqg ? pdlq0
whqdqfh mrev/ zkhuh r� 5 i�c ���c 7rj/ S� 5 i�c ���c 7Sj dqg s� 5 i�c ���c 7sj1

( ghyldwlrq +WGK, ( ghyldwlrq +EXK,

6 ? r S s rswlpdo dyhudjh pd{lpdo rswlpdo dyhudjh pd{lpdo

8 58 43 63 48 4914 413 :14 841: 315 617

8 58 53 53 48 4;15 41: 441: 7918 317 71:

8 58 63 43 48 5818 514 4916 8913 317 71<

8 58 43 63 63 4:1< 31< 916 791< 315 51;

8 58 53 53 63 4913 41: 441; 7713 317 717

8 58 63 43 63 5815 513 4713 7:19 317 61;

8 83 43 63 48 717 413 716 6314 316 519

8 83 53 53 48 914 41: ;1; 5817 318 61<

8 83 63 43 48 4814 514 4518 5;14 31: 81:

8 83 43 63 63 713 413 718 4<17 316 516

8 83 53 53 63 :1: 419 ;16 4<18 318 61:

8 83 63 43 63 4417 513 4519 5719 319 71:

43 58 43 63 48 91; 418 <13 6:13 316 717

43 58 53 53 48 :16 51: 471< 6<14 318 914

43 58 63 43 48 461; 615 4:1< 8316 317 914
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ri dq h!flhqw g|qdplf surjudpplqj dojrulwkp1 Lq dgglwlrq/ zh ghyhorshg d g|qdplf
surjudpplqj dojrulwkp/ dv zhoo dv d pl{hg lqwhjhu olqhdu surjudpplqj irupxodwlrq/
zklfk fdq eh xvhg wr ghwhuplqh dq rswlpdo foxvwhulqj iru iuhtxhqf|0frqvwudlqhg pdlq0
whqdqfh mrev zlwk vkduhg vhw0xsv1 Ilqdoo|/ wzr h!flhqw khxulvwlfv zhuh ghyhorshg
zklfk jhqhudwh qhdu0rswlpdo vroxwlrqv lq qhjoljleoh frpsxwdwlrq wlphv1 Vxppdul}0
lqj/ zh eholhyh wkdw rxu phwkrgv fdq eh dssolhg lq pdq| sudfwlfdo vlwxdwlrqv/ dqg
duh d vwhs iruzdug lqwr h�hfwlyh dqg h!flhqw vwudwhjlf pdlqwhqdqfh sodqqlqj1 Qhy0
huwkhohvv/ d qxpehu ri srvvleoh jhqhudol}dwlrqv ri/ dqg h{whqvlrqv wr rxu prghoolqj
iudphzrun duh vwloo xqghu frqvlghudwlrq1

Dv d vwduwlqj srlqw/ wkh srvlwlyh h�hfw ri suhyhqwlyh pdlqwhqdqfh foxvwhulqj lq
whupv ri d uhgxfwlrq lq htxlsphqw idloxuhv dqg fruuhvsrqglqj fruuhfwlyh pdlqwhqdqfh
frvwv/ zdv qrw frqvlghuhg lq rxu dqdo|vlv1 Lq wklv uhvshfw/ lw vhhpv zruwkzloh wr
frqvlghu iuhtxhqf|0ghshqghqw frvwv lqvwhdg ri iuhtxhqf| frqvwudlqwv/ dv d uhvxow ri
zklfk foxvwhulqj pljkw ehfrph hyhq pruh sur�wdeoh lq frpsdulvrq zlwk rxu dssurdfk1
Dqrwkhu srvvlelolw| lv wr doorz sdudooho h{hfxwlrq ri pdlqwhqdqfh mrev zlwklq d foxvwhu/
dqg2ru vlpxowdqhrxv h{hfxwlrq ri foxvwhuv zlwklq d foxvwhulqj1 Lq wklv fkdswhu/ zh
dvvxphg wkdw qr frvw uhgxfwlrqv frxog eh rewdlqhg e| fduu|lqj rxw pdlqwhqdqfh mrev
lq sdudooho/ ru pdlqwhqdqfh sdfndjhv vlpxowdqhrxvo|1 Ri frxuvh/ rwkhu dvvxpswlrqv
zrxog ohdg wr rwkhu lqwhuhvwlqj yhuvlrqv ri wkh foxvwhulqj sureohp1 Zh zloo frph edfn
wr wkdw lq wkh iroorzlqj fkdswhu1

Ilqdoo|/ lw pljkw dovr eh zruwkzloh wr lqfrusrudwh wkh srvvlelolwlhv iru zrunordg
edodqflqj lq rxu prghoolqj iudphzrun1 Lq ylhz ri frvw h!flhqf|/ lw pljkw eh rswlpdo
wr fduu| rxw doo pdlqwhqdqfh mrev vlpxowdqhrxvo|/ zkhuhdv wklv vroxwlrq pljkw eh
ohvv dwwudfwlyh iurp dq dgplqlvwudwlyh srlqw ri ylhz1 Wr dyrlg wklv/ dq dgglwlrqdo
uhvwulfwlrq frxog eh exlog lq frqfhuqlqj wkh wrwdo frvwv dqg2ru wlphv ri hdfk lqglylgxdo
foxvwhu1 Pruhryhu/ vhqvlwlylw| dqdo|vlv frxog eh shuiruphg lq rughu wr ghwhuplqh wkh
h{wud frvwv wkdw zrxog eh lqfxuuhg gxh wr wklv dgglwlrqdo frqvwudlqw rq wkh foxvwhulqj
sureohp1 Wkhvh vxjjhvwlrqv/ krzhyhu/ duh ohiw iru ixwxuh uhvhdufk1
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Fkdswhu 6

Frruglqdwhg sodqqlqj ri suhyhqwlyh
pdlqwhqdqfh mrev zlwk vkduhg vhw0xsv dqg

iuhtxhqf|0ghshqghqw frvwv

Lq wklv fkdswhu/ zh frqvlghu dq lqgluhfw foxvwhulqj sureohp iru suhyhqwlyh

pdlqwhqdqfh mrev zlwk vkduhg vhw0xsv1 Pruh vshfl�fdoo|/ zh frqvlghu d pxowl0

vhwxs pxowl0frpsrqhqw surgxfwlrq v|vwhp/ lq zklfk hdfk frpsrqhqw lv pdlq0

wdlqhg suhyhqwlyho| dw lqwhjhu pxowlsohv ri d fhuwdlq edvlv lqwhuydo1 Rqfh djdlq/

fuhdwlqj dq rffdvlrq iru suhyhqwlyh pdlqwhqdqfh rq rqh ri wkhvh frpsrqhqwv

uhtxluhv d froohfwlrq ri suhsdudwru| vhw0xs dfwlylwlhv wr eh fduulhg rxw lq dg0

ydqfh/ zlwk fruuhvsrqglqj vhw0xs frvwv1 Wkh pdlq gl�huhqfh zlwk wkh suhylrxv

fkdswhu/ krzhyhu/ lv wkdw fruuhfwlyh pdlqwhqdqfh frvwv duh dovr lqfrusrudwhg1

Wklv ohdgv wr iuhtxhqf|0ghshqghqw pdlqwhqdqfh frvwv udwkhu wkdq iuhtxhqf|

frqvwudlqwv1 D jhqhudo pdwkhpdwlfdo iudphzrun lv suhvhqwhg zklfk doorzv iru

d odujh fodvv ri suhyhqwlyh pdlqwhqdqfh vwudwhjlhv iru hdfk frpsrqhqw1 Rxu

dssurdfk jhqhudol}hv suhylrxv zrun lq wkh vhqvh wkdw lw surylghv h!flhqw PLOS

dqg GS irupxodwlrqv/ lq zklfk frqvlghudeo| pruh ghjuhhv ri iuhhgrp duh wdnhq

lqwr dffrxqw1 Frpsxwdwlrqdo uhvxowv lqglfdwh wkdw qhdu0rswlpdo vroxwlrqv duh

rewdlqhg zlwklq uhdvrqdeoh frpsxwdwlrq wlphv1

614 Lqwurgxfwlrq

Dv lq wkh suhylrxv fkdswhu/ zh frqvlghu d surgxfwlrq v|vwhp frqvlvwlqj ri pxowlsoh
vhw0xs dfwlylwlhv dqg pxowlsoh frpsrqhqwv/ zklfk duh rujdql}hg lq d wuhh0olnh vwuxf0
wxuh1 Fuhdwlqj dq rffdvlrq iru suhyhqwlyh pdlqwhqdqfh rq rqh ri wkhvh frpsrqhqwv/
uhtxluhv d froohfwlrq ri suhsdudwru| vhw0xs dfwlylwlhv wr eh fduulhg rxw lq dgydqfh/ zlwk
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fruuhvsrqglqj vhw0xs frvwv1 Li frpsrqhqwv duh pdlqwdlqhg vlpxowdqhrxvo|/ wkh fru0
uhvsrqglqj vhw0xs dfwlylwlhv fdq eh frpelqhg1 Lq wklv uhvshfw/ wkhuh lv d shuvshfwlyh
ri vljql�fdqw vdylqjv li vrph nlqg ri frruglqdwlrq lv exlow lq frqfhuqlqj wkh vwduwlqj
wlph ri suhyhqwlyh pdlqwhqdqfh rq gl�huhqw frpsrqhqwv1 Lq wkh suhylrxv fkdswhu/
wklv zdv lqfrusrudwhg e| phdqv ri d vr0fdoohg gluhfw foxvwhulqj sureohp/ lq zklfk wkh
froohfwlrq ri pdlqwhqdqfh mrev zdv vxeglylghg lqwr vhyhudo pdlqwhqdqfh sdfndjhv1

Lq wklv fkdswhu/ foxvwhuv ri pdlqwhqdqfh mrev duh iruphg lqgluhfwo| zkhqhyhu srv0
vleoh1 Pruh vshfl�fdoo|/ zh frqvlghu wkh fdvh zkhuh hdfk frpsrqhqw lv pdlqwdlqhg
suhyhqwlyho| dw lqwhjhu pxowlsohv ri d fhuwdlq edvlv lqwhuydo/ zklfk lv wkh vdph iru doo
frpsrqhqwv1 Lq jhqhudo/ wklv |lhogv dq rswlpl}dwlrq sureohp lq ?n� yduldeohv/ zkhuh
? ghqrwhv wkh qxpehu ri frpsrqhqwv1 Wkh pdlq gl�huhqfh ehwzhhq wkh suhylrxv
fkdswhu dqg rxu dssurdfk khuh/ lv wkdw fruuhfwlyh pdlqwhqdqfh frvwv duh dovr lqfru0
srudwhg1 Wklv ohdyhv xv zlwk iuhtxhqf|0ghshqghqw pdlqwhqdqfh frvwv udwkhu wkdq
iuhtxhqf| frqvwudlqwv1 Wkh xqghuo|lqj lghd ehklqg wklv dssurdfk ruljlqdwhv iurp
Jhuwvednk +4<::,/ zkr frqvlghuhg d vrphzkdw vlplodu exw ohvv srzhuixo prghoolqj
iudphzrun zlwk pxowlsoh vhw0xs dfwlylwlhv/ lq zklfk frpsrqhqwv fdq rqo| eh dwwdfkhg
wr orzhvw0ohyho vhw0xs dfwlylwlhv +vhh Iljxuh 614,1 Vlqfh wkhq/ dssolfdwlrqv ri wklv w|sh
ri vhw0xs vwuxfwxuhv lqwr pdlqwhqdqfh prghoolqj kdyh ehhq vfdufh/ h1j1 vhh Vfxool dqg
Vxudzhhud +4<:<, dqg Ydq Glmnkxl}hq dqg Ydq Kduwhq +4<<:e,/ srvvleo| ehfdxvh ri
erwk sudfwlfdo dqg wkhruhwlfdo frpsolfdwlrqv1

Dw wkh vdph wlph/ wkh vlqjoh vhw0xs yhuvlrq ri wklv sureohp kdv jdlqhg frqvlg0
hudeo| pruh dwwhqwlrq lq h{lvwlqj olwhudwxuh/ vlqfh lw lv forvho| uhodwhg wr wkh zhoo0
nqrzq mrlqw uhsohqlvkphqw sureohp iurp pxowl0lwhp lqyhqwru| wkhru|/ h1j1 vhh
Erpehujhu +4<99,/ Jr|do +4<:6,/ Jr|do +4<:7,/ Vloyhu +4<:9,/ Ndvsl dqg Urvhqeodww
+4<;6,/ Kduljd +4<<7, dqg Ehq0Gd|d dqg Kduljd +4<<8,1 Wkh uhdghu lv uhihuuhg wr
Jr|do dqg Vdwlu +4<;<, dqg Zloghpdq/ Iuhqn/ dqg Ghnnhu +4<<:, iru h{whqvlyh dqg
xs0wr0gdwh olwhudwxuh uhylhzv rq wkh mrlqw uhsohqlvkphqw sureohp1 Khuh/ zh uhvwulfw
rxuvhoyhv wr lwv dssolfdwlrqv lqwr pdlqwhqdqfh prghoolqj1 Slrqhhulqj zrun rq wklv vxe0
mhfw zdv fduulhg rxw e| Jr|do dqg Nxv| +4<;8, dqg Jr|do dqg Jxqdvhndudq +4<<5,/
zkr suhvhqwhg d qxpehu ri lwhudwlyh khxulvwlfv lq fdvh wkh ghwhulrudwlrq frvw ixqfwlrqv
duh ri d yhu| vshfl�f irup1 Mxvw uhfhqwo|/ Zloghpdq +4<<9, suhvhqwhg d pdwkhpdwlfdo
iudphzrun zklfk doorzv iru d pxfk odujhu fodvv ri suhyhqwlyh pdlqwhqdqfh prghov/
dqg vroyhg wklv sureohp wr rswlpdolw|1

Lq wklv fkdswhu/ zh zloo suhvhqw d pruh jhqhudo dqg srzhuixo prghoolqj iudphzrun/
zklfk doorzv iru pxowlsoh vhw0xs dfwlylwlhv/ pxowlsoh frpsrqhqwv/ dqg d ydulhw| ri
pdlqwhqdqfh vwudwhjlhv iru hdfk frpsrqhqw1 Rxu dssurdfk jhqhudol}hv suhylrxv zrun
lq wkh vhqvh wkdw lw surylghv h!flhqw g|qdplf surjudpplqj dqg pl{hg lqwhjhu olqhdu
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Iljxuh 614= H{dpsoh ri wkh prghoolqj iudphzrun frqvlghuhg e| Jhuwvednk +4<::,/
lq zklfk frpsrqhqwv fdq rqo| eh dwwdfkhg wr orzhvw0ohyho vhw0xs dfwlylwlhv1

surjudpplqj irupxodwlrqv/ lq zklfk frqvlghudeo| pruh ghjuhhv ri iuhhgrp duh wdnhq
lqwr dffrxqw wkdq lq h{lvwlqj olwhudwxuh1 Pruhryhu/ lw frqwdlqv vrph lqwhuhvwlqj qhz
hohphqwv/ zklfk duh w|slfdo iru rxu vhwwlqj ri pxowlsoh vhw0xs dfwlylwlhv1 Exw �uvw/ ohw
xv glvfxvv rxu jhqhudo dssurdfk lq vrph pruh ghwdlo1

615 Jhqhudo dssurdfk

Frqvlghu d surgxfwlrq v|vwhp frqvlvwlqj ri6 vhw0xs dfwlylwlhv/ ghqrwhg L ' i�c ���c6jc
dqg ? frpsrqhqwv/ ghqrwhg M ' i�c ���c ?j/ zklfk duh rujdql}hg lq d wuhh0olnh vwuxf0
wxuh1 Fuhdwlqj dq rssruwxqlw| iru suhyhqwlyh pdlqwhqdqfh rq frpsrqhqw � 5 M
uhtxluhv d froohfwlrq U� � L ri suhsdudwru| vhw0xs dfwlylwlhv wr eh fduulhg rxw lq
dgydqfh/ zlwk fruuhvsrqglqj vhw0xs frvwv

S
�MU�

r�1 Khuh/ r� : f ghqrwhv wkh lqglylg0
xdo frvw ri vhw0xs dfwlylw| � 5 L1 Li frpsrqhqwv duh pdlqwdlqhg vlpxowdqhrxvo|/ wkh
fruuhvsrqglqj vhw0xs dfwlylwlhv fdq eh frpelqhg1 Pruh vshfl�fdoo|/ suhyhqwlyh pdlq0
whqdqfh rq d vxevhw ri frpsrqhqwv L � M lqyroyhv d vhw0xs frvw rEL�/ zklfk ghshqgv
frpsohwho| rq wkh vhw ri uhtxluhg vhw0xs dfwlylwlhv1 Dv lq wkh suhylrxv fkdswhu/ wklv
|lhogv wkh iroorzlqj h{suhvvlrq iru rEL�=

rEL� '
[

�M
V

�ML

U�

r��



85 Fkdswhu 61 Frruglqdwhg Sodqqlqj ri Suhyhqwlyh Pdlqwhqdqfh

Zlwklq wklv vhwwlqj/ zh frqvlghu suhyhqwlyh pdlqwhqdqfh dfwlylwlhv ri wkh eorfn
w|sh1 Wr eh vshfl�f/ hdfk frpsrqhqw lv pdlqwdlqhg suhyhqwlyho| dw �{hg lqwhuydov
+h1j1 gdlo|/ zhhno|/ prqwko|/ |hduo|,/ zkhuhdv lqwhuphgldwh fruuhfwlyh pdlqwhqdqfh
dfwlylwlhv duh fduulhg rxw xsrq idloxuh1 Zlwk x�E%�/ zh ghqrwh wkh h{shfwhg pdlq0
whqdqfh frvwv +h{foxvlyh ri suhyhqwlyh vhw0xs frvwv, ri frpsrqhqw � 5 M shu xqlw
ri wlph/ li pdlqwdlqhg suhyhqwlyho| hyhu| % : f wlph xqlwv +ru dq| rwkhu phdvxu0
deoh txdqwlw| h1j1 uxqqlqj krxuv,1 Iru qrwdwlrqdo frqyhqlhqfh/ dqg zlwkrxw orvv ri
jhqhudolw|/ zh uhvwulfw rxuvhoyhv wr frvw ixqfwlrqv ri wkh iroorzlqj w|sh=

x�E%� '
S� n��E%�

%
�

Khuh/ S� : f uh hfwv wkh h{shfwhg frvw ri suhyhqwlyh pdlqwhqdqfh rq frpsrqhqw
� 5 M 1 Pruhryhu/ ��E%� ghqrwhv wkh h{shfwhg fxpxodwlyh ghwhulrudwlrq frvwv +gxh wr
idloxuhv/ uhsdluv/ hwf1,/ % wlph xqlwv diwhu lwv odvw suhyhqwlyh pdlqwhqdqfh1 E| grlqj
wklv/ d ydulhw| ri pdlqwhqdqfh prghov fdq eh lqfrusrudwhg/ doorzlqj gl�huhqw prghov
iru hdfk frpsrqhqw1 Wkh uhdghu lv uhihuuhg wr Ghnnhu +4<<8, iru dq h{whqvlyh olvw ri
eorfn0w|sh prghov1 Khuh/ zh rqo| phqwlrq vrph lpsruwdqw rqhv=

� lq wkh vwdqgdug eorfn uhsodfhphqw prgho +Eduorz dqg Survfkdq 4<98,/
d frpsrqhqw lv uhsodfhg fruuhfwlyho| xsrq idloxuh/ dqg suhyhqwlyho| dw �{hg
lqwhuydov ri ohqjwk % : f>

� lq wkh prgl�hg eorfn uhsodfhphqw prgho +Ehuj dqg Hsvwhlq 4<:9,/ d frp0
srqhqw lv uhsodfhg fruuhfwlyho| xsrq idloxuh/ dqg suhyhqwlyho| dw �{hg lqwhuydov
ri ohqjwk % : f/ exw rqo| li lwv djh h{fhhgv d fhuwdlq wuhvkrog ydoxh + 	 %>

� lq wkh plqlpdo uhsdlu prgho +Eduorz dqg Kxqwhu 4<93,/ d frpsrqhqw lv uh0
sodfhg suhyhqwlyho| dw �{hg lqwhuydov ri ohqjwk % : f/ zlwk lqwhuphgldwh idloxuh
uhsdluv rffxulqj zkhqhyhu qhfhvvdu|/ uhvwrulqj wkh frpsrqhqw lqwr d vwdwh dv
jrrg dv ehiruh idloxuh>

� lq wkh vwdqgdug lqvshfwlrq prgho +Eduorz/ Kxqwhu/ dqg Survfkdq 4<96,/ d
frpsrqhqw lv lqvshfwhg suhyhqwlyho| dw �{hg lqwhuydov ri ohqjwk % : f/ iroorzhg
e| d fruuhfwlyh uhsodfhphqw li lw wxuqv rxw wr kdyh idlohg xsrq lqvshfwlrq>

� lq wkh ghod| wlph prgho +Fkulvwhu dqg Zdoohu 4<;7,/ d frpsrqhqw sdvvhv
wkurxjk d ylvleoh ghihfwlyh vwdwh ehiruh lw dfwxdoo| idlov vrphzkdw odwhu> lq olqh
zlwk wklv/ wkh frpsrqhqw lv uhsodfhg fruuhfwlyho| xsrq idloxuh/ dqg lqvshfwhg
suhyhqwlyho| dw �{hg lqwhuydov ri ohqjwk % : f/ iroorzhg e| d suhyhqwlyh uhsodfh0
phqw li lw wxuqv rxw wr eh ghihfwlyh dw wkh wlph ri lqvshfwlrq1
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Lq rxu prghoolqj iudphzrun/ zh dvvxph wkdw wkh lqlwldwlrq ri suhyhqwlyh pdlqwh0
qdqfh rq gl�huhqw frpsrqhqwv lv edvhg rq wkh vdph v|vwhp sdudphwhu %/ h1j1 fdohqgdu
ru rshudwlqj wlph/ dqg wkdw wkh ghwhulrudwlrq frvw ixqfwlrqv ��E%� duh doo dydlodeoh1
Lq wkh prgl�hg eorfn uhsodfhphqw prgho/ wklv phdqv wkdw wkh rswlpdo ydoxh ri + fdq
eh ghwhuplqhg rqfh wkh ydoxh ri % lv jlyhq1 Pruhryhu/ zh dvvxph wkdw wkh lqglylgxdo
fxpxodwlyh ghwhulrudwlrq frvwv ��E�� iru hdfk frpsrqhqw duh wrwdoo| lqghshqghqw ri
doo rwkhu frpsrqhqwv1 Lq rwkhu zrugv/ wkh srvvlelolwlhv iru g|qdplf dqg2ru rssru0
wxqlvwlf jurxslqj/ l1h1 wkh frpelqdwlrq ri suhyhqwlyh zlwk fruuhfwlyh pdlqwhqdqfh
dfwlylwlhv lq dq rshudwlrqdo sodqqlqj skdvh/ duh qrw dffrxqwhg iru lq rxu dssurdfk
khuh1 Ri frxuvh/ rwkhu dvvxpswlrqv zrxog ohdg wr rwkhu lqwhuhvwlqj yhuvlrqv ri wkh
sureohp xqghu frqvlghudwlrq/ exw duh ohiw iru ixwxuh uhvhdufk1

61514 Ixuwkhu qrwdwlrq dqg dvvxpswlrqv

Wkurxjkrxw wklv sdshu/ dqg dqdorjrxv wr wkh suhylrxv fkdswhu/ zh zloo xvh wkh iro0
orzlqj qrwdwlrq dqg dvvxpswlrqv wr fkdudfwhul}h wkh pxwxdo uhodwlrqvklsv ehwzhhq
vhw0xs dfwlylwlhv dqg frpsrqhqwv1 Iluvw ri doo/ zh ghqrwh zlwk a� ' i� 5 M m � 5 U�j
dqg aW� � a� wkh vhw ri frpsrqhqwv wkdw uhtxluh uhvs1 duh dwwdfkhg wr vhw0xs dfwlylw|
� 5 L1 Lq d vlplodu zd|/ zh ohw 7� � L dqg 7W� � L ghqrwh wkh vhw0xs dfwlylwlhv �� 5 L
wkdw uhtxluh uhvs1 duh dwwdfkhg wr vhw0xs dfwlylw| � 5 L1 Dv dq looxvwudwlyh h{dpsoh/
frqvlghu d surgxfwlrq v|vwhp frqvlvwlqj ri 6 ' � vhw0xs dfwlylwlhv dqg ? ' � frpsr0
qhqwv/ dqg dvvxph wkdw frpsrqhqw � uhtxluhv doo vhw0xs dfwlylwlhv � � � wr eh fduulhg
rxw lq dgydqfh1 Wkhq lw lv hdvlo| yhul�hg wkdw=

U� ' i�j/ U2 ' i�c 2j/ U� ' i�c 2c �j/
a� ' i�c 2c �j/ a2 ' i2c �j/ a� ' i�j/

aW� ' i�j/ aW2 ' i2j/ aW� ' i�j/
7� ' i2c �j/ 72 ' i�j/ 7� ' B/
7W� ' i2j/ 7W2 ' i�j/ 7W� ' B1

Iru qrwdwlrqdo frqyhqlhqfh/ dqg zlwkrxw orvv ri jhqhudolw|/ zh dvvxph wkdw �� : �

iru doo � 5 L dqg �� 5 7� lq wkh vhtxho1 Pruhryhu/ dqg lq olqh zlwk wkh deryh/ zh
dvvxph wkdw U� _ ��� _ U? ' i�j/ l1h1 wkhuh h{lvwv h{dfwo| rqh frpprq vhw0xs dfwlylw|
� ' �1 Li U� _ ���_ U? ' >/ wkh sureohp fdq eh ghfrpsrvhg lqwr wzr ru pruh +vpdoohu,
vxesureohpv/ zklfk fdq eh wuhdwhg dqg vroyhg vhsdudwho|1 Li mU�_ ���_U?m ' & : �/ wkh
frpprq vhw0xs dfwlylwlhv � 5 i�c ���c &j fdq dv zhoo eh uhsodfhg e| d vlqjoh frpprq
vhw0xs dfwlylw|/ zlwk fruuhvsrqglqj vhw0xs frvwv r�n ���n r& : f1 Iru vlplodu uhdvrqv/
zh fdq dvvxph wkdw a� 9' B iru doo � 5 L/ vlqfh reylrxvo| vhw0xs dfwlylwlhv zlwk qr
frpsrqhqwv fdq dv zhoo eh qhjohfwhg zlwkrxw d�hfwlqj wkh sureohp1
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Wdeoh 614= H{dpsoh ri d pdlqwhqdqfh f|foh iru d surgxfwlrq v|vwhp frqvlvwlqj ri
6 ' � vhw0xs dfwlylwlhv dqg ? ' � frpsrqhqwv/ zkhuh frpsrqhqw � uhtxluhv doo vhw0xs
dfwlylwlhv � � � wr eh fduulhg rxw lq dgydqfh1

frpsrqhqwv 6
5 6 5 5 6 5 5

4 4 4 4 4 4 4 4 4 4 4 4 4 4 4

6 vhw0xsv 6 6
5 5 5 5 5 5 5

4 4 4 4 4 4 4 4 4 4 4 4 4 4 4

shulrgv 8
6 8 6 6 8 6 6

4 4 4 4 4 4 4 4 4 4 4 4 4 4 4

rssruwxqlwlhv
4 5 6 7 8 9 : ; < 43 44 45 46 47 48

61515 Sureohp gh�qlwlrq

Wkh frruglqdwlrq ri suhyhqwlyh pdlqwhqdqfh dfwlylwlhv lv qrz prghoohg dv iroorzv=
suhyhqwlyh pdlqwhqdqfh rq frpsrqhqw � 5 M lv fduulhg rxw dw lqwhjhu pxowlsohv
ri &� � | wlph xqlwv/ l1h1 dw wlphv ifc &� � |c 2 � &� � |c ���j/ zkhuh &� 5 QW ghqrwhv wkh
pdlqwhqdqfh shulrg ri frpsrqhqw � 5 M uhodwlyh wr d edvlv lqwhuydo ri | : f wlph
xqlwv1 Reylrxvo|/ wklv fruuhvsrqgv wr d uhshwlwlyh/ shulrglf suhyhqwlyh pdlqwhqdqfh
f|foh ri ofpE&�c ���c &?� � | wlph xqlwv/ zkhuh ofpE&�c ���c &?� ghqrwhv wkh ohdvw frpprq
pxowlsolhu ri wkh lqwhjhuv &� +� 5 M ,/ h1j1 ofpE2c �c e� ' �21 Lq jhqhudo/ wklv ohdgv wr
dq rswlpl}dwlrq lq ?n � yduldeohv1

Dv d vwduwlqj srlqw ri rxu dqdo|vlv/ zh zloo uhvwulfw rxuvhoyhv wr wkh fdvh zkhuh wkh
pdlqwhqdqfh lqwhuydo | : f lv �{hg/ dqg wkh lqwhjhu shulrgv &� pxvw eh fkrvhq iurp d
�qlwh vhw ri srvvlelolwlhv/ vd| &� 5 N iru doo � 5 M 1 Wklv vlwxdwlrq dulvhv li | lv d qdwxudo
wlph olplw +h1j1 4 gd|/ zhhn/ ru prqwk, dqg rqh lv lqwhuhvwhg lq d pdlqwhqdqfh f|foh ri
suhvfulehg ohqjwk +h1j1 4 |hdu,1 Lq jhqhudo/ wklv |lhogv dq rswlpl}dwlrq sureohp lq ?

yduldeohv E&�c ���c &?�/ zlwk mNm? gl�huhqw vroxwlrqv/ zkhuh rxu remhfwlyh lv wr plqlpl}h
dyhudjh pdlqwhqdqfh frvwv shu xqlw ri wlph=

E� � 4�?
&�Md

+[
�MP

r� �{�E!�

|
n
[
�M[

x�E&� � |�
,
�

Khuh/ {�E!� uhsuhvhqwv wkh iudfwlrq ri wlphv wkdw vhw0xs dfwlylw| � 5 L lv fduulhg
rxw dw dq rssruwxqlw| iru suhyhqwlyh pdlqwhqdqfh +h1j1 {�E!� ' �/ {2E!� ' .*�D/
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dqg {�E!� ' �*D lq Wdeoh 614,1 Vlqfh hdfk rffxuhqfh ri frpsrqhqw � 5 M lpsolhv wkh
rffxuhqfh ri doo vhw0xs dfwlylwlhv � 5 U� / lw lv hdvlo| revhuyhg wkdw 4@ i&3�� m � 5 a�j �
{�E!� � � iru doo � 5 L/ lpso|lqj wkdw {�E!� ' � li &� ' � iru vrph � 5 a�1 Edvhg
rq wkh sulqflsoh ri lqfoxvlrq dqg h{foxvlrq/ Gdjsxqdu +4<;5, ghulyhv wkh iroorzlqj
jhqhudo h{suhvvlrq iru {�E!�=

{�E!� '

�a��[
,'�

E���,n�
[

t��c���c�,�\a�

*U4E&�� c ���c &�,j3��

W|slfdoo|/ wkh edvlv pdlqwhqdqfh lqwhuydo | lv uhvwulfwhg wr vhyhudo gd|v ru zhhnv/
zkhuhdv wkh fruuhvsrqglqj pdlqwhqdqfh f|foh ofpE&�c ���c &?� � | ydulhv iurp vhyhudo
zhhnv wr vhyhudo prqwkv/ ru hyhq |hduv1 Lq fdvh ri d suhvfulehg f|foh ohqjwk ri A ' � �
| : f wlph xqlwv/ dssursldwh ydoxhv iru &� pxvw vdwlvi|� prg &� ' f1 Dprqjvw rwkhuv/
wklv dssurdfk lv sduwlfxoduo| xvhixo lq fdohqgdu0edvhg pdlqwhqdqfh sodqqlqj v|vwhpv/
e| zklfk zrunordg dqg fdsdflw| sur�ohv kdyh wr eh pdwfkhg rq d uhjxodu edvlv1 Rq wkh
rwkhu kdqg/ li wkhuh duh qr h{solflw frqvwudlqwv rq wkh ohqjwk ri wkh edvlv pdlqwhqdqfh
lqwhuydo dqg wkh fruuhvsrqglqj pdlqwhqdqfh f|foh/ rxu rswlpl}dwlrq sureohp ehfrphv
hyhq pruh frpsoh{=

E'� 4�?
|:f

4�?
&�MQW

+[
�MP

r� �{�E!�

|
n
[
�M[

x�E&� � |�
,
�

H{dpsohv ri wklv w|sh fdq eh irxqg lq ydulrxv lqgxvwulhv/ h1j1 li wkh lqlwldwlrq ri
pdlqwhqdqfh dfwlylwlhv lv edvhg rq fxpxodwlyh rshudwlqj wlph udwkhu wkdq fdohqgdu
prphqwv1 Lq vxfk fdvhv/ wkh qhhg iru zhoo0gh�qhg pdlqwhqdqfh lqwhuydov +h1j1 pxowl0
sohv ri 433 ru 4333 uxqqlqj krxuv, lv ohvv uhvwulfwhg/ dqg riwhq edvhg rq lqwxlwlyh ru
dgplqlvwudwlyh uhdvrqlqj rqo|1

61516 Olwhudwxuh uhylhz

Xs wr rxu nqrzohgjh/ sureohpv E� � dqg E'� kdyh qrw ehhq dgguhvvhg lq h{lvwlqj
olwhudwxuh lq wklv jhqhudo irup/ zklfk doorzv iru pxowlsoh vhw0xs dfwlylwlhv/ pxowlsoh
frpsrqhqwv/ dqg d odujh fodvv ri suhyhqwlyh pdlqwhqdqfh prghov iru hdfk frpsrqhqw1
Rqo| Jhuwvednk +4<::, frqvlghuv d vrphzkdw vlplodu exw ohvv srzhuixo prghoolqj
iudphzrun iru sureohp E� �/ lq zklfk pdlqwhqdqfh mrev fdq rqo| eh dwwdfkhg wr
orzhvw0ohyho vhw0xs dfwlylwlhv/ dqg wkh vhw ri pdlqwhqdqfh shulrgv lv ri d yhu| vshfldo
vwuxfwxuh N ' i&�c ���c &Rj/ zkhuh &� 	 ��� 	 &R dqg &� lv dq lqwhjhu pxowlsoh ri &� iru
doo � 	 �1 Jlyhq wklv uhvwulfwlyh prghoolqj iudphzrun/ wkh dxwkru surylghv dq h!flhqw
dojrulwkp zlwk zklfk sureohp E� � fdq eh vroyhg wr rswlpdolw|1
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Rq wkh rwkhu kdqg/ wkh vlqjoh vhw0xs yhuvlrq +6 ' �, ri wkhvh sureohpv kdv
jdlqhg frqvlghudeo| pruh dwwhqwlrq lq h{lvwlqj olwhudwxuh/ h1j1 vhh Jr|do dqg Nxv|
+4<;8,/ Jr|do dqg Jxqdvhndudq +4<<5,/ dqg Zloghpdq +4<<9,1 Iru frpsxwdwlrqdo
uhdvrqv/ wkh fruuhfwlrq idfwruv {�E!� kdyh xvxdoo| ehhq qhjohfwhg/ ru 0 htxlydohqwo|
0 dvvxphg wr eh htxdo wr rqh lq wkh rswlpdo vwudwhj|1 Dowkrxjk wklv dssurdfk lv fhu0
wdlqo| ghihqgdeoh lq fdvh ri d vlqjoh vhw0xs dfwlylw|/ lw lv reylrxv wkdw wklv dvvxpswlrq
fdqqrw eh vxvwdlqhg zlwklq rxu vhwwlqj ri pxowlsoh vhw0xs dfwlylwlhv1 Diwhu doo/ wkh
srvvlelolw| wkdw {�E!� 	 � iru vrph � 5 L lv hvvhqwldo lq rxu dssurdfk1

Lq jhqhudo/ �qglqj dq rswlpdo pdlqwhqdqfh vwudwhj| zlwk fruuhfwlrq idfwruv lv d
yhu| frpsoh{ sureohp/ hyhq lq fdvh ri d vlqjoh vhw0xs dfwlylw| +Jr|do 4<;5,1 Lq h{lvwlqj
olwhudwxuh/ zh glg qrw �qg dq| rswlpdo ru qhdu0rswlpdo phwkrgv wr vroyh wkh vlqjoh
vhw0xs yhuvlrqv ri sureohpv E� � dqg E'� zlwk fruuhfwlrq idfwruv/ srvvleo| ehfdxvh ri
wkh lqkhuhqw pdwkhpdwlfdo frpsolfdwlrqv1 Hyhq iru wkh mrlqw uhsohqlvkphqw sureohp/
zkhuh wkh fruuhfwlrq idfwru zdv lqwurgxfhg e| Gdjsxqdu +4<;5,/ qr uhihuhqfhv frxog
eh irxqg lq zklfk d +khxulvwlf, vroxwlrq dssurdfk wr wkhvh sureohpv lv suhvhqwhg1

61517 Rxwolqh

Wklv fkdswhu lv rujdql}hg dv iroorzv1 Lq vhfwlrq 616/ zh zloo vkrz wkdw sureohp E� �

fdq eh vroyhg wr rswlpdolw| e| phdqv ri d g|qdplf surjudpplqj dojrulwkp/ dv zhoo
dv d pl{hg lqwhjhu olqhdu surjudpplqj irupxodwlrq1 Vxevhtxhqwo|/ d orzhu erxqg iru
sureohp E'� lv ghulyhg lq vhfwlrq 617/ edvhg xsrq zklfk wzr khxulvwlf dssurdfkhv
iru sureohp E'� duh ghyhorshg lq vhfwlrqv 618/ 619 dqg 61: uhvshfwlyho|1 Lq vhfwlrq
61;/ wkhvh khxulvwlfv duh looxvwudwhg e| phdqv ri d qxphulfdo h{dpsoh/ zklfk r�huv
xvhixo lqvljkwv1 Vxevhtxhqwo|/ frpsxwdwlrqdo uhvxowv lq vhfwlrq 61< vkrz wkdw qhdu0
rswlpdo vroxwlrqv duh rewdlqhg zlwklq uhdvrqdeoh frpsxwdwlrq wlphv1 Ilqdoo|/ vrph
frqfoxvlrqv dqg uhfrpphqgdwlrqv duh vxppdul}hg lq vhfwlrq 61431

616 Rswlpl}dwlrq ri sureohp E� �

Dv d vwduwlqj srlqw/ zh glvfxvv krz sureohp E� � fdq eh vroyhg e| phdqv ri d g|qdplf
surjudpplqj dojrulwkp1 Qh{w/ d pl{hg lqwhjhu olqhdu surjudpplqj irupxodwlrq zloo
eh suhvhqwhg/ zlwk zklfk sureohp E� � fdq dovr eh vroyhg wr rswlpdolw|1 Iru qrwdwlrqdo
frqyhqlhqfh/ d ohvv h!flhqw exw pruh lqvljkwixo dqg glgdfwlfdo yhuvlrq lv suhvhqwhg
�uvw1 Vxevhtxhqwo|/ wzr uhgxfwlrq whfkqltxhv duh suhvhqwhg zklfk vwurqjo| uhgxfh wkh
vl}h ri wklv sureohp/ hvshfldoo| li wkh vhw ri srvvleoh pdlqwhqdqfh shulrgv N lv odujh1
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61614 D g|qdplf surjudpplqj dojrulwkp

Dv lq wkh suhylrxv fkdswhu/ wkh pdlq xqghuo|lqj revhuydwlrq ehklqg rxu g|qdplf
surjudpplqj dssurdfk lv wkdw sureohp E� � fdq eh lqwhusuhwhg dv wkh dvvljqphqw ri
vhw0xs dfwlylwlhv � 5 L dqg pdlqwhqdqfh mrev � 5 M wr pdlqwhqdqfh shulrgv & 5 N/
lq vxfk d zd| wkdw wrwdo +h{shfwhg, frvwv shu xqlw ri wlph duh plqlpl}hg1 Wklv lv d
srwhqwldoo| ydoxdeoh lqvljkw/ vlqfh wkh dvvljqphqw ri frpsrqhqw � 5 M wr pdlqwhqdqfh
shulrgv & 5 g uhtxluhv doo sduhqwdo vhw0xs dfwlylwlhv � 5 U� wr eh dvvljqhg wr wkh vdph
pdlqwhqdqfh shulrg wrr1

Wr frqwlqxh rxu dqdo|vlv/ ohw xv ghqrwh zlwk }�Eg� wkh plqlpdo frvwv iru wkh vxewuhh
dvvrfldwhg zlwk vhw0xs dfwlylw| � 5 L/ surylghg wkdw vhw0xs dfwlylwlhv dqg pdlqwhqdqfh
mrev zlwklq wklv vxewuhh fdq rqo| eh dvvljqhg wr pdlqwhqdqfh shulrgv & 5 g � N1
Iru hdfk vhw0xs dfwlylw| � 5 L/ dqg hdfk srvvleoh vwdwh g � N/ zh pxvw qrz ghflgh
zklfk pdlqwhqdqfh shulrgv u � g wr xvh1 Edvhg xsrq wklv ghflvlrq/ wkh +rswlpdo,
dvvljqphqw ri pdlqwhqdqfh mrev � 5 aW� wr pdlqwhqdqfh shulrgv , 5 u/ dv zhoo dv wkh
frqvhtxhqfhv iru doo orzhu0ohyho vhw0xs dfwlylwlhv �� 5 7W� / duh lpphgldwho| fohdu1 Pruh
vshfl�fdoo|/ }�Eg� fdq eh ghwhuplqhg uhfxuvlyho| e| phdqv ri wkh iroorzlqj g|qdplf
surjudpplqj htxdwlrq=

}�Eg� ' 4�?
u\gGu�'B

;?
=��Eu� n

[
��M7W�

}��Eu�
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> �

Khuh/ ��Eu� ghqrwhv wkh +plqlpdo, frvwv dvvrfldwhg zlwk wkh dvvljqphqw ri vhw0xs
dfwlylw| � 5 L dqg pdlqwhqdqfh mrev � 5 aW� wr pdlqwhqdqfh shulrgv , 5 u1 Lw lv hdvlo|
yhul�hg wkdw ��Eu� fdq eh ghwhuplqhg dv iroorzv=

��Eu� '
r� �{�Eu�

|
n

[
�MaW�

4�?
,�Mu

ix�E,� � |�j�

Xqghu vrph zhdn frqglwlrqv/ wkh fdofxodwlrq ri ��Eu� fdq eh shuiruphg lq d udwkhu
vwudljkwiruzdug pdqqhu1 Zh zloo frph edfn wr wkdw odwhu rq lq wklv fkdswhu1 Khuh/
zh rqo| phqwlrq wkdw wkh rswlpdo vroxwlrq wr sureohp E� � fdq qrz eh ghwhuplqhg
uhfxuvlyho| e| fdofxodwlrq ri }�EN�/ vlqfh � ' � ghqrwhv wkh frpprq l1h1 kljkhvw0
ohyho vhw0xs dfwlylw|1 Lq wkh zruvw fdvh/ wklv |lhogv d g|qdplf surjudpplqj dojrulwkp
zlwk 2�d� vwdwhv dqg ghflvlrqv/ zkhuh mNm ghqrwhv wkh qxpehu ri gl�huhqw pdlqwhqdqfh
iuhtxhqflhv1

Rq wkh rwkhu kdqg/ wkh vhw ri uhohydqw vwdwhv g � N dqg ghflvlrqv u � g iru vhw0
xs dfwlylw| � 5 L fdq riwhq eh uhgxfhg vljql�fdqwo|/ e| revhuylqj wkdw ��Eu� � ��Eu

��

iru vrph u � u� � g lpsolhv wkdw ghflvlrq u � g fdq dv zhoo eh qhjohfwhg1 Diwhu doo/
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lw ohdgv wr kljkhu +gluhfw, frvwv dqg ohvv  h{lelolw| iru doo orzhu0ohyho vhw0xs dfwlylwlhv1
Dw wkh yhu| ohdvw/ wklv phdqv wkdw {�Eu� ' {�Eu

�� iru vrph u � u� � g lpsolhv wkdw
ghflvlrq u � g fdq dv zhoo eh qhjohfwhg1 Li g ' i�c 2c �c ej/ wklv phdqv wkdw wkh
rqo| uhohydqw ghflvlrqv duh i�c 2c �c ej/ i2c �c ej/ i2c ej/ i�c ej/ i�j dqg iej1 Doo rwkhu
ghflvlrqv fdq dv zhoo eh qhjohfwhg/ vlqfh h1j1 {Ei2c �j� ' e

S
' H

�2
' {Ei2c �c ej� dqg

i2c �j � i2c �c ej1
Reylrxvo|/ wkhvh qlfh vwuxfwxudo surshuwlhv vkrxog eh ixuwkhu h{sorlwhg lq irupx0

odwlqj dq h!flhqw g|qdplf surjudpplqj dojrulwkp iru wkh rswlpl}dwlrq ri sureohp
E� �1 Qhyhuwkhohvv/ wklv dssurdfk zrxog vwloo ehfrph lqdwwudfwlyh/ ru hyhq lqwudfwdeoh/
li wkh qxpehu ri pdlqwhqdqfh shulrgv jurzv wrr odujh +h1j1 mNm : �f,1 Lq vxfk
fdvhv/ lw lv dovr srvvleoh/ dqg suredeo| pruh h!flhqw wr vroyh wkh sureohp e| phdqv
ri d pl{hg lqwhjhu olqhdu surjudpplqj irupxodwlrq1 Lq wkh iroorzlqj vhfwlrq/ wklv
dowhuqdwlyh dssurdfk zloo eh glvfxvvhg lq pruh ghwdlo1

61615 D pl{hg lqwhjhu olqhdu surjudpplqj irupxodwlrq

Ohw xv qrz suhvhqw d pl{hg lqwhjhu olqhdu surjudpplqj irupxodwlrq/ zlwk zklfk
sureohp E� � fdq dovr eh vroyhg wr rswlpdolw|1 Wkh xqghuo|lqj revhuydwlrq ehklqg
wklv irupxodwlrq lv wkdw/ jlyhq wkh edvlv pdlqwhqdqfh lqwhuydo ri | : f wlph xqlwv/ wkh
dvvljqphqw ri frpsrqhqwv � 5 M wr pdlqwhqdqfh shulrgv & 5 N zloo dozd|v uhvxow lq
d suhyhqwlyh pdlqwhqdqfh f|foh ri dw prvw *U4EN� � | wlph xqlwv1 Lq olqh zlwk wklv/
zh ghqrwh zlwk O ' i�c ���c *U4EN�j wkh vhw ri vr0fdoohg pdlqwhqdqfh rssruwxqlwlhv
ifc |c 2 � |c ���j zlwklq wklv suhyhqwlyh pdlqwhqdqfh f|foh +h1j1 mOm ' �D lq Wdeoh 614,1

Wr frqwlqxh rxu dqdo|vlv/ zh ghqrwh zlwk g, ' i& 5 N m , prg & ' fj wkh
vhw ri pdlqwhqdqfh shulrgv wkdw fruuhvsrqg zlwk pdlqwhqdqfh rssruwxqlw| , 5 O
+h1j1 gD ' g�f ' i�c Dj lq Wdeoh 614,1 Wkh sureohp qrz frqvlvwv ri dvvljqlqj
frpsrqhqwv � 5 M wr pdlqwhqdqfh shulrgv & 5 N/ lq vxfk d zd| wkdw wkh frvwv ri
wkh fruuhvsrqglqj pdlqwhqdqfh f|foh duh plqlpl}hg1 Lq rxu prgho/ wkh dvvljqphqw ri
vhw0xs dfwlylwlhv � 5 L wr pdlqwhqdqfh rssruwxqlwlhv , 5 O lv frpsulvhg lqwr yduldeohv
%�, 5 ifc �j/ zkhuhdv wkh dvvljqphqw ri frpsrqhqwv � 5 M wr pdlqwhqdqfh shulrgv
& 5 N lv uhsuhvhqwhg e| yduldeohv +�& 5 ifc �j=

%�, '

;?
= � li vhw0xs � 5 L lv dvvljqhg wr rssruwxqlw| , 5 Oc

f rwkhuzlvh/

+�& '

;?
= � li frpsrqhqw � 5 M lv dvvljqhg wr shulrg & 5 Nc

f rwkhuzlvh1
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Zlwk @�, ' r�*E*U4EN� � |�/ zh ghqrwh wkh dyhudjh frvw shu xqlw ri wlph dvvrfldwhg
zlwk wkh dvvljqphqw ri vhw0xs dfwlylw| � 5 L wr pdlqwhqdqfh rssruwxqlw| , 5 O1
Vlploduo|/ K�& ' x�E& � |� ghqrwhv wkh dyhudjh frvw shu xqlw ri wlph dvvrfldwhg zlwk wkh
dvvljqphqw ri frpsrqhqw � 5 M wr pdlqwhqdqfh shulrg & 5 N1 Zlwk wklv lq plqg/
sureohp E� � fdq qrz eh irupxodwhg lq whupv ri d pl{hg lqwhjhu olqhdu surjudp/ zkhuh
rxu remhfwlyh lv wr plqlpl}h dyhudjh pdlqwhqdqfh frvwv shu xqlw ri wlph=

Plqlpl}h
S
�MP

S
,Mn

@�, � %�, n
S
�M[

S
&Md

K�& � +�&
Vxemhfw wr=
+d, %�, � %��, ;� 5 Lc , 5 Oc �� 5 7W�
+e, %�, � +�& ;� 5 Lc , 5 Oc � 5 aW� c & 5 g,

+f,
S

&Md +�& ' � ;� 5 M
+g, %�, � f ;� 5 Lc , 5 O
+h, +�& 5 ifc �j ;� 5 M c & 5 N

Khuh/ uhvwulfwlrq +d, vwdwhv wkdw wkh dvvljqphqw ri vhw0xs dfwlylw| � 5 L wr pdlq0
whqdqfh rssruwxqlw| , 5 O uhtxluhv wkh sduhqwdo vhw0xs dfwlylwlhv wr eh fduulhg rxw
dw wkh vdph pdlqwhqdqfh rssruwxqlw| wrr1 Vlploduo|/ uhvwulfwlrq +e, hqvxuhv wkdw wkh
dvvljqphqw ri frpsrqhqw � 5 M wr pdlqwhqdqfh shulrg & 5 N fdxvhv wkh fruuhvsrqg0
lqj vhw0xs dfwlylw| wr eh fduulhg rxw dw wkh fruuhvsrqglqj pdlqwhqdqfh rssruwxqlwlhv
wrr1 Pruhryhu/ uhvwulfwlrqv +f, dqg +h, jxdudqwhh wkdw h{dfwo| rqh shulrg lv dvvljqhg
wr hdfk frpsrqhqw1 Dv d frqvhtxhqfh/ uhvwulfwlrq +g, lv vx!flhqw wr hqvxuh wkdw
%�, 5 ifc �j iru doo � 5 L dqg , 5 O1

61616 Sureohp uhgxfwlrq

Lq jhqhudo/ wkh qxpehu ri pdlqwhqdqfh rssruwxqlwlhv ofpEN� jurzv h{srqhqwldoo|
zlwk wkh vhw ri srvvleoh pdlqwhqdqfh shulrgv N1 Wkhuhiruh/ zh kdyh ghyhorshg d
pruh h!flhqw pl{hg lqwhjhu olqhdu surjudpplqj irupxodwlrq/ zklfk lv edvhg rq wkh
iroorzlqj revhuydwlrqv=

� pdlqwhqdqfh rssruwxqlwlhv , 5 O zlwk g, ' B fdq dv zhoo eh ohiw rxw ri frqvlg0
hudwlrq/ vlqfh hylghqwo| %�, ' f iru doo � 5 L lq dq rswlpdo vroxwlrq>

� pdlqwhqdqfh rssruwxqlwlhv ,�c ,2 5 O/ zlwk g,� ' g,2 dqg ,� 9' ,2/ fdq dv zhoo
eh uhsodfhg e| d vlqjoh pdlqwhqdqfh rssruwxqlw| , zlwk g, ' g,� ' g,2 dqg
fruuhvsrqglqj frvw @�, ' @,� n @,2 iru doo � 5 L/ vlqfh hylghqwo| %�,� ' %�,2 iru doo
� 5 L lq dq rswlpdo vroxwlrq1
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Reylrxvo|/ wkhvh revhuydwlrqv pd| ohdg wr vljql�fdqw uhgxfwlrqv lq wkh sureohp
vl}h1 Wr eh vshfl�f/ ohw xv ghqrwh zlwk OW wkh uhgxfhg vhw ri pdlqwhqdqfh rssruwx0
qlwlhv/ dqg zlwk #EL� wkh qxpehu ri wlphv wkdw suhflvho| foxvwhu L � N vkrzv xs lq
wkh pdlqwhqdqfh f|foh +h1j1 #Ei�c �j� ' e dqg #Ei�c Dj� ' 2 lq Wdeoh 614,1 Wkhq wkh
qxpehu ri rssruwxqlwlhv mOWm wr eh frqvlghuhg lq wkh uhgxfhg yhuvlrq ri wkh sureohp
htxdov wkh qxpehu ri foxvwhuv L � N zlwk #EL� : f1 Edvhg rq wkh sulqflsoh ri
lqfoxvlrq dqg h{foxvlrq/ #EL� |lhogv dq h{suhvvlrq zklfk lv vlplodu wr {�E!�=

#EL� ' *U4EN� �
�d�[
,'�L �

E���,3�L �
[

L\t&�c���c&,�\d

*U4E&�c ���c &,j3��

Lq jhqhudo/ wkh ghwhuplqdwlrq ri #EL� zlwk wkh xvh ri wklv htxdwlrq lv d frpsoh{
sureohp/ vlqfh wkh qxpehu ri foxvwhuv L � N jurzv h{srqhqwldoo| zlwk wkh qxpehu ri
srvvleoh pdlqwhqdqfh shulrgv N1 Iru vlplodu uhdvrqv/ hqxphudwlrq ri doo pdlqwhqdqfh
rssruwxqlwlhv xs wr ofpEN� lv qr ydolg rswlrq1 Dssduhqwo|/ d pruh h!flhqw phwkrg
kdv wr eh frqvwuxfwhg1 Lq wklv uhvshfw/ lw lv xvhixo wr revhuyh wkdw wkh �uvw rffxuhqfh
+li dq|, ri foxvwhu L � N lq wkh pdlqwhqdqfh f|foh pxvw eh revhuyhg dw pdlqwhqdqfh
rssruwxqlw| , ' *U4EL�1 Wklv phdqv wkdw wkh iroorzlqj uhodwlrq krogv iru doo L � N=

#EL� : f +, *U4EL�4L_ & 9' f iru doo & 5 N q L�

E| grlqj wklv/ d odujh qxpehu ri foxvwhuv fdq xvxdoo| eh glvfdughg ehiruhkdqg1
Pruhryhu/ wkh iuhtxhqf| ri rffxuhqfh ri wkh uhpdlqlqj foxvwhuv zlwklq wkh pdlqwh0
qdqfh f|foh fdq eh hydoxdwhg e| phdqv ri wkh iroorzlqj lpsolflw uhodwlrq/ zklfk krogv
iru doo L � N/ dqg iroorzv vlpso| e| wdnlqj ofpEL� dv wkh qhz wlph vwhs1 Khuh/ zh
gh�qh *U4EB� ' � iru qrwdwlrqdo frqyhqlhqfh=

*U4EL� �
[
T*L

#ET � ' *U4EN��

61617 Dq lwhudwlyh surfhgxuh wr frqvwuxfw O�

Rxu dqdo|vlv qrz surfhhgv dv iroorzv1 Dv d vwduwlqj srlqw/ wkh vhw ri pdlqwhqdqfh
shulrgv N ' i&�c ���c &Rj lv rughuhg vxfk wkdw &� 	 ��� 	 &R1 Vxevhtxhqwo|/ zh gh�qh
l� dv wkh vhw ri foxvwhuv L � i&�c ���c &�j zlwk #EL� : f/ lq fdvh wkh vhw ri srvvleoh
pdlqwhqdqfh shulrgv zrxog eh uhgxfhg wr i&�c ���c &�j1 Reylrxvo|/ zh kdyh l� ' ii�jj
li &� ' �/ dqg l� ' iBc i&�jj rwkhuzlvh1 Vlqfh zh duh pdlqo| lqwhuhvwhg lq lR/ lw
lv qrz vx!flhqw wr irupxodwh dq +h!flhqw, lwhudwlyh surfhgxuh zklfk frqvwuxfwv l�n�

iurp l�1
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Iluvw ri doo/ zh revhuyh wkdw L 5 l�n� lpsolhv wkdw hlwkhu L 5 l� ru L q i&�n�j 5
l�/ ru erwk1 Khqfh/ lw lv vx!flhqw wr ghwhuplqh iru hdfk L 5 l� zkhwkhu/ dqg xqghu
zklfk frqglwlrqv L 5 l�n� dqg2ru L ^i&�n�j 5 l�n�/ lq rughu wr frqvwuxfw l�n� iurp
l�1 Lw lv hdvlo| yhul�hg wkdw wklv fdq eh grqh lq wkh iroorzlqj/ udwkhu vwudljkwiruzdug
zd|1 Vwduwlqj zlwk l�n� ' B/ lw lv ghwhuplqhg iru hdfk L 5 l� zkhwkhu hlwkhu rqh/
ru erwk ri wkh iroorzlqj frqglwlrqv duh vdwlv�hg=

+l, *U4EL� prg &�n� 9' f/

+ll, *U4EL ^ i&�n�j� prg & 9' f iru doo & 5 i&�c ���c &�j q L 1

Li frqglwlrq +l, lv vdwlv�hg/ l�n� lv h{whqghg zlwk foxvwhu L 1 Pruhryhu/ li frqglwlrq
+ll, lv vdwlv�hg/ l�n� lv h{whqghg zlwk foxvwhu L ^i&�n�j1 Wkh xqghuo|lqj revhuydwlrq
ehklqg wkhvh frqglwlrqv lv wkdw wkh �uvw rffxuhqfh +li dq|, ri foxvwhu L � i&�c ���c &�n�j
pxvw wdnh sodfh dw pdlqwhqdqfh rssruwxqlw| , ' *U4EL�1 Exw wklv rffxuv li dqg rqo|
li *U4EL� prg & 9' f iru doo & 5 i&�c ���c &�n�j q L 1 Qrwh wkdw frqglwlrq +ll, lv dozd|v
wuxh li L ' i&�c ���c &�j/ dqg wkxv i&�c ���c &�n�j 5 l�n� iru doo � 	 R1 Rqfh lR kdv ehhq
ghwhuplqhg/ wkh ydoxhv ri #EL� iru doo L 5 lR duh ghwhuplqhg uhfxuvlyho| dv iroorzv=

#EL� '
*U4EN�

*U4EL�
�

[
T MlRGLaT

#ET ��

Dv dq h{dpsoh/ frqvlghu wkh pdlqwhqdqfh f|foh ri Wdeoh 6141 Wkhq lw lv hdvlo|
yhul�hg wkdw l� ' ii�jj/ l2 ' ii�jc i�c �jj/ dqg l� ' ii�jc i�c �jc i�c Djc i�c �c Djj1
Vwduwlqj zlwk #Ei�c �c Dj� ' �/ wkh uhpdlqlqj foxvwhuv duh hydoxdwhg dv iroorzv=

#Ei�c �j� ' *U4E�c �c D�* *U4E�c ��� #Ei�c �c Dj� ' ec

#Ei�c Dj� ' *U4E�c �c D�* *U4E�c D�� #Ei�c �c Dj� ' 2c

#Ei�j� ' *U4E�c �c D�* *U4E��� #Ei�c �j�� #Ei�c Dj�� #Ei�c �c Dj� ' H�

Fohduo|/ wklv dssurdfk |lhogv dq dowhuqdwlyh sureohp irupxodwlrq zlwk vljql�fdqwo|
ohvv pdlqwhqdqfh rssruwxqlwlhv/ dqg wkxv yduldeohv dqg frqvwudlqwv +vhh Wdeoh 615,1
Exw hyhq lq wkh uhgxfhg yhuvlrq ri rxu sureohp/ wkh qxpehu ri pdlqwhqdqfh rssruwx0
qlwlhv pd| vwloo jurz h{srqhqwldoo| zlwk wkh qxpehu ri pdlqwhqdqfh shulrgv1 Rq wkh
rwkhu kdqg/ lw lv dovr srvvleoh wkdw wkh qxpehu ri pdlqwhqdqfh rssruwxqlwlhv htxdov
wkh qxpehu ri pdlqwhqdqfh shulrgv/ l1h1 mOWm ' mNm1 Dq h{dpsoh ri wklv w|sh zdv suh0
vhqwhg e| Jhuwvednk +4<::,/ zkr frqvlghuv wkh fdvh zkhuh hdfk srvvleoh pdlqwhqdqfh
shulrg lv dq lqwhjhu pxowlsoh ri doo rwkhu/ exw vpdoohu pdlqwhqdqfh shulrgv1 Dowkrxjk
wklv sureohp fdq eh vroyhg h!flhqwo| zlwk wkh xvh ri g|qdplf surjudpplqj/ rxu
pruh jhqhudo pl{hg lqwhjhu olqhdu surjudpplqj irupxodwlrq lv dovr zhoo0htxlshg wr
ghdo zlwk vxfk sureohpv/ gxh wr wkh vpdoo dprxqw ri pdlqwhqdqfh rssruwxqlwlhv1
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Wdeoh 615= Uhgxfwlrqv lq sureohp vl}h iru vhyhudo shulrg vhwv N ' i�c ���c ?j1
? � 2 � D �f �D 2D

mOm � 2 S Sf 2D2f �Sf�Sf 2S..��eeeff

mOWm � 2 e �2 eH �b2 2HHf

61618 Qxphulfdo ydolgdwlrq

Ri frxuvh/ rxu pl{hg lqwhjhu olqhdu surjudpplqj irupxodwlrq zdv whvwhg rq d vhulhv
ri udqgrpo| fuhdwhg +vpdoo, whvw sureohpv1 Iru d ghwdlohg ghvfulswlrq ri wkhvh whvw
sureohpv/ zh uhihu wr wkh frpsxwdwlrqdo uhvxowv lq vhfwlrq 61<1 Khuh/ zh rqo| phqwlrq
wkdw wkh OS0uhod{dwlrq jhqhudwhg dq lqwhjhu/ dqg wkxv ihdvleoh vroxwlrq wr sureohp
E� �/ lq dssur{lpdwho| 9;( ri doo whvw sureohpv/ zkhuhdv wkh dyhudjh ghyldwlrq zlwk
uhvshfw wr wkh rswlpdo vroxwlrq zdv rqo| 31;<( lq doo rwkhu fdvhv1 Pruhryhu/ dq rs0
wlpdo lqwhjhu vroxwlrq zdv xvxdoo| irxqg zlwklq d ihz lwhudwlrqv ri wkh frqvhfxwlyh
eudqfk dqg erxqg dojrulwkp1 Uhfdoo wkdw vlplodu/ dqg hyhq vwurqjhu uhvxowv zhuh
revhuyhg iru wkh foxvwhulqj sureohp zlwk iuhtxhqf|0frqvwudlqhg pdlqwhqdqfh mrev/ dv
frqvlghuhg lq wkh suhylrxv fkdswhu1 Suredeo|/ wklv skhqrphqrq ruljlqdwhv iurp wkh
idfw wkdw sureohp E� � lv forvho| uhodwhg wr d vwdqgdug dvvljqphqw sureohp/ zklfk lv
nqrzq wr srvvhvv wkh deryh0phqwlrqhg lqwhjudolw| surshuw|1 Dssduhqwo|/ wkh xqghu0
o|lqj klhudufklfdo vwuxfwxuh ri vhw0xs dfwlylwlhv dqg frpsrqhqwv grhv qrw frq lfw wrr
pxfk zlwk wklv qlfh dqg xvhixo surshuw| ri wkh vwdqgdug dvvljqphqw sureohp1

617 D orzhu erxqg iru sureohp E'�

Lq jhqhudo/ sureohp E'� lv d frpsoh{ pl{hg frqwlqxrxv0lqwhjhu surjudpplqj sureohp/
zklfk pdnhv lw gl!fxow wr vroyh wr rswlpdolw|1 Xqghu vrph zhdn frqglwlrqv/ krzhyhu/
lwv frpsoh{lw| fdq eh uhgxfhg vljql�fdqwo|1 Lq wklv vhfwlrq/ zh zloo suhvhqw d uhod{dwlrq
ri sureohp E'�/ zlwk zklfk d orzhu erxqg iru wkh rswlpdo vroxwlrq fdq eh ghulyhg1
Wr d fhuwdlq h{whqw/ wklv dssurdfk lv edvhg xsrq/ dqg wkhuhiruh vlplodu wr Zloghpdq
+4<<9,/ zkr ghyhorshg dq rswlpdo vroxwlrq dssurdfk wr wkh vlqjoh vhw0xs yhuvlrq ri wklv
sureohp zlwkrxw fruuhfwlrq idfwruv1 Qhyhuwkhohvv/ lw frqwdlqv d ydulhw| ri lqwhuhvwlqj
qhz hohphqwv zklfk duh w|slfdo iru rxu vhwwlqj ri pxowlsoh vhw0xs dfwlylwlhv1

61714 Prgho dvvxpswlrqv

Dv d vwduwlqj srlqw ri rxu dqdo|vlv/ zh dvvxph wkdw ��E%� lv +l, vwulfwo| srvlwlyh/ +ll,
vwulfwo| lqfuhdvlqj/ +lll, vwulfwo| frqyh{ dqg +ly, wzlfh frqwlqxrxvo| gl�huhqwldeoh rq
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kfc4l iru doo � 5 M 1 Vlpso| vwdwhg/ wkhvh dvvxpswlrqv duh uhodwhg wr dq lqfuhdvlqj
pdujlqdo frvw udwh iru srvwsrqlqj suhyhqwlyh pdlqwhqdqfh dfwlylwlhv +Ehuj 4<;3,1 Lq
jhqhudo/ wkh| dffrxqw iru d odujh fodvv ri suhyhqwlyh pdlqwhqdqfh prghov ri wkh eorfn
w|sh/ lqfoxglqj wkh plqlpdo uhsdlu prgho +Eduorz dqg Kxqwhu 4<93,/ wkh vwdqgdug
lqvshfwlrq prgho +Eduorz/ Kxqwhu/ dqg Survfkdq 4<96,/ dqg wkh ghod| wlph prgho
+Fkulvwhu dqg Zdoohu 4<;7,1 Rq wkh rwkhu kdqg/ li rqh ru pruh frpsrqhqwv duh
prghoohg dffruglqj wr d vwdqgdug eorfn uhsodfhphqw prgho +Eduorz dqg Survfkdq
4<98, ru prgl�hg eorfn uhsodfhphqw prgho +Ehuj dqg Hsvwhlq 4<:9,/ dvvxpswlrq
+lll, pd| qrw eh vdwlv�hg1 Lq wkdw fdvh/ krzhyhu/ rxu phwkrgv fdq vwloo eh xvhg wr
rewdlq dssur{lpdwh uhvxowv1

Ohppd 5 Vxssrvh wkdw ��E%� lv vwulfwo| srvlwlyh/ vwulfwo| lqfuhdvlqj/ vwulfwo| frqyh{
dqg wzlfh frqwlqxrxvo| gl�huhqwldeoh rq kfc4l1 Wkhq x�E%� kdv h{dfwo| rqh orfdo
plqlpxp %W� 	 41 Pruhryhu/ x�E�*%� lv vwulfwo| frqyh{ rq kfc4l1

Surri1 Ohw xv �uvw ghulyh vrph dojheudlf h{suhvvlrqv iru wkh �uvw dqg vhfrqg ghuly0
dwlyhv ri wkh ghwhulrudwlrq frvw ixqfwlrq x�E%� ' ES� n��E%��*%/ iru % : f=

x�
�E%� '

� �
�E%� � %� ES� n��E%��

%2
'

� �
�E%�� x�E%�

%
c

x��
� E%� '

E� ��
� E%��x�

�E%�� � %� E� �
�E%��x�E%��

%2
'

� ��
� E%�� 2 � x�

�E%�

%
�

Vlqfh hdfk orfdo plqlpxp %W� : f pxvw dw ohdvw vdwlvi| x�
�E%

W
�� ' f dqg x��

� E%
W
�� � f/

lw iroorzv iurp wkh deryh htxdwlrqv wkdw wkhvh frqglwlrqv fdq eh irupxodwhg htxly0
dohqwo| dv � �

�E%
W
�� ' x�E%

W
�� dqg � ��

� E%
W
�� � f1 Vlqfh x�E%

W
�� 	 4 e| gh�qlwlrq/

dqg ��E%� lv dvvxphg wr eh vwulfwo| lqfuhdvlqj dqg vwulfwo| frqyh{/ wklv lpsolhv wkh
xqltxhqhvv ri %W� 1 Iru vlplodu uhdvrqv/ *�4%<"� �

�E%� ' 4 |lhogv %W� 	 41 Ilqdoo|/
zlwk x�E�*%� ' % � ES� n��E�*%��/ lw lv hdvlo| yhul�hg diwhu vrph hohphqwdu| dojheud
wkdw Y2

Y%2
x�E�*%� ' � ��

� E�*%�*%
�1 Vlqfh � ��

� E�*%� : f iru doo % : f e| dvvxpswlrq/
wklv lpsolhv wkdw x�E�*%� lv vwulfwo| frqyh{ rq kfc4l1 �

61715 Sureohp uhod{dwlrq

Lq ylhz ri Ohppd 4/ lw vhhpv uhdvrqdeoh wr uhzulwh sureohp E'� e| wudqvirupdwlrq
ri | lqwr |3�1 E| grlqj wklv/ wkh remhfwlyh ixqfwlrq ehfrphv d frqyh{ ixqfwlrq lq |/
zklfk reylrxvo| lv d xvhixo surshuw| lq �qglqj wkh rswlpdo suhyhqwlyh pdlqwhqdqfh
f|foh1 Lq wklv dowhuqdwlyh irupxodwlrq/ suhyhqwlyh pdlqwhqdqfh rq frpsrqhqw � 5 M
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lv fduulhg rxw dw lqwhjhu pxowlsohv ri &�*| wlph xqlwv1 Khuh/ &� 5 QW ghqrwhv wkh
pdlqwhqdqfh shulrg ri frpsrqhqw � 5 M uhodwlyh wr d edvlv lqwhuydo ri |3� : f wlph
xqlwv=

E'� 4�?
|:f

4�?
&�MQW

+[
�MP

r� �{�E!� � |n
[
�M[

x�E&�*|�

,
�

Ohw xv qrz suhvhqw d uhod{dwlrq ri sureohp E'�/ zklfk hqdeohv xv wr frqvwuxfw d
orzhu erxqg iru wkh rswlpdo vroxwlrq zlwk wkh xvh ri vwdqgdug vhdufk whfkqltxhv1 Dv
d vwduwlqj srlqw/ gh�qh vfdoduv f � k�� � �/ vxfk wkdw

S
�MU�

k�� ' � iru doo � 5 M 1
Khuh/ k�� frxog eh lqwhusuhwhg dv wkh frqwulexwlrq ri vhw0xs dfwlylw| � 5 U� wr wkh frvwv
ri frpsrqhqw � 5 M 1 Qrz/ revhuyh wkdw wkh iroorzlqj uhodwlrq krogv=[

�M[

x�E&�*|� '
[
�M[

[
�MU�

k�� � x�E&�*|� '
[
�MP

[
�Ma�

k�� � x�E&�*|��

Zlwk D � U6?
n / zh ghqrwh wkh vhw ri doo vxfk zhljkwv Ek��c ���c k6?�1 Iru hdfk

k 5 D/ wklv |lhogv dq dowhuqdwlyh irupxodwlrq iru sureohp E'�/ lq zklfk wkh lqglylgxdo
frvwv ri hdfk frpsrqhqw duh glylghg dprqj wkh fruuhvsrqglqj vhw0xs dfwlylwlhv=

4�?
|:f

4�?
&�MQW

[
�MP

+
r� �{�E!� � |n

[
�Ma�

k�� � x�E&�*|�

,
�

Wr frqwlqxh rxu dqdo|vlv/ zh vxevwlwxwh |� ' {�E!� � | dqg revhuyh wkdw |� � |�� li
�� 5 7�/ vlqfh reylrxvo| {�E!� � {��E!� li vhw0xs dfwlylw| � 5 L lv d sduhqw ri vhw0xs
dfwlylw| �� 5 L1 Li zh ghqrwh zlwk W � U6

n wkh vhw ri ihdvleoh vroxwlrqv wr E|�c ���c |6�/
wklv |lhogv wkh iroorzlqj orzhu erxqg iru sureohp E'�=

4�?
|M9

4�?
&�MQW

[
�MP

+
r� � |� n

[
�Ma�

k�� � x�E&� �{�E!�*|��

,
�

Qrz zh vxevwlwxwh &�� ' &� � {�E!� dqg revhuyh wkdw &�� � � iru doo � 5 L dqg
� 5 a�/ vlqfh {�E!� � &3�� iru doo � 5 a� e| gh�qlwlrq1 Dv ehiruh/ wklv |lhogv dq
dowhuqdwlyh orzhu erxqg iru sureohp E'�=

4�?
|M9

4�?
&��D�

[
�MP

+
r� � |� n

[
�Ma�

k�� � x�E&��*|��

,
�

Iru qrwdwlrqdo frqyhqlhqfh/ ohw xv qrz gh�qh ixqfwlrqv 1�E|� ' 4�?ix�E%*|� m % �
�j iru doo � 5 M 1 Vlqfh x�E%� dwwdlqv lwv plqlpxp dw %W� 	 4/ dqg x�E�*%� lv vwulfwo|
frqyh{ rq kfc4l/ wklv |lhogv d ghfuhdvlqj ixqfwlrq lq |/ zklfk lv frqyh{ rq kfc4l/
dqg vwulfwo| frqyh{ rq kfc �*%W�l=
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1�E|� ' 4�?
%D�

ix�E%*|�j '

;?
= x�E�*|� li | � �*%W�

x�E%
W
�� li | � �*%W�

Vlqfh zh duh iuhh wr fkrrvh k 5 D duelwudulo|/ wklv �qdoo| ohdyhv xv zlwk wkh
iroorzlqj orzhu erxqg iru sureohp E'�1 Reylrxvo|/ wklv orzhu erxqg uh hfwv d gh0
frpsrvlwlrq lqwr6 lqwhuuhodwhg vxesureohpv/ hdfk fruuhvsrqglqj zlwk d vlqjoh vhw0xs
dfwlylw|/ dqg lwv dgmdfhqw frpsrqhqwv=

4�?
|M9

4@ 
kM�

[
�MP

+
r� � |� n

[
�Ma�

k�� � 1�E|��
,
�

Rxu dqdo|vlv qrz surfhhgv dv iroorzv1 Vlqfh 1�E|� lv d ghfuhdvlqj ixqfwlrq lq | iru
doo � 5 M / dqg |� � |�� li �� 5 7�/ lw fdq hdvlo| eh yhul�hg wkdw wkh rswlpdo ydoxhv ri
k�� duh ghwhuplqhg dv iroorzv= k�� ' � li � 5 aW� / dqg k�� ' f rwkhuzlvh1 Uhfdoo wkdw
aW� � a� ghqrwhv wkh vhw ri frpsrqhqwv � 5 M wkdw duh dwwdfkhg wr vhw0xs dfwlylw|
� 5 L1 Vxppdul}lqj/ wklv |lhogv wkh iroorzlqj orzhu erxqg E-� iru sureohp E'�=

E-� 4�?
|M9

[
�MP

;?
=r� � |� n

[
�MaW�

1�E|��

<@
> �

Vlqfh r� � |� dqg 1�E|�� duh erwk frqyh{ ixqfwlrqv lq |�/ dqg a� 9' B iru doo � 5 L/
wklv ohdyhv xv zlwk d frqyh{ surjudpplqj sureohp lq d frqyh{ vhdufk vsdfh W � U6

n /
zklfk fdq hdvlo| eh vroyhg wr rswlpdolw| zlwk wkh xvh ri vwdqgdug vhdufk whfkqltxhv1
Khuh/ zh dssolhg wkh judglhqw surmhfwlrq phwkrg +Oxhqehujhu 4<;7,1 Wr wklv hqg/
zh xvhg wkh iroorzlqj lqlwldo ydoxhv EwW�c ���c w

W
6� iru E|

W
�c ���c |

W
6� lq ghulylqj wkh rswlpdo

vroxwlrq wr sureohp E-�=

wW� ' 4@ 
�Ma�

�
�

%W�

�
�

Lw lv hdvlo| yhul�hg wkdw EwW�c ���c w
W
6� 5 W / vlqfh reylrxvo| �� 5 7� lpsolhv wkdw

a�� � a�/ dqg wkxv wW�� � wW� 1 Ri frxuvh/ rwkhu lqlwldo ydoxhv pljkw eh suhihuuhg/ h1j1
li wkh| uhtxluh d vpdoohu qxpehu ri lwhudwlrqv ri wkh xqghuo|lqj judglhqw surmhfwlrq
phwkrg1 Qhyhuwkhohvv/ wkh| zloo dozd|v uhvxow lq wkh vdph orzhu erxqg/ dv lv pruh
vwdwhg h{solflwo| lq wkh iroorzlqj wkhruhp=

Ohppd 6 Wkhuh h{lvwv d xqltxh vroxwlrq E|W�c ���c |
W
6� � EwW�c ���c w

W
6� wr sureohp E-�1
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Surri1 Iluvw ri doo/ vxssrvh wkdw |W� : wW� iru vrph � 5 L/ ru htxlydohqwo| |W� : �*%W�
iru doo � 5 a�1 Zlwkrxw orvv ri jhqhudolw|/ zh fdq dvvxph wkdw |W�� � wW�� iru doo
�� 5 7�1 Vlqfh r� � wW� 	 r� � |W� / dqg 1�Ew

W
� � ' 1�E|

W
� � ' x�E%

W
�� iru doo � 5 a�/ lw lv

qrz lpphgldwho| fohdu wkdw E|W�c ���c |
W
� c ���c |

W
6� lv rxwshuiruphg e| E|W�c ���c w

W
� c ���c |

W
6�/ d

frqwudglfwlrq1 Dssduhqwo|/ |W� : wW� fdqqrw eh rswlpdo/ dqg wkxv |W� � wW� iru doo � 5 L1
Ehfdxvh r� � |� n

S
�MaW�

1�E|�� lv vwulfwo| frqyh{ lq |� iru doo � 5 L/ wklv dovr lpsolhv wkh
xqltxhqhvv ri E|W�c ���c |

W
6�/ zklfk frpsohwhv wkh surri1 �

618 Dq lwhudwlyh khxulvwlf iru sureohp E'�

Lq wklv vhfwlrq/ zh zloo suhvhqw dq lwhudwlyh khxulvwlf dssurdfk wr vroyh sureohp E'�1
Wklv dssurdfk lv edvhg rq ghfrpsrvlwlrq ri sureohp E'� lqwr wzr vxesureohpv= rqh
wkdw ghwhuplqhv E&�c ���c &?� jlyhq |/ ghqrwhg E'&�/ dqg rqh wkdw ghwhuplqhv | jlyhq
E&�c ���c &?�/ ghqrwhg E'|�1 Dv d vwduwlqj srlqw/ krzhyhu/ zh ghwhuplqh wkh rswlpdo
vroxwlrq E|W�c ���c |

W
6� wr sureohp E-�/ dqg lqlwldol}h | ' |W�1 Vxevhtxhqwo|/ vxesure0

ohpv E'&� dqg E'|� duh vroyhg lwhudwlyho|/ xqwlo qr lpsuryhphqwv duh revhuyhg lq wzr
frqvhfxwlyh lwhudwlrqv +vhh Iljxuh 615,1 Wr d fhuwdlq h{whqw/ wklv dssurdfk lv vlpl0
odu wr Jr|do dqg Nxv| +4<;8, dqg Jr|do dqg Jxqdvhndudq +4<<5,/ zkr ghyhorshg
qhdu0rswlpdo vroxwlrqv wr wkh vlqjoh vhw0xs yhuvlrq ri sureohp E'� zlwkrxw fruuhfwlrq
idfwru1 Qhyhuwkhohvv/ lw frqwdlqv d ydulhw| ri lqwhuhvwlqj hohphqwv zklfk duh w|slfdo
iru rxu vhwwlqj ri pxowlsoh vhw0xs dfwlylwlhv zlwk fruuhfwlrq idfwruv1

Vlpso| vwdwhg/ wkh lqlwldo fkrlfh | ' |W� lv edvhg rq wkh lqwxlwlyh uhdvrqlqj wkdw
{�E!� ' � lq wkh rswlpdo pdlqwhqdqfh f|foh/ zklfk rq lwv wxuq lpsolhv wkdw &� ' �

iru dw ohdvw rqh frpsrqhqw � 5 M 1 Iurp d sudfwlfdo srlqw ri ylhz/ wklv uhodwhv wr d
suhyhqwlyh pdlqwhqdqfh f|foh zlwkrxw hpsw| pdlqwhqdqfh rssruwxqlwlhv1 Ri frxuvh/
rwkhu lqlwldo ydoxhv iru | frxog ohdg wr rwkhu/ dqg srvvleo| ehwwhu vroxwlrqv1 Qhyhu0
wkhohvv/ d vhulhv ri qxphulfdo h{shulphqwv fduulhg rxw e| Zloghpdq +4<<9, vwurqjo|
lqglfdwh wkdw wklv dssurdfk lv d surplvlqj rqh/ dw ohdvw lq wkh vlqjoh vhw0xs yhuvlrq
ri rxu sureohp +6 ' �,1 Lq wkh iroorzlqj vhfwlrqv/ zh zloo vkrz krz sureohp E'|�

fdq eh vroyhg wr rswlpdolw| zlwk wkh xvh ri vwdqgdug vhdufk whfkqltxhv1 Pruhryhu/
zh zloo suhvhqw wzr khxulvwlfv iru sureohp E'&�1

619 Rswlpl}dwlrq ri sureohp E'|�

Li wkh +rswlpdo, pdlqwhqdqfh shulrgv E&�c ���c &?� duh nqrzq/ lw lv srvvleoh wr frpsxwh
wkh ydoxhv ri {�E!� ehiruhkdqg iru doo � 5 L1 Wr eh vshfl�f/ li zh ghqrwh zlwk #�E>�



61:1 Khxulvwlfv iru sureohp E'&� 9:

kt UB LB

Qt
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Iljxuh 615= Frqwulexwlrq ri vxesureohpv E-�/ E'|� dqg E'&�/ dv zhoo dv khxulvwlfv
+IVK, dqg +VVK,/ wr wkh ghulydwlrq ri d orzhu erxqg +OE, dqg xsshu erxqg +XE,
iru wkh rswlpdo vroxwlrq wr sureohp E'�1

wkh qxpehu ri hpsw| pdlqwhqdqfh rssruwxqlwlhv , 5 O zlwk g, ' > lq d pdlqwhqdqfh
f|foh zlwk shulrg vhw N� ' i&� m � 5 a�j/ lw lv hdvlo| yhul�hg wkdw wkh iroorzlqj uhodwlrq
krogv=

{�E!� ' �� #�E>�
*U4EN��

Diwhu doo/ wkh pdlqwhqdqfh f|foh iru vhw0xs dfwlylw| � 5 L uhshdwv lwvhoi diwhu hdfk
*U4EN�� pdlqwhqdqfh rssruwxqlwlhv/ ri zklfk #�E>� uhihu wr hpsw| rqhv1 Khqfh/ vhw0xs
dfwlylw| � 5 L pxvw eh fduulhg rxw dw *U4EN�� � #�E>� rxw ri *U4EN�� pdlqwhqdqfh
rssruwxqlwlhv/ zklfk |lhog wkh ghvluhg uhvxow iru {�E!�1 Li zh qrz ghqrwh zlwk 	r� '

r� �{�E!� wkh frvwv dvvrfldwhg zlwk vhw0xs dfwlylw| � 5 L/ sureohp E'� uhgxfhv wr wkh
iroorzlqj rswlpl}dwlrq sureohp=

E'|� 4�?
|:f

+[
�MP

	r� � |n
[
�M[

x�E&�*|�

,

Vlqfh 	r� �| dqg x�E&�*|� duh erwk frqyh{ lq |/ wklv ohdyhv xv zlwk d rqh0glphqvlrqdo
frqyh{ surjudpplqj sureohp/ zklfk fdq hdvlo| eh vroyhg wr rswlpdolw| xvlqj vwdqgdug
vhdufk whfkqltxhv1

61: Khxulvwlfv iru sureohp E'&�

Li wkh +rswlpdo, pdlqwhqdqfh lqwhuydo �*| lv nqrzq/ sureohp E'� uhgxfhv wr wkh iro0
orzlqj rswlpl}dwlrq sureohp=
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E'&� 4�?
&�MQW

+[
�MP

r� �{�E!� � |n
[
�M[

x�E&�*|�

,

Lq jhqhudo/ wklv sureohp lv yhu| gl!fxow wr vroyh/ gxh wr wkh xqolplwhg fkrlfh ri
pdlqwhqdqfh shulrgv &� 5 QW/ dv zhoo dv wkh frpsoh{ xqghuo|lqj vwuxfwxuh ri wkh
fruuhfwlrq idfwruv {�E!�1 Xqghu vrph vshfldo frqglwlrqv/ krzhyhu/ wkh frpsoh{lw| ri
sureohp E'&� fdq eh uhgxfhg vljql�fdqwo|1 Wklv lv sduwlfxoduo| wuxh iru wkh prghoolqj
iudphzrun suhvhqwhg e| Jhuwvednk +4<::,/ zkr uhgxfhv wkh vhw ri srvvleoh pdlqwh0
qdqfh shulrgv wr i@�c @� � @2c ���c @� � ��� � @Rj/ zkhuh @� +� � � � R, duh doo srvlwlyh
lqwhjhuv1

Lq wklv vhfwlrq/ zh zloo suhvhqw wzr khxulvwlfv lq zklfk frqvlghudeo| pruh ghjuhhv
ri iuhhgrp duh wdnhq lqwr dffrxqw1 Lq wkh �uvw khxulvwlf/ zh uhvwulfw rxuvhoyhv wr
d �qlwh vhw ri frqvhfxwlyh pdlqwhqdqfh shulrgv N ' i&4�?c ���c &4@ j1 Zh vroyh wklv
sureohp wr rswlpdolw| e| phdqv ri wkh pl{hg lqwhjhu olqhdu surjudpplqj irupxodwlrq/
wkdw zdv ghvljqhg iru sureohp E� �1 Lq wkh vhfrqg khxulvwlf/ zh frqvlghu wkh fdvh
zkhuh hdfk vhw0xs dfwlylw| lv fduulhg rxw/ dqg vhw0xs frvwv r� : f duh lqfxuuhg/ dw
�{hg lqwhuydov ri 	&�*| wlph xqlwv1 Vxevhtxhqwo|/ zh vkrz wkdw wklv sureohp fdq eh
vroyhg wr rswlpdolw| e| phdqv ri dq h!flhqw g|qdplf surjudpplqj irupxodwlrq1 Iru
qrwdwlrqdo frqyhqlhqfh/ zh zloo uhihu wr wkhvh khxulvwlfv dv wkh �qlwh vhw khxulvwlf
+IVK,/ dqg wkh vwuxfwxuhg vhw khxulvwlf +VVK, uhvshfwlyho|1

61:14 D �qlwh vhw khxulvwlf

Lq wkh �qlwh vhw khxulvwlf +IVK,/ hdfk vxesureohp E'&� lv vroyhg e| phdqv ri wkh pl{hg
lqwhjhu olqhdu surjudpplqj irupxodwlrq/ wkdw zdv ghvljqhg iru sureohp E� �1 Wr wklv
hqg/ wkh vhw ri srvvleoh pdlqwhqdqfh shulrgv lv uhgxfhg wr N ' i&6�?c ���c &6@%j/ zkhuh
&6�? dqg &6@% duh ghwhuplqhg dv iroorzv1 Iru hdfk frpsrqhqw � 5 M / zh ghwhuplqh
wkh rswlpdo +lqglylgxdo, pdlqwhqdqfh lqwhuydo %W� : f li qr suhyhqwlyh vhw0xs frvwv
zrxog eh fkdujhg1 Lq d vlplodu zd|/ zh dovr ghwhuplqh wkh rswlpdo +lqglylgxdo,
pdlqwhqdqfh lqwhuydo +W� : f iru hdfk frpsrqhqw � 5 M / li suhyhqwlyh vhw0xs frvwvS

�MU�
r� : f zrxog eh fkdujhg=

%W� ' duj 4�?
%:f

�
S� n��E%�

%

�

+W� ' duj 4�?
+:f

+S
�MU�

r� n S� n��E+�

+

,
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Wkh �qlwh vhw khxulvwlf lv qrz edvhg rq wkh +lqwxlwlyh, uhdvrqlqj wkdw 4�?i%W� m
� 5 M j dqg 4@ i+W� m � 5 M j fdq eh lqwhusuhwhg dv d orzhu dqg xsshu erxqg rq
wkh rswlpdo pdlqwhqdqfh lqwhuydo iru hdfk frpsrqhqw � 5 M 1 Pruh vshfl�fdoo|/ zh
dvvxph wkdw wkh pdlqwhqdqfh shulrgv E&W�c ���c &

W
?� lq hdfk rswlpdo vroxwlrq wr sureohp

E'&� zloo vdwlvi|=

&6�? ' 4�?
�M[

�
%W� � |

� � 4�?
�M[

�
&W�
� � 4@ 

�M[

�
&W�
� � 4@ 

�M[

	
+W� � |
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Dv zh vkdoo vhh lq wkh uhpdlqghu ri wklv fkdswhu/ zh kdyh kdg qr lqglfdwlrqv +vr
idu, wkdw wkhvh erxqgv duh wrr wljkw +vhh vhfwlrq 61<,1 Fohduo|/ zh frxog frph xs zlwk
hyhq zhdnhu orzhu dqg xsshu erxqgv/ exw zlwk uhvshfw wr wkh h!flhqf| ri rxu PLOS
irupxodwlrq/ wklv lv fhuwdlqo| qrw ghvludeoh1 Vlqfh ��E�� lv dvvxphg wr eh vwulfwo|
lqfuhdvlqj dqg frqyh{ rq kfc4l/ lw iroorzv iurp Ohppd 4 wkdw f 	 %W� 	 +W� 	 4 iru
doo � 5 M / dqg wkxv f � &6�? � &6@% 	 41 Reylrxvo|/ zh gr qrw doorz &6�? ' f/ dqg
lq wkdw fdvh vhw &6�? ' �1

Lw lv wr eh h{shfwhg wkdw wkh �qlwh vhw khxulvwlf ehfrphv lqwudfwdeoh zkhq wkh vhw ri
srvvleoh pdlqwhqdqfh shulrgv ehfrphv wrr odujh/ h1j1 N ' i�c ���c 2Dj zlwk mOWm ' 2HHf

pdlqwhqdqfh rssruwxqlwlhv1 Lq wkdw fdvh/ zh vxjjhvw wkh xvh ri rwkhu phwkrgv/ zklfk
pruh h{solflwo| dffrxqw iru odujh  xfwxdwlrqv lq wkh rswlpdo pdlqwhqdqfh lqwhuydov
%W� dqg +W� iru gl�huhqw frpsrqhqwv1 D w|slfdo h{dpsoh ri wklv w|sh lv wkh vr0fdoohg
vwuxfwxuhg vhw khxulvwlf/ dv zloo eh h{sodlqhg lq pruh ghwdlo lq wkh iroorzlqj vhfwlrq1

61:15 D vwuxfwxuhg vhw khxulvwlf

Lq wkh vwuxfwxuhg vhw +VVK, khxulvwlf/ zh uhvwulfw rxuvhoyhv wr wkh fdvh zkhuh hdfk
vhw0xs dfwlylw| � 5 L lv fduulhg rxw/ dqg vhw0xs frvwv r� : f duh lqfxuuhg/ dw �{hg
lqwhuydov ri 	&�*| : f wlph xqlwv1 Khuh/ 	&� 5 QW lv d qhz ghflvlrq yduldeoh uhsuhvhqwlqj
wkh pdlqwhqdqfh shulrg ri vhw0xs dfwlylw| � 5 L1 E| grlqj vr/ lw lv lpphgldwho|
fohdu wkdw &� pxvw eh dq lqwhjhu pxowlsoh ri 	&� +l1h1 &� 4L_ 	&� ' f, iru doo � 5 a�/ dqg
	&�� pxvw eh dq lqwhjhu pxowlsoh ri 	&� +l1h1 	&�� 4L_ 	&� ' f, iru doo �� 5 7�1 Wkhuhiruh/
dq htxlydohqw lqwhusuhwdwlrq lv wr dvvxph wkdw wkh fruuhfwlrq idfwruv {�E!� fdq eh
ghwhuplqhg dv iroorzv=

{�E!� '
�

}U_i&� m � 5 a�j
Khuh/ }U_E&�c ���c &R� ghqrwhv wkh juhdwhvw frpprq glylvru ri wkh lqwhjhuv &����&R/

h1j1 }U_ESc bc �2� ' �1 Lw lv hdvlo| yhul�hg wkdw {�E!� � �* }U_i&� m � 5 a�j xqghu doo
flufxpvwdqfhv1 Khqfh/ wklv h{suhvvlrq iru {�E!� lv fruuhfw lq fdvh }U_i&� m � 5 a�j '
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4�?i&� m � 5 a�j/ vlqfh reylrxvo| {�E!� � �*4�?i&� m � 5 a�j iru doo � 5 L1 Lq doo
rwkhu fdvhv/ lw vhuyhv dv dq xsshu erxqg1 Li hdfk pdlqwhqdqfh shulrg pxvw eh fkrvhq
iurp d �qlwh vhw ri srvvlelolwlhv i@�c @� � @2c ���c @� � ��� � @Rj/ zkhuh doo @� +� � � � R,
duh srvlwlyh lqwhjhuv/ lw lv reylrxv wkdw }U_i&� m � 5 a�j ' 4�?i&� m � 5 a�j xqghu
doo flufxpvwdqfhv1 Lq wklv uhvshfw/ rxu dssurdfk surylghv d pxfk ulfkhu dqg pruh
srzhuixo prghoolqj iudphzrun lq frpsdulvrq zlwk wkh rqh suhvhqwhg e| Jhuwvednk
+4<::,1 Pruh vshfl�fdoo|/ lw grhv vr lq hdfk ri wkh iroorzlqj glphqvlrqv=

� lw lv dovr srvvleoh wr gh�qh frpsrqhqwv dw hdfk vhw0xs dfwlylw| lq wkh pdlqwh0
qdqfh wuhh/ dqg qrw dw wkh orzhvw0ohyho vhw0xs dfwlylwlhv rqo|>

� lw grhv qrw uhtxluh d vhw ri suhghwhuplqhg pdlqwhqdqfh shulrgv wr fkrrvh iurp/
hdfk ri zklfk lv dq lqwhjhu pxowlsoh ri doo rwkhu exw vpdoohu pdlqwhqdqfh shulrgv>

� lw dozd|v rxwshuirupv wkh rswlpdo vroxwlrq irxqg e| Jhuwvednk +4<::,/ luuh0
vshfwlyh ri krz pxfk dqg zklfk pdlqwhqdqfh shulrgv duh xvhg1

Qrz wkh vwuxfwxuhg0vhw khxulvwlf surfhhgv lq wkh iroorzlqj zd|1 Dv d vwduwlqj
srlqw/ zh ghwhuplqh wkh rswlpdo vroxwlrq &� +� 5 M , wr sureohp E'&� zlwk dssur{0
lpdwh fruuhfwlrq idfwruv {�E!� ' �* }U_i&� m � 5 a�j1 Wr dfklhyh wklv/ zh kdyh
ghyhorshg dq h!flhqw g|qdplf surjudpplqj irupxodwlrq/ zklfk lv suhvhqwhg qh{w1
Vxevhtxhqwo|/ zh ghwhuplqh wkh dfwxdo ydoxhv ri {�E!� iru hdfk vhw0xs dfwlylw| � 5 L/
e| xvlqj wkh vdph surfhgxuh wkdw zdv xvhg iru vroylqj vxesureohp E'|� lq vhfwlrq 6191
Wkh uhdvrq iru wklv lv wkdw {�E!� pljkw dfwxdoo| eh vpdoohu wkdq �* }U_i&� m � 5 a�j/
rqfh wkh rswlpdo ydoxhv iru &� +� 5 M , duh nqrzq1 Lq wklv uhvshfw/ lw frxog dovr eh
lqwhuhvwlqj wr uhshdw wklv surfhgxuh lwhudwlyho| e| gh�qlqj d qhz dssur{lpdwh h{suhv0
vlrq iru {�E!�/ zklfk h{solflwo| dffrxqwv iru wkh glvfuhsdqf| ehwzhhq wkh suhglfwhg
dqg dfwxdo ydoxh1 Wklv surfhgxuh frxog eh uhshdwhg xqwlo frqyhujhqfh lq whupv ri
d vwhdg| vwdwh ru olplw f|foh lv revhuyhg1 Zh kdyh fkrvhq qrw wr lqfrusrudwh wklv
lwhudwlyh surfhvv/ dqg wr ohdyh wkhvh vxjjhvwlrqv iru ixuwkhu uhvhdufk1

D g|qdplf surjudpplqj irupxodwlrq

Lq rughu wr duulyh dw d g|qdplf surjudpplqj irupxodwlrq/ ohw xv ghqrwh zlwk ��E&�

wkh lpphgldwh frvwv dvvrfldwhg zlwk wkh dvvljqphqw ri vhw0xs dfwlylw| � 5 L wr pdlq0
whqdqfh shulrg & 5 QW/ jlyhq wkdw doo orzhu0ohyho vhw0xs dfwlylwlhv �� 5 7� pxvw eh
h{hfxwhg dw lqwhjhu pxowlsohv ri &1 Xqghu wkh deryh0phqwlrqhg dvvxpswlrqv/ wklv
|lhogv {�E!� ' �*&/ zklfk rq lwv wxuq ohdyhv xv zlwk wkh iroorzlqj h{suhvvlrq iru
��E&�=
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Vlqfh x�E%� lv ghfuhdvlqj iru % 	 %W� / dqg lqfuhdvlqj iru % : %W� / lw lv reylrxv wkdw
hlwkhu ,W� ' e%W� �|*&f ru ,W� ' g%W� �|*&h iru doo � 5 aW� / dqg wkxv ��E&� fdq eh ghwhuplqhg
udwkhu vwudljkwiruzdugo|1 Wr frqwlqxh rxu dqdo|vlv/ zh ghqrwh zlwk }�E&� wkh plqlpdo
frvwv ri wkh vxewuhh dvvrfldwhg zlwk vhw0xs dfwlylw| � 5 L/ surylghg wkdw lw pxvw eh
dvvljqhg wr dq lqwhjhu pxowlsoh ri pdlqwhqdqfh shulrg & 5 QW/ l1h1 	&�4L_ & ' f1
Wkhq lw lv hdvlo| yhul�hg wkdw }�E&� fdq eh ghwhuplqhg uhfxuvlyho| e| phdqv ri wkh
iroorzlqj g|qdplf surjudpplqj irupxodwlrq=
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Wkh sureohp lq wkh deryh irupxodwlrq lv wkdw/ lq rughu wr ghwhuplqh }�E&�/ dq
lq�qlwh qxpehu ri dowhuqdwlyh ghflvlrqv , � � pxvw eh hydoxdwhg1 Lq wkh uhpdlqghu ri
wklv vhfwlrq/ zh zloo suhvhqw dq h!flhqw surfhgxuh zlwk zklfk rqo| d �qlwh qxpehu
ri dowhuqdwlyhv , 5 i,4�?c ���c ,4@ j qhhgv wr eh hydoxdwhg1 Wklv surfhgxuhv vwduwv zlwk
d surplvlqj/ lqlwldo ghflvlrq ,W1 Vxevhtxhqwo|/ lw surfhhgv lwhudwlyho| e| judgxdoo|
lqfuhdvlqj wkh vhw ri srvvleoh ghflvlrqv/ xqwlo dw vrph srlqw zh nqrz iru vxuh wkdw doo
ghflvlrqv , 	 ,4�? dqg , : ,4@ fdqqrw eh rswlpdo1 Lq wkh uhpdlqghu ri wklv vhfwlrq/
wklv dssurdfk zloo eh glvfxvvhg lq pruh ghwdlo1

Erxqgv iru wkh rswlpdo ghflvlrq

Dv d vwduwlqj srlqw/ zh ghwhuplqh wkh rswlpdo vroxwlrq wr wkh uhod{hg yhuvlrq ri
sureohp }�E&�1 Vlplodu wr E-�/ wklv |lhogv d frqyh{ surjudpplqj sureohp lq d frqyh{
vhdufk vsdfh/ zklfk fdq hdvlo| eh vroyhg wr rswlpdolw| zlwk wkh xvh ri vwdqgdug vhdufk
whfkqltxhv=
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Wkh xqghuo|lqj revhuydwlrq ehklqg wklv irupxodwlrq lv wkdw vhw0xs dfwlylw| � 5 L
pxvw eh dvvljqhg wr dq lqwhjhu pxowlsoh ri pdlqwhqdqfh shulrg & 5 QW/ dqg wkxv
{�E!� � �*& lv nqrzq lq dgydqfh1 Edvhg xsrq wkh rswlpdo ydoxh ri � � : f lq wklv
uhod{dwlrq/ lw lv dw ohdvw lqwxlwlyho| fohdu wkdw ,W ' d|*E& � � ��o lv rqh ri wkh prvw
surplvlqj ghflvlrqv1 Khuh/ d%o 5 ] ghqrwhv wkh qhduhvw lqwhjhu uhodwlyh wr % 5 U/
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h1j1 d��2o ' � dqg d��Ho ' 21 Wkhuhiruh/ dqg lq olqh zlwk wkh deryh/ dq xsshu erxqg
	}�E& m , ' ,W� iru }�E&� lv ghwhuplqhg zlwk wkh xvh ri g|qdplf surjudpplqj=

	}�E& m ,� ' ��E& � ,� n
[
��M7W�

}��E& � ,�

Rxu dqdo|vlv qrz surfhhgv e| ghulylqj d orzhu erxqg �}�E& m , 	 ,W� dqg �}�E& m
, : ,W� iru wkh uhpdlqlqj ghflvlrqv , 	 ,W dqg , : ,W/ e| xvlqj d irupxodwlrq zklfk lv
vlplodu wr �}�E&�1 Khuh/ zh ghqrwh �4�? ' �*E& � E,W � ��� dqg �4@ ' �*E& � E,W n ���

iru qrwdwlrqdo frqyhqlhqfh=

�}�E& m , 	 ,W� ' 4�?
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Wkh xqghuo|lqj revhuydwlrq ehklqg wkhvh orzhu erxqgv lv wkdw zh nqrz iru vxuh
wkdw {�E!� � �*E& � E,W � ��� li , 	 ,W/ dqg wkdw {�E!� � �*E& � E,W n ��� li , : ,W1
Reylrxvo|/ �}�E& m , 	 ,W� � 	}�E& m ,W� lpsolhv wkdw ghflvlrqv , 	 ,W fdq dv zhoo eh
qhjohfwhg zlwkrxw d�hfwlqj wkh sureohp1 Lq d vlplodu zd|/ �}�E& m , : ,W� � 	}�E& m ,W�
lpsolhv wkdw ghflvlrqv , : ,W fdq qhyhu ohdg wr wkh rswlpdo vroxwlrq1 Lq doo rwkhu fdvhv/
ixuwkhu lqyhvwljdwlrqv lqwr ghflvlrqv , 	 ,W dqg2ru , : ,Wduh qhfhvvdu|1 Xqghu wkhvh
flufxpvwdqfhv/ wkh prvw surplvlqj ri 	}�E& m ,W � �� dqg 	}�E& m ,W n ��/ lq ylhz ri wkh
fruuhvsrqglqj orzhu erxqgv �}�E& m , 	 ,W� dqg �}�E& m , : ,W�/ lv ghwhuplqhg zlwk wkh
xvh ri g|qdplf surjudpplqj1

Diwhu hdfk lwhudwlrq ri wklv surfhgxuh/ xsshu erxqgv 	}�E& m ,� kdyh ehhq ghulyhg iru
d �qlwh vhw ri dowhuqdwlyh ghflvlrqv , 5 i,4�?c ���c ,4@ j/ zkhuh � � ,4�? � ,W � ,4@ 	 41
Rqfh djdlq/ lw lv qrz ghwhuplqhg zkhwkhu ixuwkhu lqyhvwljdwlrq lqwr ghflvlrqv , 	 ,4�?

ru , : ,4@ lv qhfhvvdu|1 Vlqfh �}�E& m , : ,4@ � $ 4 dv ,4@ $ 4/ wklv surfhgxuh zloo
whuplqdwh diwhu d �qlwh qxpehu ri lwhudwlrqv1

Dq h!flhqw surfhgxuh iru �}�E&�/ �}�E& m , 	 ,4�?� dqg �}�E& m , : ,4@ �

Wkh txhvwlrq uhpdlqv krz wr +h!flhqwo|, ghwhuplqh �}�E&�/ �}�E& m , 	 ,4�?� dqg
�}�E& m , : ,4@ � gxulqj wkh frxuvh ri rxu g|qdplf surjudpplqj dojrulwkp1 Lw lv
hdvlo| yhul�hg iurp wkh xqghuo|lqj h{suhvvlrqv/ wkdw lw lv vx!flhqw wr irupxodwh dq
h!flhqw surfhgxuh/ zlwk zklfk sureohpv -�Ekc q� ri wkh iroorzlqj w|sh fdq eh vroyhg
wr rswlpdolw|=
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Wkh dgydqwdjh ri wklv pruh jhqhudo irupxodwlrq lv wkdw -�Ekc q� kdv vrph qlfh
vwuxfwxudo surshuwlhv/ zklfk duh vwdwhg pruh h{solflwo| lq wkh iroorzlqj ohppd=

Ohppd 7 -�E�c �� lv frqyh{ rq kfc4l/ dqg kdv d xqltxh plqlpxp f 	 �W� � wW� 1

Surri1 Iroorzlqj dq dqdo|vlv vlplodu wr Ohppd 5/ lw lv lpphgldwho| fohdu wkdw-�E�c ��

kdv d xqltxh plqlpxp f 	 �W� � wW� 1 Pruhryhu/ -�E�c �� ' r� ��n
S

�MaW�
1�E�� lv frqyh{

rq kfc4l iru hdfk orzhvw0ohyho vhw0xs dfwlylw| � 5 L zlwk 7W� ' B1 Wkh surri qrz
surfhhgv zlwk lqgxfwlrq rq � 5 L1 Wr wklv hqg/ zh qhhg wkh iroorzlqj uhfxuvlyh
uhodwlrqvkls iru -�Ekc q�/ zklfk pruh h{solflwo| vwdwhv wkdw k � � � � q dqg � �� � � �

iru doo �� 5 7�=
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Qrz frqvlghu dq duelwudu| vhw0xs dfwlylw| � 5 L/ dqg vxssrvh wkdw -��E�c �� lv
frqyh{ rq kfc4l iru doo orzhu0ohyho vhw0xs dfwlylwlhv �� 5 7W� 1 Wkhq -��Efc �� lv frqyh{
rq kfc4l iru doo �� 5 7W� / doprvw e| gh�qlwlrq/ dqg wkxv -�E� c �� ' r� ��n

S
�MaW�

1�E��nS
��M7W�

-��Efc �� lv dovr frqyh{ rq kfc4l1 Wklv frpsohwhv wkh surri1 �

Vxppdul}lqj/ -�Ekc q� dqg wkxv �}�E&� ' -�Efc |*&�/ �}�E& m , 	 ,4�?� ' -�E�4�?c4�

dqg �}�E& m , : ,4@ � ' -�Efc �4@ � fdq eh ghwhuplqhg uhfxuvlyho|/ surylghg wkdw wkh
rswlpdo vroxwlrqv �W� : f wr wkh rswlpl}dwlrq sureohpv E-�� � -�Efc4� duh nqrzq lq
dgydqfh=

-�Ekc q� '
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Iurp wklv uhfxuvlyh irupxodwlrq/ lw lv lpphgldwho| fohdu wkdw rqo| m7�mn� pxowlsol0
fdwlrqv dqg ma�m ixqfwlrq hydoxdwlrqv duh uhtxluhg wr ghwhuplqh -�Ekc q�/ iru duelwudu|
ydoxhv ri k dqg q1 Ri frxuvh/ wklv lv dq h{wuhpho| xvhixo surshuw| iurp d frpsxwd0
wlrqdo srlqw ri ylhz1 Wkh txhvwlrq uhpdlqv krz wr ghwhuplqh �W� : f iru hdfk vhw0xs
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set-up activities

maintenance jobs

Iljxuh 616= H{dpsoh ri d whvw sureohp frqvlvwlqj ri 8 vhw0xs dfwlylwlhv dqg 8 frp0
srqhqwv1 Vhw0xs dqg pdlqwhqdqfh frvwv r� dqg S� duh vkrzq dw wkh dufv/ ghwhulrudwlrq
frvw sdudphwhuv @� dqg K� lq eudfnhwv dw wkh fruuhvsrqglqj qrghv1

dfwlylw| � 5 L1 Vlplodu wr E-� � E-��/ hdfk E-�� lv d frqyh{ surjudpplqj sureohp lq
d frqyh{ vhdufk vsdfh/ zklfk fdq hdvlo| eh vroyhg wr rswlpdolw| zlwk wkh xvh ri vwdq0
gdug vhdufk whfkqltxhv1 Jlyhq wkh rswlpdo vroxwlrq E|W�c ���c |

W
6� wr sureohp E-�/ lw lv

qrz lpphgldwho| fohdu wkdw |W� : |W�� iru vrph � 5 L dqg �� 5 7W� lpsolhv wkdw �
W
�� ' |W��1

Lq d vlplodu zd|/ pxwxdo uhodwlrqvklsv fdq eh ghulyhg iru wkh rswlpdo vroxwlrqv wr
sureohpv E-�� dqg E-���/ zkhuh � 5 L dqg �� 5 7W� 1 Ixuwkhu ghwdlov duh vnlsshg/ vlqfh
wkh| duh qrw vr uhohydqw iru zkdw iroorzv1

Fkdudfwhulvwlfv ri wkh rswlpdo ghflvlrq

Ri frxuvh/ lw ghshqgv rq wkh wljkwqhvv ri wkhvh orzhu erxqgv/ dv zhoo dv wkh fkdudf0
whulvwlfv ri wkh sureohp xqghu frqvlghudwlrq/ krz pxfk dowhuqdwlyh ghflvlrqv pxvw eh
hydoxdwhg lq hdfk ghflvlrq sureohp }�E&�1 Qhyhuwkhohvv/ frpsxwdwlrqdo uhvxowv zlwklq
d ydulhw| ri +odujh, whvw sureohpv +vhh vhfwlrq 61<, vkrzhg wkdw rqo| rqh ghflvlrq zdv
qhhghg lq dssur{lpdwho| <:1;( ri doo whvw sureohpv1 Lq wkh uhpdlqlqj 515( ri doo
rwkhu whvw sureohpv/ h{dfwo| wzr ghflvlrqv zhuh uhtxluhg1 Ilqdoo|/ wkuhh dowhuqdwlyh
ghflvlrqv kdg wr eh hydoxdwhg lq dssur{lpdwho| 3134( ri doo fdvhv1
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Wdeoh 616= Sdudphwhu vhwwlqjv iru wkh qxphulfdo h{dpsoh ri Iljxuh 6161
�c � r� @� K� S� %W� +W� wW� |W� �W�
� Db e� e �f2 f�bfb f�bbS ���ff ��ffe ��ffe

2 �. �S e �2. ���e. ��2He f�H.2 f�H2H f�H2H

� .D 2e D �b2 ��2�H ��2be f�H2� f�.b. f�.b.

e . �� � �H. ��D�� ��H2� f�2H� f�2Hf f�2Hf

D .D �� � 2ef e�S.� D�HHD f�2�e f��H. f��H.

Zh frqfoxgh wklv vhfwlrq e| revhuylqj wkdw wkh rswlpdo ghflvlrq wr vxesureohp
}�E&� riwhq frqwdlqv xvhixo lqirupdwlrq iru rwkhu vxesureohpv }�E&

��/ zkhuh &� : &1
Pruh vshfl�fdoo|/ li zh ghqrwh zlwk ,W� E&� � � wkh rswlpdo ghflvlrq iru vxesureohp
}�E&�/ lw lv lpphgldwho| fohdu wkdw ,W� E&� ' R � ^ � � iru vrph Rc ^ � � lpsolhv wkdw
,W� ER � &� ' ^ dqg ,W� E^ � &� ' R1 Diwhu doo/ li wkh rswlpdo pdlqwhqdqfh shulrg htxdov e
surylghg wkdw lw pxvw eh dq lqwhjhu pxowlsoh ri 2/ wkhq lw dovr htxdov e li lw pxvw eh dq
lqwhjhu pxowlsoh ri e1 Ri frxuvh/ wklv qlfh vwuxfwxudo surshuw| zdv ixuwkhu h{sorlwhg
gxulqj wkh lpsohphqwdwlrq ri rxu g|qdplf surjudpplqj dojrulwkp1

61; Qxphulfdo h{dpsoh

Frqvlghu d surgxfwlrq v|vwhp frqvlvwlqj ri 6 ' D vhw0xs dfwlylwlhv dqg ? ' D frpsr0
qhqwv/ dv vkrzq lq Iljxuh 6161 Iru hdfk frpsrqhqw � 5 M / zh frqvlghu d ghwhulrudwlrq
frvw ixqfwlrq ��E�� ri wkh iroorzlqj irup ��E%� ' @� � %K� / zkhuh @� : f dqg K� : f

duh vwulfwo| srvlwlyh frqvwdqwv1 Wkh frvwv r� ri vhw0xs dfwlylwlhv � 5 L/ dv zhoo dv wkh
sdudphwhuv E@�c K�c S�� iru frpsrqhqwv � 5 M / duh ghslfwhg lq Iljxuh 6161 Pruhryhu/
wkh fruuhvsrqglqj ydoxhv ri %W� dqg +W� iru hdfk frpsrqhqw � 5 M / dv zhoo dv wkh ydoxhv
ri wW� / |

W
� dqg �W� iru hdfk vhw0xs dfwlylwlhv � 5 L/ duh vxppdul}hg lq Wdeoh 6161

Dv d vwduwlqj srlqw/ rxu lwhudwlyh khxulvwlf ghwhuplqhv wkh rswlpdo vroxwlrq wr
sureohp E-�1 Wklv |lhogv |W� ' ��ffe/ |W2 ' f�H2H/ |W� ' f�.b./ |We ' f�2Hf/ dqg
|WD ' f��H./ zlwk fruuhvsrqglqj orzhu erxqg ��D.�e21 Vxevhtxhqwo|/ zh lqlwldol}h | '

��ffe/ dqg vxesureohpv E'&� dqg E'|� duh vroyhg uhshdwhgo|/ xqwlo qr lpsuryhphqwv
duh revhuyhg lq wzr frqvhfxwlyh lwhudwlrqv1 Wkh uhvxowv ri wklv lwhudwlyh surfhvv iru
erwk khxulvwlfv duh ghslfwhg lq Wdeoh 6171

Fohduo|/ wkh �qlwh0vhw khxulvwlf jhqhudwhv d pdlqwhqdqfh f|foh ri *U4i�c �c Dj*| '
�D*f�HDb � �.�eS wlph xqlwv1 Zlwklq wklv pdlqwhqdqfh f|foh/ wrwdo pdlqwhqdqfh
frvwv dprxqw wr �.�eS � ��.S��S � 2fDe2 rq dyhudjh/ zkhuhdv suhyhqwlyh vhw0xs frvwv
htxdo �D � iDb n �. n .D n .

�D
� . n �

D
� .Dj ' 2H�b/ l1h1 dssur{lpdwho| ���HI ri wrwdo
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Wdeoh 617= Frqvhfxwlyh lwhudwlrqv ri wkh �qlwh0vhw khxulvwlf +IVK,/ dqg wkh
vwuxfwxuhg0vhw khxulvwlf +VVK,/ iru wkh qxphulfdo h{dpsoh ri Iljxuh 6161

| i&�c ���c &Dj i{�c ���c{Dj frvwv

E'&� ��ffe i�c �c �c ec Sj i�c �c �c �
�
c �
S
j �2�S��f

E'|� f�H.H i�c �c �c ec Sj i�c �c �c �
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pdlqwhqdqfh frvwv1 Vlploduo|/ wkh vwuxfwxuhg0vhw khxulvwlf jhqhudwhv d pdlqwhqdqfh
f|foh ri *U4i�c �c Sj*| ' S*f�HSe � S�be wlph xqlwv1 Zlwklq wklv pdlqwhqdqfh f|foh/
wrwdo pdlqwhqdqfh frvwv dprxqw wr S�be�Hfe�2b � H�Hb rq dyhudjh/ zkhuhdv suhyhqwlyh
vhw0xs frvwv htxdo S � iDbn�.n.Dn �

�
�.n �

S
�.Dj ' ���D/ l1h1 dssur{lpdwho| ���SI ri

wrwdo pdlqwhqdqfh frvwv1 Pruhryhu/ wkh jxdudqwhhg shuirupdqfh ri wkh �qlwh0vhw dqg
vwuxfwxuhg0vhw khxulvwlf/ l1h1 wkh pd{lpdo ghyldwlrq zlwk uhvshfw wr wkh orzhu erxqg/
htxdov rqo| ��SeI dqg ��HbI uhvshfwlyho|1

61< Frpsxwdwlrqdo uhvxowv

Lq wklv vhfwlrq/ zh zloo glvfxvv wkh uhvxowv ri d vhulhv ri qxphulfdo h{shulphqwv/ wkdw
zhuh fduulhg rxw wr lqyhvwljdwh wkh shuirupdqfh ri erwk khxulvwlfv1 Wr eh vshfl�f/ zh
whvwhg rxu khxulvwlfv rq vhyhudo whvw sureohpv/ lq zklfk wkh qxpehu ri vhw0xs dfwlylwlhv/
wkh qxpehu ri frpsrqhqwv/ dqg wkh fruuhvsrqglqj frvwv zhuh ydulhg udqgrpo|1 Lq
rughu wr dyrlg wkdw {�E!� ' � iru doo � 5 L dv pxfk dv srvvleoh/ zh fkrvh wr dwwdfk
h{dfwo| rqh frpsrqhqw wr hdfk vhw0xs dfwlylw|/ l1h1 maW� m ' � iru doo � 5 L1 Dv d
frqvhtxhqfh/ wkh qxpehu ri vhw0xs dfwlylwlhv htxdov wkh qxpehu ri frpsrqhqwv lq hdfk
whvw sureohp1 Pruhryhu/ vhw0xs dfwlylwlhv zhuh dwwdfkhg wr hdfk rwkhu e| fkrrvlqj
wkh sduhqw ri vhw0xs dfwlylw| � 5 L udqgrpo| dprqj vhw0xs dfwlylwlhv i�c ���c �� �j1 Lw
lv hdvlo| revhuyhg wkdw wklv surfhgxuh doorzv iru hdfk srvvleoh vhw0xs vwuxfwxuh wkdw
fdq eh wkrxjkw ri1



61<1 Frpsxwdwlrqdo uhvxowv ::

Wdeoh 618= Frpsxwdwlrqdo uhvxowv iru wkh �qlwh0vhw khxulvwlf +IVK, dqg wkh
vwuxfwxuhg0vhw khxulvwlf +VVK,/ edvhg rq 4333 udqgrpo| jhqhudwhg whvw sureohpv zlwk
6 ' ? ' D/ r� 5 E�c �ff�/ @� 5 E�ffc Dff�/ K� 5 E�fc Df� dqg S� 5 E�c D�1

�qlwh0vhw khxulvwlf vwuxfwxuhg0vhw khxulvwlf

plqlpdo dyhudjh pd{lpdo plqlpdo dyhudjh pd{lpdo

& lwhudwlrqv � ���� . � ���� .

FSX wlph +v, f 2�bD �S f f�f� �

shuirupdqfh +(, f�f� 2�f� b�DS f�f� 2�fe b�DS

lqwhuydo ohqjwk f�H� ��2e ���e f�H� ��2e ���e

f|foh ohqjwk ��fb D�f� .H��H ��fb D�f2 .H��H

61<14 Vpdoo whvw sureohpv

Iluvw ri doo/ zh lqyhvwljdwhg wkh shuirupdqfh ri erwk khxulvwlfv iru d vhulhv ri vpdoo
whvw sureohpv/ wkdw frxog eh vroyhg e| erwk khxulvwlfv zlwklq uhdvrqdeoh frpsxwdwlrq
wlphv1 Reylrxvo|/ wklv uhtxluhg wkh qxpehu ri pdlqwhqdqfh rssruwxqlwlhv mOWm lq wkh
pl{hg lqwhjhu olqhdu surjudpplqj irupxodwlrq qrw wr ehfrph wrr odujh1 Lq hdfk whvw
sureohp/ wklv zdv dfklhyhg e| gh�qlqj6 ' D vhw0xs dfwlylwlhv dqg ? ' D frpsrqhqwv/
dqg e| fkrrvlqj r�/ @�/ K� dqg S� lq vxfk d zd| wkdw wkh fruuhvsrqglqj ydoxhv ri %W�
dqg +W� zhuh qrw vxemhfw wr h{wuhph  xfwxdwlrqv1 Wr eh vshfl�f/ wkh frvwv ri vhw0
xs dfwlylwlhv � 5 L zhuh gudzq dw udqgrp iurp r� 5 E�c �ff�/ zkhuhdv wkh frvwv ri
frpsrqhqw � 5 M zhuh gudzq dw udqgrp iurp @� 5 E�ffc Dff�/ K� 5 E�fc Df�/ dqg
S� 5 E�c D�1 Xqghu wkhvh frqglwlrqv/ lw frxog eh vkrzq wkdw f�HD � %W� � .�fH dqg
f�HD � +W� � �f iru doo � 5 M 1

Lq hdfk whvw sureohp/ zh dgplqlvwudwhg wkh frpsxwdwlrq wlph dqg qxpehu ri lwhu0
dwlrqv qhhghg e| wkh �qlwh0vhw dqg vwuxfwxuhg0vhw khxulvwlf1 Pruhryhu/ zh fdofxodwhg
wkh uhodwlyh shuirupdqfh ri erwk khxulvwlfv lq whupv ri wkh ghyldwlrq zlwk uhvshfw wr
wkh orzhu erxqg1 Ilqdoo|/ zh wrrn d forvhu orrn dw wkh vroxwlrqv irxqg/ lq whupv ri wkh
lqwhuydo ohqjwk �*|/ dqg f|foh ohqjwk *U4E&�c ���c &?�*|1 Iurp wkh uhvxowv lq Wdeoh 618/
zh frqfoxgh wkdw wkh gl�huhqfhv ehwzhhq wkh �qlwh0vhw dqg vwuxfwxuhg0vhw khxulvwlf
duh lq jhqhudo yhu| vpdoo1 Lq idfw/ d forvhu orrn dw wkh uhvxowv vkrzhg wkdw erwk khxulv0
wlfv jhqhudwhg lghqwlfdo pdlqwhqdqfh f|fohv lq <;; rxw ri 4333 whvw sureohpv1 Lq wkh
uhpdlqlqj 45 whvw sureohpv +vhh 619,/ wkh �qlwh0vhw khxulvwlf dozd|v rxwshuiruphg wkh
vwuxfwxuhg0vhw khxulvwlf/ zlwk d pd{lpxp ri 31:3(1 Zlwk uhvshfw wr wkh +jxdudqwhhg,
shuirupdqfh ri erwk khxulvwlfv/ zh fodlp wkdw dq dyhudjh ghyldwlrq ri 5137( iurp wkh
orzhu erxqg lv txlwh vdwlvidfwru|1 Diwhu doo/ rqh pxvw uhdol}h wkdw wklv ghyldwlrq dovr
lqfoxghv wkh jds ehwzhhq wkh orzhu erxqg dqg wkh rswlpdo vroxwlrq1
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Wdeoh 619= Frpsxwdwlrqdo uhvxowv iru 45 rxw ri 4333 whvw sureohpv lq zklfk wkh
�qlwh0vhw dqg vwuxfwxuhg0vhw khxulvwlf jhqhudwhg gl�huhqw vroxwlrqv1

�qlwh0vhw khxulvwlf vwuxfwxuhg0vhw khxulvwlf
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61<15 Odujh whvw sureohpv

Dv phqwlrqhg ehiruh/ wkh �qlwh0vhw khxulvwlf +IVK, ehfrphv lqdwwudfwlyh/ ru hyhq
lqwudfwdeoh/ li wkh vhw ri srvvleoh pdlqwhqdqfh shulrgv ehfrphv wrr odujh/ h1j1 N '

i�c ���c �ffj1 Lq wkdw fdvh/ zh kdyh wr xvh wkh vwuxfwxuhg0vhw khxulvwlf +VVK,/ lq rughu
wr rewdlq uhdvrqdeoh vroxwlrqv zlwklq dffhswdeoh frpsxwdwlrq wlphv1 Wr wklv hqg/
zh fduulhg rxw dqrwkhu vhulhv ri 4333 whvw sureohpv/ exw wklv wlph zlwk 6 ' 2D

vhw0xs dfwlylwlhv dqg ? ' 2D frpsrqhqwv1 Lq hdfk whvw sureohp/ wkh frvwv ri vhw0xs
dfwlylwlhv � 5 L zhuh gudzq dw udqgrp iurp r� 5 E�c �fff�1 Pruhryhu/ wkh frvwv
ri frpsrqhqw � 5 M zhuh fkrvhq udqgrpo| iurp @� 5 E�c �fff�/ K� 5 E�c �ff�/ dqg
S� 5 E�c �f�1 Xqghu wkhvh frqglwlrqv/ lw frxog eh vkrzq wkdw f��f � %W� � ���S2 dqg
f��e � +W� � �S��2D iru doo � 5 M / zklfk fohduo| frpsolfdwhv wkh sureohp1

Iurp wkh uhvxowv lq Wdeoh 61:/ lw fdq eh revhuyhg wkdw wkh frpsxwdwlrq wlph dqg
qxpehu ri lwhudwlrqv qhhghg e| wkh vwuxfwxuhg0vhw khxulvwlf kdyh lqfuhdvhg1 Qhy0
huwkhohvv/ wkh| glg qrw jurz h{sorvlyho| zlwk wkh vl}h dqg frpsoh{lw| ri wkh whvw
sureohpv xqghu frqvlghudwlrq1 Wklv lv d srwhqwldoo| ydoxdeoh lqvljkw/ vlqfh wkh odw0
whu lpsolhv wkdw odujh whvw sureohpv fdq eh wdfnohg e| rxu g|qdplf surjudpplqj
dojrulwkp zlwklq uhdvrqdeoh frpsxwdwlrq wlphv1 Rq wkh rwkhu kdqg/ wkh ohqjwk ri
wkh fruuhvsrqglqj pdlqwhqdqfh f|foh lqfuhdvhg vljql�fdqwo|/ zkhuhdv wkh shuirupdqfh
ghfuhdvhg voljkwo|1 Dowkrxjk wkhvh revhuydwlrqv zhuh wr eh h{shfwhg/ zh fodlp wkdw



61431 Frqfoxglqj uhpdunv :<

Wdeoh 61:= Frpsxwdwlrqdo uhvxowv iru wkh vwuxfwxuhg0vhw khxulvwlf +VVK,/ edvhg rq
4333 udqgrpo| jhqhudwhg whvw sureohpv zlwk 6 ' ? ' 2D/ r� 5 E�c �fff�/ @� 5
E�c �fff�/ K� 5 E�c �ff� dqg S� 5 E�c �f�1

plqlpdo dyhudjh pd{lpdo

& lwhudwlrqv � e�bS ��

FSX wlph +v, f f��f �

shuirupdqfh +(, f�SH ���b �H��2

lqwhuydo ohqjwk f�Hf ���� ��2S

f|foh ohqjwk ���S e.�Db �b�.�DH

dq dyhudjh ghyldwlrq ri 616<( iurp wkh orzhu erxqg lv dovr txlwh vdwlvidfwru| iru
sudfwlfdo sxusrvhv1 Rqfh djdlq/ d vljql�fdqw sduw ri wklv ghyldwlrq pd| eh gxh wr wkh
ghyldwlrq ehwzhhq wkh orzhu erxqg dq wkh rswlpdo vroxwlrq1

6143 Frqfoxglqj uhpdunv

Lq wklv fkdswhu/ zh suhvhqwhg d ydulhw| ri rswlpl}dwlrq whfkqltxhv zklfk fdq dvvlvw
pdlqwhqdqfh sodqqhuv lq wkh ghvljq ri +qhdu0,rswlpdo suhyhqwlyh pdlqwhqdqfh f|fohv/
iru d pxowl0frpsrqhqw surgxfwlrq v|vwhp zlwk pxowlsoh lqwhuuhodwhg vhw0xs dfwlylwlhv1
Wr wklv hqg/ d srzhuixo prghoolqj iudphzrun zdv suhvhqwhg/ lq zklfk hdfk frpsrqhqw
lv pdlqwdlqhg suhyhqwlyho| dw lqwhjhu pxowlsohv ri d fhuwdlq edvlv pdlqwhqdqfh lqwhuydo/
zklfk lv wkh vdph iru doo frpsrqhqwv1 Iru d jlyhq edvlv pdlqwhqdqfh lqwhuydo/ zh
ghyhorshg d pl{hg lqwhjhu olqhdu surjudpplqj dv zhoo dv d g|qdplf surjudpplqj
irupxodwlrq/ zklfk fdq eh xvhg wr ghwhuplqh dq +rswlpdo, pdlqwhqdqfh shulrg iru
hdfk frpsrqhqw1

Vxevhtxhqwo|/ wkhvh phwkrgv zhuh lqfrusrudwhg lq dq lwhudwlyh khxulvwlf dssurdfk/
zklfk fdq eh dssolhg li wkh edvlv pdlqwhqdqfh lqwhuydo lv dovr iuhh wr fkrrvh1 Edvhg
rq d vhulhv ri 4333 udqgrpo| jhqhudwhg +vpdoo, whvw sureohpv/ zh frqfoxghg wkdw
wkh gl�huhqfh ehwzhhq erwk phwkrgv lv lq jhqhudo yhu| vpdoo/ dqg wkdw wkh g|qdplf
surjudpplqj irupxodwlrq vkrxog eh suhihuuhg iru lwv h!flhqf|1 Ehvlghv/ dqrwkhu
vhulhv ri +odujh, whvw sureohpv srlqwhg rxw wkdw wklv dssurdfk jhqhudwhv qhdu0rswlpdo
vroxwlrqv zlwklq uhdvrqdeoh frpsxwdwlrq wlphv/ hyhq iru surgxfwlrq v|vwhpv zlwk d
odujh qxpehu ri vhw0xs dfwlylwlhv dqg2ru frpsrqhqwv1

Vxppdul}lqj/ zh fodlp wkdw wkh sureohpv dgguhvvhg lq wklv fkdswhu kdyh ehhq
vroyhg vdwlvidfwrulo| e| rxu phwkrgv1 Lw lv qrw gl!fxow/ krzhyhu/ wr frph xs zlwk
d qxpehu ri surplvlqj h{whqvlrqv wr rxu prghoolqj iudphzrun1 Dv d vwduwlqj srlqw/
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wkh prgho glvfxvvhg khuh pljkw eh fodvvl�hg dv dq dgglwlyh rqh/ l1h1 wkh frvwv ri
pdlqwdlqlqj d fhuwdlq jurxs ri frpsrqhqwv duh prghoohg dv wkh vxp ri wkh lqglylgxdo
frvwv iru hdfk frpsrqhqw1 Wkhuh duh vlwxdwlrqv/ krzhyhu/ zkhuh wlph lv wkh prvw
fuxfldo dqg h{shqvlyh idfwru1 Lq vxfk fdvhv/ lw zrxog dovr pdnh vhqvh wr prgho wkh
wlph uhtxluhg iru d fhuwdlq jurxs ri frpsrqhqwv dv wkh pd{lpxp ri wkh lqglylgxdo
wlphv uhtxluhg iru hdfk frpsrqhqw1 Ri frxuvh/ lw zrxog eh lqwhuhvwlqj wr ghyhors d
jrrg zrunlqj dojrulwkp iru vxfk fdvhv1

Zlwklq rxu prghoolqj iudphzrun/ zh dvvxphg 0 zlwkrxw orvv ri jhqhudolw| 0 wkdw
hdfk frpsrqhqw lv pdlqwdlqhg suhyhqwlyho| dw wkh hqg ri hdfk pdlqwhqdqfh f|foh1 Dv
d frqvhtxhqfh/ wkh shdn zrunordg dvvrfldwhg zlwk wklv pdlqwhqdqfh f|foh pd| eh vlj0
ql�fdqwo| odujhu wkdq lv vwulfwo| qhfhvvdu|1 Lq wklv uhvshfw/ lw pljkw dovr eh zruwkzloh
wr lqyhvwljdwh wkh srvvlelolwlhv iru dgmxvwlqj wkh pdlqwhqdqfh f|foh/ vxfk wkdw wkh shdn
zrunordg lv plqlpl}hg/ exw ryhudoo pdlqwhqdqfh frvwv duh qrw d�hfwhg1 Iru vlplodu
uhdvrqv/ wkhuh lv d srwhqwldo ri fkdoohqjlqj rswlpl}dwlrq sureohpv li wkh pdlqwhqdqfh
f|fohv ri gl�huhqw surgxfwlrq v|vwhpv duh frpelqhg lqwr dq ryhudoo pdlqwhqdqfh f|foh/
lq zklfk wkh shdn zrunordg iru wkh pdlqwhqdqfh ghsduwphqw lv plqlpl}hg1

Ilqdoo|/ lw zrxog eh lqwhuhvwlqj wr lqfoxgh wkh srvvlelolw| ri iuhtxhqf|0frqvwudlqhg
pdlqwhqdqfh mrev/ ru htxlydohqwo| frpsrqhqwv wkdw pxvw eh pdlqwdlqhg suhyhqwlyho|
dw suhvfulehg ru vpdoohu lqwhuydov +vhh suhylrxv fkdswhu,1 Zlwklq rxu prghoolqj iudph0
zrun/ wkhvh iuhtxhqf| frqvwudlqwv frxog eh lqfrusrudwhg lpsolflwo|/ e| dgmxvwlqj wkh
lqglylgxdo ghwhulrudwlrq frvw ixqfwlrq ri wkhvh frpsrqhqwv1 Pruhryhu/ wkh| frxog eh
prghoohg h{solflwo|/ e| gh�qlqj d vhw ri ihdvleoh pdlqwhqdqfh lqwhuydov dqg2ru pdlq0
whqdqfh shulrgv zlwklq hdfk ri wkh dojrulwkpv glvfxvvhg lq wklv fkdswhu1
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Fkdswhu 7

Suhyhqwlyh pdlqwhqdqfh dqg wkh lqwhuydo
dydlodelolw| glvwulexwlrq ri dq xquholdeoh

surgxfwlrq v|vwhp

Wudglwlrqdoo|/ wkh rswlpdo suhyhqwlyh pdlqwhqdqfh lqwhuydo iru dq xquholdeoh

surgxfwlrq v|vwhp kdv ehhq ghwhuplqhg e| pd{lpl}lqj lwv olplwlqj dydlodelo0

lw|1 Qrzdgd|v/ lw lv zlgho| uhfrjql}hg wkdw wklv shuirupdqfh phdvxuh grhv qrw

dozd|v surylgh uhohydqw lqirupdwlrq iru sudfwlfdo sxusrvhv/ dqg wkh vr0fdoohg lq0

whuydo dydlodelolw| glvwulexwlrq lv riwhq vhhq dv d pruh dssursldwh shuirupdqfh

phdvxuh1 Vxusulvlqjo| hqrxjk/ wkh uhodwlrq ehwzhhq suhyhqwlyh pdlqwhqdqfh

dqg lqwhuydo dydlodelolw| kdv uhfhlyhg olwwoh dwwhqwlrq lq h{lvwlqj olwhudwxuh1 Lq

wklv sdshu/ d vhulhv ri pdwkhpdwlfdo prghov dqg rswlpl}dwlrq whfkqltxhv lv

suhvhqwhg/ zlwk zklfk wkh rswlpdo suhyhqwlyh pdlqwhqdqfh lqwhuydo fdq eh gh0

whuplqhg iurp dq lqwhuydo dydlodelolw| srlqw ri ylhz/ udwkhu wkdq iurp d olplwlqj

dydlodelolw| shuvshfwlyh1 Frpsxwdwlrqdo uhvxowv iru d fodvv ri uhsuhvhqwdwlyh whvw

sureohpv lqglfdwh wkdw vljql�fdqw lpsuryhphqwv ri xs wr 63( lq wkh jxdudq0

whhg lqwhuydo dydlodelolw| fdq eh rewdlqhg/ e| lqfuhdvlqj suhyhqwlyh pdlqwhqdqfh

iuhtxhqflhv vrphzkhuh ehwzhhq 43( dqg :3(1

714 Lqwurgxfwlrq

Lq vwxg|lqj wkh shuirupdqfh ri dq xquholdeoh surgxfwlrq v|vwhp/ wkh olplwlqj dydlo0
delolw| grhv qrw dozd|v surylgh wkh prvw uhohydqw lqirupdwlrq iru sudfwlfdo sxusrvhv1
Iru h{dpsoh/ wkh dprxqw ri jdv wr eh gholyhuhg ryhu d �qlwh shulrg ri wlph lv riwhq
frqwudfwxdoo| jxdudqwhhg lq wkh rlo lqgxvwu| +Dyhq 4<<6,1 Dowkrxjk vkruw lqwhuuxs0
wlrqv ri wkh surgxfwlrq surfhvv fdq xvxdoo| eh fryhuhg e| lqyhqwru| edfnxsv/ d orvv
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up times down times

50 %

50 % 45 % 55 % 50 %

60 %30 %65 %45 %

50 %

Iljxuh 714= Surgxfwlrq v|vwhpv zlwk vlplodu olplwlqj dydlodelolwlhv/ exw gl�huhqw
lqwhuydo dydlodelolw| glvwulexwlrqv1

ri surgxfwlrq iru vhyhudo frqvhfxwlyh gd|v pljkw fdxvh sureohpv lq phhwlqj wkh vdohv
frqwudfw/ lqyroyh kljk shqdow| frvwv/ dqg 0 lq wkh zruvw fdvh 0 orvv ri jrrgzloo ru
hyhq fxvwrphuv +Ydq Ulmq dqg Vfkruqdjho 4<;:,1 Lq frpsxwhu dqg pdqxidfwxulqj
v|vwhpv/ wkh jxdudqwhhg shuirupdqfh gxulqj d �qlwh shulrg ri wlph lv vrphwlphv d
pruh lpsruwdqw dqg hyhq frpshwlwlyh idfwru/ wkdq wkh dyhudjh shuirupdqfh revhuyhg
ryhu dq lq�qlwh krul}rq +Jr|do dqg Wdqwdzl 4<;;,1 Lq wklv uhvshfw/ wkh lqwhuydo
dydlodelolw| ri d surgxfwlrq v|vwhp lv riwhq vhhq dv d pruh dssursldwh shuirupdqfh
phdvxuh lq d sudfwlfdo frqwh{w1 Wklv lv sduwlfxoduo| wuxh iru rughu0gulyhq pdqxidf0
wxulqj v|vwhpv/ lq zklfk fdsdflw| sodqqlqj sod|v d nh| vwudwhjlfdo uroh lq vdwlvi|lqj
frqwudfwxdo reoljdwlrqv1

Prvw fdsdflw| sodqqlqj wrrov xvhg lq lqgxvwu| dffrxqw iru udqgrp rxwdjhv e|
frpsxwlqj dyhudjh fdsdflw| lq whupv ri olplwlqj dydlodelolw|1 E| grlqj vr/ lw lv lp0
phgldwho| fohdu wkdw gxulqj d jlyhq shulrg ri wlph +h1j1 d zhhn,/ fdsdflw| sureohpv
zloo rffxu lq dssur{lpdwho| 83( ri doo fdvhv1 Vlqfh wklv lv jhqhudoo| qrw dffhswdeoh/
d vdihw| pdujlq lv xvxdoo| exlog lq/ lq rughu wr hqvxuh vdwlvidfwru| fdsdflw| lq h1j1 dw
ohdvw <8( ri doo fdvhv1 Krzhyhu/ hyhq li wklv zrunv zhoo lq sudfwlfh/ lw xqghuolqhv wkh
srlqw wkdw wklqnlqj lq whupv ri wkh jxdudqwhhg fdsdflw| ri d surgxfwlrq v|vwhp gxulqj
d �qlwh shulrg ri wlph/ lv riwhq pruh dssursuldwh wkdq wklqnlqj derxw lwv dyhudjh fd0
sdflw| lq wkh orqj uxq1 Lq wklv uhvshfw/ d surgxfwlrq v|vwhp zlwk iuhtxhqw/ suhglfwdeoh
dqg vkruw lqwhuuxswlrqv lv wr eh suhihuuhg deryh rqh zlwk lqiuhtxhqw/ xqsuhglfwdeoh
dqg orqj lqwhuuxswlrqv/ doo rwkhu wklqjv ehlqj htxdo +vhh Iljxuh 714,1 Wklv lv d sr0
whqwldoo| ydoxdeoh lqvljkw/ vlqfh udqgrp euhdngrzqv duh rqh ri wkh pdmru vrxufhv ri
yduldelolw|1
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Gxulqj wkh odvw ghfdghv/ wklv dqg rwkhu idfwruv kdyh uhvxowhg lq dq lqfuhdvhg srs0
xodulw| ri pdwkhpdwlfdo prghov iru uholdelolw| dqg pdlqwhqdqfh rswlpl}dwlrq/ h1j1 vhh
PfFdoo +4<98,/ Slhuvndood dqg Yrhonhu +4<:9,/ Vkhuli dqg Vplwk +4<;4, / Ydogh}0Ioruhv
dqg Ihogpdq +4<;<,/ Fkr dqg Sduodu +4<<4, dqg Ghnnhu hw do1 +4<<:, iru h{whqvlyh
olwhudwxuh uhylhzv1 Dw wkh vdph wlph/ d jurzlqj lqwhuhvw frxog eh revhuyhg lq prg0
hoolqj wkh vkruw whup ehkdylru ri surgxfwlrq v|vwhpv/ lq whupv ri wkh vr0fdoohg lqwhuydo
dydlodelolw| glvwulexwlrq1 Wkh uhdghu lv uhihuuhg wr Vplwk +4<<:e, iru d frpsuhkhqvlyh
dqg xs0wr0gdwh vxuyh| rq h{lvwlqj olwhudwxuh1 Vxusulvlqjo| hqrxjk/ wkh lqwhudfwlrqv
ehwzhhq suhyhqwlyh pdlqwhqdqfh rq wkh rqh kdqg/ dqg lqwhuydo dydlodelolw| rq wkh
rwkhu kdqg/ kdyh uhfhlyhg olwwoh dwwhqwlrq lq h{lvwlqj olwhudwxuh/ srvvleo| ehfdxvh ri
wkh lqkhuhqw pdwkhpdwlfdo frpsolfdwlrqv1

Li d surgxfwlrq v|vwhp lv uhsdluhg dw idloxuh/ dqg wkxv doo pdlqwhqdqfh lv fruuhfwlyh/
frqvhfxwlyh xs +olih, dqg grzq +uhsdlu, wlphv duh xvxdoo| prghoohg dv vwrfkdvwlfdoo|
lqghshqghqw udqgrp yduldeohv1 Reylrxvo|/ wklv prghoolqj dvvxpswlrq fdqqrw eh vxv0
wdlqhg li suhyhqwlyh pdlqwhqdqfh lv fduulhg rxw dw uhjxodu lqwhuydov1 Lq wkdw fdvh/
frqvhfxwlyh xs dqg grzq wlphv ehfrph pxwxdoo| ghshqghqw udqgrp yduldeohv/ vlqfh
vpdoo xs wlphv +gxh wr idloxuhv, duh xvxdoo| iroorzhg e| odujh grzq wlphv +gxh wr
uhsdluv,/ dqg ylfh yhuvd1 Reylrxvo|/ wklv skhqrphqrq grhv qrw pdnh olih hdvlhu iurp
d pdwkhpdwlfdo srlqw ri ylhz1 Exw hyhq iru d wzr0vwdwh surgxfwlrq v|vwhp zlwkrxw
suhyhqwlyh pdlqwhqdqfh/ l1h1 zlwk dowhuqdwlqj dqg pxwxdoo| lqghshqghqw xs dqg grzq
wlphv/ forvhg0irup vroxwlrqv iru wkh lqwhuydo dydlodelolw| glvwulexwlrq duh qrw dydlodeoh1
Slrqhhulqj zrun rq wklv vxemhfw zdv fduulhg rxw e| Wdnäfv +4<8:,/ zkr ghulyhg dq
dqdo|wlfdo h{suhvvlrq frqvlvwlqj ri dq lq�qlwh vxppdwlrqv ri whupv/ hdfk frqvlvwlqj
ri pxowlsoh frqyroxwlrqv ri wkh olih dqg uhsdlu wlph glvwulexwlrqv1 Vlqfh wkhq/ vhyhudo
dxwkruv kdyh wulhg wr �qg uhdvrqdeoh dssur{lpdwlrqv/ dv zhoo dv orzhu dqg xsshu
erxqgv iru wkh lqwhuydo dydlodelolw| glvwulexwlrq/ h1j1 vhh Gh Vrx}d h Vloyd dqg Jdlo
+4<;9,/ Ydq ghu Khlmghq +4<;:,/ Ydq Ulmq dqg Vfkruqdjho +4<;:,/ Ydq ghu Khlmghq
dqg Vfkruqdjho +4<;;,/ Gh Vrx}d h Vloyd dqg Jdlo +4<;<,/ Zduwhqkruvw +4<<6,/ Fvhqnl
+4<<8,/ Kdxnddv dqg Dyhq +4<<9, dqg Vplwk +4<<:d,1

Xs wr rxu nqrzohgjh/ wkh ghulydwlrq ri dqdo|wlfdo h{suhvvlrqv iru wkh lqwhuydo
dydlodelolw| glvwulexwlrq ri d wzr0vwdwh surgxfwlrq v|vwhp/ zklfk lv pdlqwdlqhg suh0
yhqwlyho| dw uhjxodu lqwhuydov dffruglqj wr dq djh uhsodfhphqw vwudwhj|/ kdv qrw ehhq
vxemhfw ri dq| vwxg| lq h{lvwlqj olwhudwxuh1 Rqo| Vfkçeh +4<<9, frqvlghuv d vrphzkdw
vlplodu sureohp/ lq zklfk wkh wlph ehwzhhq wzr frqvhfxwlyh suhyhqwlyh pdlqwhqdqfh
dfwlrqv lv prghoohg dv d udqgrp yduldeoh zlwk nqrzq glvwulexwlrq ixqfwlrq1 Lq jhq0
hudo/ wklv |lhogv d pxfk vlpsohu prghoolqj iudphzrun/ vlqfh wkh lqlwldwlrq ri suhyhqwlyh
pdlqwhqdqfh grhv qrw ghshqg rq wkh vwdwh ri wkh xqghuo|lqj surgxfwlrq v|vwhp1
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715 Jhqhudo dssurdfk

Frqvlghu dq xquholdeoh surgxfwlrq v|vwhp zklfk lv uhsdluhg xsrq idloxuh/ dqg pdlq0
wdlqhg suhyhqwlyho| dv vrrq dv w : f wlph xqlwv kdyh hodsvhg vlqfh wkh odvw pdlq0
whqdqfh dfwlrq/ hlwkhu suhyhqwlyh ru fruuhfwlyh1 Diwhu suhyhqwlyh dqg2ru fruuhfwlyh
pdlqwhqdqfh/ wkh v|vwhp fdq eh frqvlghuhg dv jrrg dv qhz1 Wkh wlph wr idloxuh ru
olihwlph u ri wkh surgxfwlrq v|vwhp lv ghvfulehg e| d fxpxodwlyh glvwulexwlrq ixqf0
wlrq 8 E��/ zlwk suredelolw| ghqvlw| ixqfwlrq sE��/ dqg fruuhvsrqglqj phdq >u : f dqg
yduldqfh j2

u � f1 Pruhryhu/ wkh suhyhqwlyh pdlqwhqdqfh wlph � lv ghvfulehg e| d fx0
pxodwlyh glvwulexwlrq ixqfwlrq CE��/ zlwk phdq >� : f dqg yduldqfh j2

� � f1 Ilqdoo|/
wkh fruuhfwlyh pdlqwhqdqfh +uhsdlu, wlph - lv ghvfulehg e| d fxpxodwlyh glvwulexwlrq
ixqfwlrq ME��/ zlwk phdq >- : f dqg yduldqfh j2

- � f1 Dv lq prvw pdlqwhqdqfh
rswlpl}dwlrq prghov/ zh dvvxph wkdw erwk u/ � dqg - duh pxwxdoo| lqghshqghqw
udqgrp yduldeohv1

71514 Olplwlqj dydlodelolw|

Wkh olplwlqj dydlodelolw| �" lv gh�qhg dv wkh iudfwlrq ri wlph wkdw wkh surgxfwlrq
v|vwhp lv rshudwlrqdo +xs,/ li revhuyhg ryhu dq lq�qlwh shulrg ri wlph1 Li zh ghqrwh
zlwk A�R d frqwlqxrxv shulrg ri wlph gxulqj zklfk wkh v|vwhp lv rshudwlrqdo/ dqg
zlwk A_J�? d frqwlqxrxv shulrg ri wlph gxulqj zklfk wkh v|vwhp lv qrw rshudwlrqdo/
wkhq lw iroorzv iurp uhqhzdo wkhru| +Fr{ 4<95, wkdw wkh olplwlqj dydlodelolw| �" lv
ghwhuplqhg dv=

�" '
.iA�Rj

.iA�Rjn .iA_J�?j
Ghshqglqj rq wkh ohqjwk ri wkh suhyhqwlyh pdlqwhqdqfh lqwhuydo w : f/ wkh

iroorzlqj h{suhvvlrqv fdq eh ghulyhg iru .iA�Rj dqg .iA_J�?j1 Khuh/ zh ghqrwh
8 Ew� ' �� 8 Ew� iru qrwdwlrqdo frqyhqflhqfh=

.iA�Rj ' w � 8 Ew� n
w]

f

� � sE�� _�

.iA_J�?j ' >� � 8 Ew� n >- � 8 Ew�

Li w $ 4/ wklv |lhogv .iA�Rj ' >u/ .iA_J�?j ' >-/ dqg wkxv �" ' >u*E>u n

>-�1 Wudglwlrqdoo|/ wkh rswlpdo suhyhqwlyh pdlqwhqdqfh iru d surgxfwlrq v|vwhp kdv
ehhq ghwhuplqhg lq ylhz ri pd{lpl}lqj lwv olplwlqj dydloldelolw|1 Xqiruwxqdwho|/ wklv
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shuirupdqfh phdvxuh grhv qrw dozd|v surylgh vx!flhqw dqg uhohydqw lqirupdwlrq iru
sudfwlfdo sxusrvhv1 Vrphwlphv/ wkh vr0fdoohg lqwhuydo dydlodelolw| lv vhhq dv d pruh
dssursldwh shuirupdqfh phdvxuh1

71515 Lqwhuydo dydlodelolw|

Wkh lqwhuydo dydlodelolw| lv gh�qhg dv wkh iudfwlrq ri wlph wkdw d surgxfwlrq v|vwhp lv
rshudwlrqdo gxulqj d jlyhq wlph lqwhuydo ri �qlwh ohqjwk1 Ri frxuvh/ lw ghshqgv rq wkh
lqlwldo vwdwh ri wkh v|vwhp dw wkh ehjlqqlqj ri wklv lqwhuydo/ zklfk w|sh ri ehkdylru
zloo eh revhuyhg1 Iurp qrz rq/ zh zloo dvvxph 0 zlwkrxw orvv ri jhqhudolw| 0 wkdw wkh
surgxfwlrq v|vwhp vwduwv dv qhz dw wlph | ' f1 Li zh ghqrwh zlwk L| wkh fxpxodwlyh
xs wlph gxulqj wkh lqwhuydo dfc |o/ wkhq wkh lqwhuydo dydlodelolw| �| gxulqj wklv lqwhuydo
lv gh�qhg dv iroorzv=

�| '
L|

|

Zlwk A� ' �?ui| m L| � �j/ zh ghqrwh wkh wlph uhtxluhg wr dwwdlq d fxpxodwlyh
xs wlph ri � wlph xqlwv1 Vlqfh erwk L| dqg A� duh udqgrp yduldeohv/ zh duh pdlqo|
lqwhuhvwhg lq wkhlu fxpxodwlyh glvwulexwlrq ixqfwlrqv � EL| � �� dqg � EA� � |�1 E|
revhuylqj wkdw � EL| � �� ' � EA� � |�/ lw lv vx!flhqw wr ghwhuplqh hlwkhu � EL| � ��

ru � EA� � |�1 Xs wr rxu nqrzohgjh/ dqg iru qr vshfl�f uhdvrq/ pdwkhpdwlfdo prghov
iru wkh lqwhuydo dydlodelolw| glvwulexwlrq kdyh dozd|v ehhq irupxodwhg lq whupv ri L|

udwkhu wkdq A�1 Iurp d wkhruhwlfdo srlqw ri ylhz/ krzhyhu/ wkh fxpxodwlyh glvwulexwlrq
ixqfwlrq � EA� � |� lv wr eh suhihuuhg/ vlqfh wkh fruuhvsrqglqj dqdo|wlfdo h{suhvvlrqv
duh pdwkhpdwlfdoo| pruh wudfwdeoh +vhh wkh qh{w vhfwlrq,1

Wr dyrlg frqixvlrq/ zh zloo uhihu wr � EL| � �� dv wkh lqwhuydo dydlodelolw| glvwule0
xwlrq/ dqg wr � EA� � |� dv wkh dydlodelolw| lqwhuydo glvwulexwlrq1 Vlpso| vwdwhg/
� EA� � |� uh hfwv wkh suredelolw| ri frpsohwlqj d fxpxodwlyh zrunordg ri � wlph
xqlwv zlwklq | xqlwv ri fdohqgdu wlph1 Qrzdgd|v/ wklv shuirupdqfh phdvxuh frxog eh
ri frqvlghudeoh lqwhuhvw lq h1j1 gxh gdwh ghwhuplqdwlrq dqg rughu dffhswdwlrq/ vlqfh
lw pd| surylgh xvhixo lqirupdwlrq derxw wkh suredelolw| wkdw d fhuwdlq dprxqw ri
zrunordg zloo eh frpsohwhg zlwklq d fhuwdlq dprxqw ri wlph1

Dv dq looxvwudwlyh h{dpsoh/ frqvlghu d fxvwrphu rughu ri 43 krxuv surfhvvlqj wlph
zklfk pxvw eh frpsohwhg zlwklq 6 gd|v1 Pruhryhu/ vxssrvh wkdw douhdg| 83 krxuv ri
zrunordg kdyh ehhq dffhswhg iru rwkhu fxvwrphuv/ zlwk wkhlu rzq gxh gdwhv dv zhoo1
Lq fdvh ri d �uvw0lq0�uvw0rxw +ILIR, vhuylfh glvflsolqh/ zklfk lv frpsohwho| qdwxudo lq
vxfk d vhwwlqj/ wklv zrxog lpso| wkdw rq0wlph gholyhu| ri wklv qhz fxvwrphu rughu fdq
eh uhdol}hg zlwk suredelolw| � EADfn�f � � � 2e� ' � EASf � .2�1 Ri frxuvh/ lw lv xs
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wr pdqdjhphqw wr ghflgh zkhwkhu ru qrw wklv lv dffhswdeoh1 Qhyhuwkhohvv/ rxu prgho
frxog surylgh xvhixo ghflvlrq vxssruw lq wklv uhvshfw1 Pruhryhu/ lw frxog dovr eh xvhg
wr h{soruh wkh wkh rssruwxqlwlhv iru/ dqg frqvhtxhqfhv ri fkdqjlqj sulrulwlhv ehwzhhq
fxvwrphu rughuv1

71516 Rxwolqh

Dv d vwduwlqj srlqw/ zh lqyhvwljdwh wkh lqlwldo ehkdylru ri wkh v|vwhp lq vhfwlrq 7161
Wr eh vshfl�f/ dq dqdo|wlfdo h{suhvvlrq lv ghulyhg iru wkh suredelolw| �fEA� � |� ri
dw ohdvw � xqlwv ri fxpxodwlyh xs wlph gxulqj wkh lqwhuydo dfc |o1 Vxevhtxhqwo|/ zh
lqyhvwljdwh wkh olplwlqj ehkdylru ri wkh surgxfwlrq v|vwhp lq vhfwlrq 717/ e| ghulylqj
dq dqdo|wlfdo h{suhvvlrq iru wkh suredelolw| �"EA� � |� ri dw ohdvw � xqlwv ri fxpxod0
wlyh xs wlph gxulqj dq duelwudu| lqwhuydo ri ohqjwk | : f lq d vwdelol}hg vlwxdwlrq1 Lq
vhfwlrq 718/ vrph h{solflw irupxodv duh ghulyhg iru d surgxfwlrq v|vwhp zlwk Jdppd
glvwulexwhg uhsdlu dqg �{hg pdlqwhqdqfh wlphv1 Pruhryhu/ d vlpsoh exw h!flhqw
dojrulwkp lv suhvhqwhg zlwk zklfk wkh rswlpdo pdlqwhqdqfh lqwhuydo fdq eh ghwhu0
plqhg wr d vx!flhqw ohyho ri ghwdlo1 Vxevhtxhqwo|/ d vhulhv ri qxphulfdo h{shulphqwv
lv suhvhqwhg lq vhfwlrqv 719 dqg 71:1 Frpsxwdwlrqdo uhvxowv lqglfdwh wkdw vljql�fdqw
lpsuryhphqwv fdq eh rewdlqhg lq sudfwlfh/ li wkh rswlpdo suhyhqwlyh pdlqwhqdqfh lq0
whuydo lv ghwhuplqhg iurp dq lqwhuydo dydlodelolw| udwkhu wkdq d olplwlqj dydlodelolw|
srlqw ri ylhz1 Ilqdoo|/ vhfwlrq 71; vxppdul}hv vrph frqfoxvlrqv/ dqg lghqwl�hv vrph
rssruwxqlwlhv iru ixuwkhu uhvhdufk1

716 Lqlwldo ehkdylru ri wkh v|vwhp

Dv d vwduwlqj srlqw/ zh frqvlghu wkh fdvh zkhuh wkh surgxfwlrq v|vwhp vwduwv zlwk
dq xs wlph dw wlph | ' f/ dqg suhyhqwlyh pdlqwhqdqfh lv fduulhg rxw dv vrrq dv
wkh v|vwhp kdv ehhq rshudwlrqdo +xs, iru w : f wlph xqlwv1 Lq wklv uhvshfw/ d fohdu
glvwlqfwlrq pxvw eh pdgh ehwzhhq wkh fdvh � : w/ dqg wkh fdvh � � w/ vlqfh wkh odwwhu
uhtxluhv pxfk vlpsohu prghoolqj whfkqltxhv1

71614 Prgho zlwkrxw suhyhqwlyh pdlqwhqdqfh +� � w,

Li wkh uhtxluhg fxpxodwlyh xs wlph � � w/ lw lv lpphgldwho| fohdu wkdw qr suhyhqwlyh
pdlqwhqdqfh dfwlrqv zloo eh lqyroyhg1 Dv d frqvhtxhqfh/ doo pdlqwhqdqfh +li dq|,
zloo eh fruuhfwlyh/ dqg rxu dqdo|vlv ehfrphv vlplodu wr wkh zhoo0nqrzq idloxuh0edvhg
prgho +Wdnäfv 4<8:,1 Vlqfh olih wlphv u dqg uhsdlu wlphv - duh vwrfkdvwlfdoo| lqgh0
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shqghqw udqgrp yduldeohv/ zlwk fruuhvsrqglqj fxpxodwlyh glvwulexwlrq ixqfwlrqv 8 E��

dqg ME��/ wklv |lhogv wkh iroorzlqj h{suhvvlrq iru �fEA� � |�=

�fEA� � |� '
"[
?'f

M?E|� �� � i8?E��� 8?n�E��j

Khuh/ 8?E�� dqg M?E�� ghqrwh wkh ?0irog Vwlhowmhv frqyroxwlrqv ri 8 E�� dqg ME�� uh0
vshfwlyho|/ l1h1 8�E�� ' 8 E�� dqg 8?E�� '

U �

f
sE�� �8?3�E�� �� _�1 Pruh vshfl�fdoo|/

8?E��� 8?n�E�� ghqrwhv wkh suredelolw| ri h{dfwo| ? idloxuhv gxulqj wkh �uvw � xqlwv
ri fxpxodwlyh xs wlph/ zkhuhdv wkh dffxpxodwhg grzq wlph ri wkhvh idloxuhv grhv qrw
h{fhhg wkh dprxqw ri | � � wlph xqlwv zlwk suredelolw| M?E| � ��1 Reylrxvo|/ wklv
dqdo|vlv fdqqrw eh vxvwdlqhg dv vrrq dv vxevhtxhqw xs dqg grzq wlphv ehfrph pxwx0
doo| ghshqghqw udqgrp yduldeohv1 Ri frxuvh/ wklv kdsshqv li suhyhqwlyh pdlqwhqdqfh
lv fduulhg rxw dw uhjxodu lqwhuydov1 Lq wkdw fdvh/ wkh fruuhodwlrq ehwzhhq frqvhfxwlyh
xs dqg grzq wlphv xvxdoo| gursv ehorz }hur/ vlqfh w|slfdoo| vpdoo +fruuhfwlyh, xs
wlphv jr wrjhwkhu zlwk odujh +fruuhfwlyh, grzq wlphv/ dqg odujh +suhyhqwlyh, xs wlphv
jr wrjhwkhu zlwk vpdoo +suhyhqwlyh, grzq wlphv1 Khuh/ wkh fruuhodwlrq 4EA�Rc A_J�?�

ehwzhhq frqvhfxwlyh xs dqg grzq wlphv lv gh�qhg dv iroorzv=

4EA�Rc A_J�?� '
.iA�R � A_J�?j � .iA�Rj � .iA_J�?jt

.iA 2
�Rj �.iA�Rj2 �

s
.iA 2

_J�?j � .iA_J�?j2

Zlwk .iA�Rj dqg .iA_J�?j dv gh�qhg hduolhu/ 4iA�Rc A_J�?j fdq eh ghwhuplqhg
vwudljkwiruzdugo| e| revhuylqj wkdw dqdo|wlfdo h{suhvvlrqv iru .iA�R �A_J�?j/ .iA 2

�Rj/
dqg .iA 2

_J�?j duh dovr uhdglo| dydlodeoh=

.iA�R � A_J�?j ' w � >� � 8 Ew� n

w]
f

� � >- � sE�� _�

.iA 2
�Rj ' w2 � 8 Ew� n

w]
f

�2 � sE�� _�

.iA 2
_J�?j ' E>2

� n j2
� � � 8 Ew� n E>2

- n j2
-� � 8 Ew�

Dq looxvwudwlyh h{dpsoh iru wklv skhqrphqrq lv suhvhqwhg lq Iljxuh 715/ zklfk
ghslfwv wkh fruuhodwlrq ehwzhhq frqvhfxwlyh xs dqg grzq wlphv lq d surgxfwlrq v|vwhp
zlwk Jdppd glvwulexwhg olih wlphv +>u ' ef/ ju ' �f,/ uhsdlu wlphv +>- ' �D/
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Iljxuh 715= Fruuhodwlrq ehwzhhq frqvhfxwlyh xs dqg grzq wlphv lq d surgxfwlrq
v|vwhp zlwk Jdppd0glvwulexwhg olih/ uhsdlu/ dqg pdlqwhqdqfh wlphv/ dv d ixqfwlrq
ri wkh suhyhqwlyh pdlqwhqdqfh lqwhuydo +h{dpsoh zlwk >u ' ef/ ju ' �f/ >� ' D/
j� ' �/ >- ' �D dqg j- ' D,1

ju ' D,/ dqg pdlqwhqdqfh wlphv +>� ' D/ j� ' �,/ iru d ydulhw| ri suhyhqwlyh
pdlqwhqdqfh lqwhuydov1 Dssduhqwo|/ wkh fruuhodwlrq ehwzhhq frqvhfxwlyh xs dqg grzq
wlphv uhgxfhv wr }hur dv wkh suhyhqwlyh pdlqwhqdqfh lqwhuydo jrhv wr }hur ru lq�qlw|1
Wklv lv lqwxlwlyho| fohdu/ vlqfh d ixoo| suhyhqwlyh ru fruuhfwlyh pdlqwhqdqfh vwudwhj|
vkrxog ohdg wr lqghshqghqw xs +olih, dqg grzq +pdlqwhqdqfh ru uhsdlu, wlphv1 Rq wkh
rwkhu kdqg/ li wkh suhyhqwlyh pdlqwhqdqfh lqwhuydo lv forvh wr wkh h{shfwhg olih wlph
ri wkh surgxfwlrq v|vwhp/ wkh fruuhodwlrq ehwzhhq frqvhfxwlyh xs dqg grzq wlphv
ehfrphv uhodwlyho| odujh1 Vlpso| vwdwhg/ wklv skhqrphqrq lv fdxvhg e| wkh idfw wkdw
lq wklv udqjh/ wkh xqfhuwdlqw| zlwk uhvshfw wr wkh rffxuhqfh ri hlwkhu suhyhqwlyh ru
fruuhfwlyh pdlqwhqdqfh dfwlrqv/ dwwdlqv lwv kljkhvw srvvleoh ohyho1

71615 Prgho zlwk suhyhqwlyh pdlqwhqdqfh +� : w,

Li wkh uhtxluhg fxpxodwlyh xs wlph vdwlv�hv � : w/ rxu dqdo|vlv surfhhgv dv iro0
orzv1 Iluvw ri doo/ zh ghwhuplqh wkh suredelolw| 1f�E6c?� ri h{dfwo| 6 suhyhqwlyh
pdlqwhqdqfh dfwlrqv dqg ? fruuhfwlyh pdlqwhqdqfh dfwlrqv gxulqj wkh �uvw � xqlwv
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ri fxpxodwlyh xs wlph1 Reylrxvo|/ qrw doo ydoxhv ri 6 dqg ? fruuhvsrqg wr qrq0}hur
suredelolwlhv 1f�E6c?�1 Dv d vwduwlqj srlqw/ vlqfh hdfk suhyhqwlyh pdlqwhqdqfh dfwlrq
fruuhvsrqgv wr h{dfwo| w xqlwv ri xs wlph/ wkh qxpehu ri suhyhqwlyh pdlqwhqdqfh
dfwlrqv 6 vkrxog dw ohdvw vdwlvi| 6 � w 	 �1 Pruhryhu/ vlqfh hdfk fruuhfwlyh pdlq0
whqdqfh dfwlrq fruuhvsrqgv wr dw prvw w xqlwv ri xs wlph/ wkh qxpehu ri suhyhqwlyh
dqg fruuhfwlyh pdlqwhqdqfh dfwlrqv 6n ? vkrxog dovr vdwlvi| E6n ?n �� � w � �1

Lq doo rwkhu fdvhv/ lw lv srvvleoh wr ghulyh dq dqdo|wlfdo h{suhvvlrq iru 1f�E6c?�1
E| wkh frpsohwh udqgrpqhvv ri frqvhfxwlyh pdlqwhqdqfh dfwlrqv/ l1h1 suhyhqwlyh
zlwk suredelolw| 8 Ew� dqg fruuhfwlyh zlwk suredelolw| 8 Ew�/ wkh suredelolw| 1f�E6c?�

pxvw eh htxdo wr
�
6n?
6

�
wlphv wkh suredelolw| wkdw h{dfwo| 6 frqvhfxwlyh suhyhqwlyh

pdlqwhqdqfh dfwlrqv duh iroorzhg e| h{dfwo| ? frqvhfxwlyh fruuhfwlyh pdlqwhqdqfh
dfwlrqv zlwklq wkh �uvw � xqlwv ri fxpxodwlyh xs wlph1 Li zh ghqrwh zlwk �8 E|� ' � Eu �
| m u � w� ' 4�? i�c 8 E|�*8 Ew�j wkh frqglwlrqdo fxpxodwlyh olihwlph glvwulexwlrq
ixqfwlrq/ wklv |lhogv wkh iroorzlqj h{suhvvlrq iru 1f�E6c?�1 Khuh/ �8?E�� ghqrwhv wkh
?0irog Vwlhowmhv frqyroxwlrq ri �8 E��/ l1h1 �8�E%� ' �8 E%�/ dqg �8?E%� '

U %

f
�sE+� � �8?3�E%�

+� _+ iru doo ? : �=

1f�E6c?� '
�
6n?
6

� � 8 Ew�6 � 8 Ew�? �

;A?
A=

�8?E��6 � w��
8 Ew� � �8?n�E��6 � w��
8 Ew� � �8?E�� E6n �� � w�

<A@
A>

Wkh �uvw whup ehwzhhq fxuo| eudfnhwv uh hfwv wkh suredelolw| wkdw wkh �uvw 6

suhyhqwlyh dqg ? fruuhfwlyh pdlqwhqdqfh dfwlrqv duh frpsohwhg zlwklq wkh �uvw � xqlwv
ri fxpxodwlyh xs wlph1 Vlploduo|/ wkh vhfrqg dqg wklug whup uh hfw wkh suredelolw|
wkdw wkh qh{w l1h1 6n?n�r| pdlqwhqdqfh dfwlrq/ zklfk lv suhyhqwlyh zlwk suredelolw|
8 Ew� dqg fruuhfwlyh zlwk suredelolw| 8 Ew�/ lv dovr frpsohwhg zlwklq wkh uhpdlqlqj xs
wlph1 Wrjhwkhu/ wkhvh whupv ghqrwh wkh suredelolw| wkdw wkh �uvw � xqlwv ri fxpxodwlyh
xs wlph duh dwwdlqhg vrphzkhuh ehwzhhq wkh6n?r| dqg wkh6n?n�r| pdlqwhqdqfh
dfwlrq/ surylghg wkdw wkh �uvw6pdlqwhqdqfh dfwlrqv duh suhyhqwlyh dqg wkh iroorzlqj
? pdlqwhqdqfh dfwlrqv duh fruuhfwlyh1 Iru qrwdwlrqdo frqyhqlhqfh/ dqg zlwkrxw orvv
ri jhqhudolw|/ zh zloo xvh wkh qrwdwlrq ri 1f�E6c?� lq ghulylqj dqdo|wlfdo h{suhvvlrqv
iru �fEA� � |� lq wkh vhtxho1

71616 Vwrfkdvwlf uhsdlu dqg vwrfkdvwlf pdlqwhqdqfh wlphv

Jlyhq wkh qxpehu ri suhyhqwlyh pdlqwhqdqfh dfwlrqv 6 dqg fruuhfwlyh pdlqwhqdqfh
dfwlrqv ?/ revhuyhg zlwk suredelolw| 1f�E6c?�/ wkh fruuhvsrqglqj grzq wlphv gr qrw
dffxpxodwh wr pruh wkdq | � � wlph xqlwv zlwk suredelolw| C6 � M?E| � ��1 Khuh/
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C � ME%� '
U %

f
}E+� � ME% � +� _+ ghqrwhv wkh zhoo0nqrzq Vwlhowmhv frqyroxwlrq iru

frpsxwlqj wkh vxp ri lqghshqghqw vwrfkdvwlf yduldeohv1 Vxppdul}lqj/ wklv |lhogv wkh
iroorzlqj h{suhvvlrq iru �fEA� � |�=

�fEA� � |� '
[

6uw	�$E6n?n��uw

1f�E6c?� �C6 �M?E|� ��

Iroorzlqj d vlplodu dujxphqw/ wkh �uvw dqg kljkhu prphqwv ri A� fdq eh ghulyhg
lq d udwkhu vwudljkwiruzdug pdqqhu/ dv orqj dv wkh fruuhvsrqglqj prphqwv ri wkh
pdlqwhqdqfh dqg uhsdlu wlph glvwulexwlrqv duh dydlodeoh1 Iru h{dpsoh/ wkh �uvw wzr
prphqwv ri A� � �/ jlyhq wkdw wkh v|vwhp vwduwv zlwk dq xs wlph dw wlph | ' f/ duh
ghwhuplqhg dv iroorzv=

.fiA� � �j '
[

6uw	�$E6n?n��uw

1f�E6c?� � i6 � >� n ? � >-j

.fiEA� � ��2j '
[

6uw	�$E6n?n��uw

1f�E6c?� � �6 � j2
� n ? � j2

- n E6 � >� n ? � >-�2
�

Iurp wkh wudqvsdudqf| ri wkhvh h{suhvvlrqv/ lw lv lpphgldwho| fohdu wkdw wkh fdo0
fxodwlrq ri �fEA� � |� iru gl�huhqw ydoxhv ri |/ lv wr eh suhihuuhg deryh wkh fdofxodwlrq
ri �fEL| � �� iru gl�huhqw ydoxhv ri �/ dw ohdvw lq ylhz ri wkh lqkhuhqw pdwkhpdwlfdo
frpsolfdwlrqv1 Qhyhuwkhohvv/ pdwkhpdwlfdo prghov iru wkh lqwhuydo dydlodelolw| glvwul0
exwlrq kdyh dozd|v ehhq irupxodwhg lq whupv ri L|/ udwkhu wkdq A�/ dw ohdvw xs wr
rxu nqrzohgjh ri h{lvwlqj olwhudwxuh1 Wkh pdlq uhdvrq iru wklv lv wkdw wkh lqwhuydo
dydlodelolw| glvwulexwlrq lv irupdoo| gh�qhg dv �fEL| � ��/ dqg qrw dv �fEA� � |�1 Wr
dyrlg frqixvlrq/ zh zloo uhihu wr �fEA� � |� dv wkh dydlodelolw| lqwhuydo glvwulexwlrq/
udwkhu wkdq wkh lqwhuydo dydlodelolw| glvwulexwlrq1

71617 Vwrfkdvwlf uhsdlu dqg ghwhuplqlvwlf pdlqwhqdqfh wlphv

Li wkh wlph uhtxluhg iru suhyhqwlyh pdlqwhqdqfh lv �{hg +j� ' f,/ wkh qxpehu ri
suhyhqwlyh pdlqwhqdqfh dfwlrqv 6 pxvw vdwlvi| 6 � >� � | � �1 Lq wkdw fdvh/ C6 �
M?E| � �� ' M?E| � � �6 � >� �/ dqg wkxv dq dowhuqdwlyh h{suhvvlrq fdq eh ghulyhg
iru �fEA� � |�=

�fEA� � |� '
[

6uw	�$E6n?n��uw
6u>�$|3�

1f�E6c?� �M?E|� ��6 � >� �

Li qr idloxuhv rffxu gxulqj wkh �uvw � xqlwv ri fxpxodwlyh xs wlph/ wkh qxpehu
ri suhyhqwlyh pdlqwhqdqfh dfwlrqv htxdov g�*w � �h zlwk suredelolw| rqh1 Pruhryhu/
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R > 0P > 0 L < θL ≥ θ

k = 1 k = 3 k = 2 k = 4

Iljxuh 716= Srvvleoh vwdwhv ri wkh surgxfwlrq v|vwhp= suhyhqwlyh xs wlph +& ' �,/
fruuhfwlyh xs wlph +& ' 2,/ suhyhqwlyh grzq wlph +& ' �, dqg fruuhfwlyh grzq wlph
+& ' e,1

zh nqrz iru vxuh wkdw wkh fruuhvsrqglqj grzq wlphv dffxpxodwh wr g�*w � �h � >�
wlph xqlwv1 Vlqfh hdfk pdlqwhqdqfh dfwlrq lv suhyhqwlyh zlwk suredelolw| 8 Ew� dqg
fruuhfwlyh zlwk suredelolw| 8 Ew�/ wklv |lhogv wkh iroorzlqj dgglwlrqdo dqg d sulrul
lqirupdwlrq zlwk uhvshfw wr wkh fxpxodwlyh glvwulexwlrq ixqfwlrq �fEA� � |�=

�fEA� ' � n g�*w � �h � >� � ' 8 Ew�)�*w3�B � 8 E�� g�*w � �h � w�

D w|slfdo h{dpsoh ri ghwhuplqlvwlf pdlqwhqdqfh wlphv/ exw vwrfkdvwlf uhsdlu wlphv/
fdq eh irxqg lq wkh uhsodfhphqw ri vlqjoh frpsrqhqwv dqg2ru frpsohwh +vxe,v|vwhpv1
Lq jhqhudo/ suhyhqwlyh uhsodfhphqwv uhtxluh d �{hg dprxqw ri wlph/ vlqfh wkh| duh
shuihfwo| sodqqdeoh1 Fruuhfwlyh uhsodfhphqwv/ krzhyhu/ riwhq uhtxluh dq dgglwlrqdo
zdlwlqj wlph/ vlqfh wkh uhtxluhg uhvrxufhv duh qrw dozd|v uhdglo| dydlodeoh rq uhtxhvw1

717 Olplwlqj ehkdylru ri wkh v|vwhp

Lq wklv vhfwlrq/ zh frqvlghu wkh fdvh zkhuh wkh surgxfwlrq v|vwhp vwduwv lq dq duelwudu|
vwdwh dw wlph | ' f/ dqg suhyhqwlyh pdlqwhqdqfh lv fduulhg rxw dv vrrq dv wkh v|vwhp
kdv ehhq rshudwlrqdo +xs, iru w : f wlph xqlwv1 Dv d vwduwlqj srlqw ri rxu dqdo|vlv/
zh revhuyh wkdw wkh iroorzlqj vlwxdwlrqv fdq rffxu +vhh Iljxuh 716,=

+4, wkh v|vwhp vwduwv lq d suhyhqwlyh xs wlph/

+5, wkh v|vwhp vwduwv lq d fruuhfwlyh xs wlph/

+6, wkh v|vwhp vwduwv lq d suhyhqwlyh grzq wlph/

+7, wkh v|vwhp vwduwv lq d fruuhfwlyh grzq wlph1

Khuh/ d suhyhqwlyh +fruuhfwlyh, xs wlph lv gh�qhg dv d frqwlqxrxv shulrg ri wlph
gxulqj zklfk wkh v|vwhp lv rshudwlrqdo +xs,/ dqg zklfk lv whuplqdwhg e| d suhyhqwlyh
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+fruuhfwlyh, pdlqwhqdqfh dfwlrq1 Wklv glvwlqfwlrq zloo dsshdu wr eh frqyhqlhqw zkhq
ghulylqj h{suhvvlrqv iru wkh dydlodelw| lqwhuydo glvwulexwlrq1 Vlploduo|/ d suhyhqwlyh
+fruuhfwlyh, grzq wlph lv gh�qhg dv d frqwlqxrxv shulrg ri wlph gxulqj zklfk wkh
v|vwhp lv qrw rshudwlrqdo +grzq,/ dqg zklfk lv lqlwldwhg e| d suhyhqwlyh +fruuhfwlyh,
pdlqwhqdqfh dfwlrq1 Li zh ghqrwh zlwk �>u '

U w

f
� � �8 E�� _� wkh phdq ohqjwk ri d

fruuhfwlyh xs wlph/ lw lv hdvlo| yhul�hg wkdw wkh fruuhvsrqglqj olplwlqj suredelolwlhv
Z�/ Z2/ Z� dqg Ze duh lqwhuuhodwhg dv iroorzv1 Khuh/ Z& ghqrwhv wkh orqj uxq dyhudjh
iudfwlrq ri wlph wkdw wkh v|vwhp uhpdlqv lq vwdwh &=

Z� G Z2 G Z� G Ze ' w � 8 Ew� G �>u � 8 Ew� G >� � 8 Ew� G >- � 8 Ew�

Wrjhwkhu zlwk wkh qrupdol}dwlrq frqglwlrq
S

& Z& ' �/ wklv |lhogv wkh uhtxluhg dqg
xqltxh ydoxhv iru Z& +� � & � e,1 Ohw xv qrz ghqrwh zlwk �&EA� � |� wkh suredelolw|
ri dw ohdvw � xqlwv ri fxpxodwlyh xs wlph gxulqj dq duelwudu| lqwhuydo ri | wlph xqlwv/
jlyhq wkdw wkh v|vwhp vwduwv lq vwdwh &1 Wkhq reylrxvo|/ wkh suredelolw| �"EA� � |�

ri dw ohdvw � xqlwv ri fxpxodwlyh xs wlph gxulqj dq duelwudu| lqwhuydo ri | wlph xqlwv/
jlyhq wkdw wkh v|vwhp vwduwv lq d vwdwlrqdu| vwdwh/ lv jlyhq e|=

�"EA� � |� '
e[

&'�

Z& � �&EA� � |�

Lq d vlplodu zd|/ wkh �uvw wzr prphqwv ."iA���j dqg ."iEA����2j ri A���

fdq eh ghwhuplqhg1 Lq wkh iroorzlqj vhfwlrqv/ zh zloo hoderudwh rq wkhvh h{suhvvlrqv
lq pruh ghwdlo1

71714 Vwduw lq suhyhqwlyh xs wlph +& ' �,

Li wkh v|vwhp vwduwv lq vwdwh & ' �/ wkh uhpdlqlqj suhyhqwlyh xs wlph lv ghvfulehg e|
d udqgrp yduldeoh -� 5 dfc wo zlwk fxpxodwlyh glvwulexwlrq ixqfwlrq x�E��=

x�E�� ' � E-� � �� '
�

w
c f � � � w

Dv d vwduwlqj srlqw/ ohw xv ghwhuplqh wkh suredelolwlhv 1��E6c?� ri h{dfwo| 6 suh0
yhqwlyh dqg ? fruuhfwlyh pdlqwhqdqfh dfwlrqv gxulqj wkh �uvw � xqlwv ri fxpxodwlyh
xs wlph/ jlyhq wkdw wkh v|vwhp vwduw lq d suhyhqwlyh xs wlph +& ' �,1 Iluvw ri doo/
zh revhuyh wkdw qr pdlqwhqdqfh rffxuv li wkh uhpdlqlqj xs wlph h{fhhgv wkh dprxqw
ri � wlph xqlwv1 Lq doo rwkhu fdvhv/ wkh �uvw pdlqwhqdqfh dfwlrq pxvw eh suhyhqwlyh
e| dvvxpswlrq1 Lq irupxod/ wklv |lhogv 1��Efc f� ' � � x�E��/ dqg 1��Efc ?� ' f iru doo
? � �1 Iru doo rwkhu ydoxhv ri 6 � � dqg ? � f/ 1��E6c?� |lhogv dq h{suhvvlrq zklfk
lv vlplodu wr 1f�E6c?�=
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1��E6c? m 6 � �� '
�
6n?3�
63�

��8 Ew�63��8 Ew�?�
;A?
A=

x� � �8?E�� E6� �� � w��
8 Ew� � x� � �8?n�E�� E6� �� � w��

8 Ew� � x� � �8?E��6 � w�

<A@
A>

Jlyhq wkh qxpehu ri suhyhqwlyh pdlqwhqdqfh dfwlrqv 6 dqg fruuhfwlyh pdlqwh0
qdqfh dfwlrqv ?/ wkh fruuhvsrqglqj grzq wlphv gr qrw dffxpxodwh wr pruh wkdq |��

wlph xqlwv zlwk suredelolw| C6 � M?E| � ��1 Dv d frqvhtxhqfh/ zh duulyh dw wkh
iroorzlqj h{suhvvlrq iru ��EA� � |�=

��EA� � |� '
[
6c?

1��E6c?� �C6 �M?E|� ��

71715 Vwduw lq fruuhfwlyh xs wlph +& ' 2,

Li wkh v|vwhp vwduwv lq vwdwh & ' 2/ wkh uhpdlqlqj fruuhfwlyh xs wlph lv ghvfulehg e|
d udqgrp yduldeoh -2 5 dfc wo zlwk fxpxodwlyh glvwulexwlrq ixqfwlrq x2E��=

x2E�� ' � E-2 � �� '
�

�>u
�

�]
f

�� �8 Ev� _v c f � � � w

Lq d vlplodu zd|/ zh fdq ghwhuplqh wkh suredelolwlhv 12�E6c?� ri h{dfwo| 6 suh0
yhqwlyh dqg ? fruuhfwlyh pdlqwhqdqfh dfwlrqv gxulqj wkh �uvw � xqlwv ri fxpxodwlyh
xs wlph/ jlyhq wkdw wkh v|vwhp vwduw lq d suhyhqwlyh xs wlph +& ' 2,1 Vlqfh wkh �uvw
pdlqwhqdqfh dfwlrq pxvw eh fruuhfwlyh e| dvvxpswlrq/ zh �qg 12�Efc f� ' � � x2E��/
dqg 12�E6c f� ' f iru doo 6 � �1 Iru doo rwkhu ydoxhv ri 6 � f dqg ? � �/ 12�E6c?�

|lhogv dq h{suhvvlrq zklfk lv vlplodu wr 1f�E6c?� dqg 1��E6c?�=

12�E6c? m ? � �� '
�
6n?3�
?3�

� �8 Ew�6 � 8 Ew�?3� �

;A?
A=

x2 � �8?3�E��6 � w��
8 Ew� � x2 � �8?E��6 � w��

8 Ew� � x2 � �8?3�E�� E6n �� � w�

<A@
A>

Jlyhq wkh qxpehu ri suhyhqwlyh pdlqwhqdqfh dfwlrqv 6 dqg fruuhfwlyh pdlqwh0
qdqfh dfwlrqv ?/ wkh fruuhvsrqglqj grzq wlphv gr qrw dffxpxodwh wr pruh wkdq |��

wlph xqlwv zlwk suredelolw| C6 � M?E| � ��1 Reylrxvo|/ wklv |lhogv wkh iroorzlqj
h{suhvvlrq iru �2EA� � |�=

�2EA� � |� '
[
6c?

12�E6c?� �C6 �M?E|� ��

Ri frxuvh/ rxu dqdo|vlv ohdgv wr vlplodu h{suhvvlrqv iru ��EA� � |� dqg �2EA� � |�/
vlqfh wkhlu rqo| gl�huhqfh rujlqdwhv iurp wkh uhpdlqlqj xs wlphv/ zlwk fruuhvsrqglqj
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glvwulexwlrq ixqfwlrqv x�E�� dqg x2E��1 Qrwh wkdw frpelqdwlrq ri ��EA� � |� dqg
�2EA� � |� zrxog qrw vlpsoli| wkhvh h{suhvvlrqv1 Lq idfw/ wkh glvwlqfwlrq ehwzhhq
suhyhqwlyh dqg fruuhfwlyh xs wlphv fhuwdlqo| idflolwdwhg wkhlu ghulydwlrq1

71716 Vwduw lq suhyhqwlyh grzq wlph +& ' �,

Li wkh v|vwhp vwduwv lq vwdwh & ' �/ wkh uhpdlqlqj suhyhqwlyh grzq wlph lv ghvfulehg
e| d udqgrp yduldeoh -� 5 dfc4l zlwk fxpxodwlyh glvwulexwlrq ixqfwlrq x�E��=

x�E�� ' � E-� � �� '
�

>�
�

�]
f

��CEv� _v c � � f

Dv d vwduwlqj srlqw/ zh revhuyh wkdw wkh �uvw xs wlph vwduwv dv vrrq dv suhyhqwlyh
pdlqwhqdqfh lv frpsohwhg1 Wkhuhiruh/ 1f�E6c?� ghqrwhv wkh suredelolw| ri h{dfwo| 6

suhyhqwlyh dqg ? fruuhfwlyh pdlqwhqdqfh dfwlrqv gxulqj wkh �uvw � xqlwv ri fxpxodwlyh
xs wlph1 Jlyhq wkh qxpehu ri suhyhqwlyh pdlqwhqdqfh dfwlrqv 6 dqg fruuhfwlyh
pdlqwhqdqfh dfwlrqv ?/ wkh fruuhvsrqglqj grzq wlphv gr qrw dffxpxodwh wr pruh
wkdq |� � wlph xqlwv zlwk suredelolw| x� �C6 �M?E|� ��1 Wklv |lhogv wkh iroorzlqj
h{suhvvlrq iru ��EA� � |�=

��EA� � |� '
[
6c?

1f�E6c?� � x� �C6 �M?E|� ��

71717 Vwduw lq fruuhfwlyh grzq wlph +& ' e,

Li wkh v|vwhp vwduwv lq vwdwh & ' e/ wkh uhpdlqlqj fruuhfwlyh grzq wlph lv ghvfulehg
e| d udqgrp yduldeoh -e 5 dfc4l zlwk fxpxodwlyh glvwulexwlrq ixqfwlrq xeE��=

xeE�� ' � E-e � �� '
�

>-
�

�]
f

��MEv� _v c � � f

Lq d vlplodu zd|/ zh revhuyh wkdw wkh �uvw xs wlph vwduwv dv vrrq dv fruuhfwlyh
pdlqwhqdqfh lv frpsohwhg1 Jlyhq wkh qxpehu ri suhyhqwlyh pdlqwhqdqfh dfwlrqv 6
dqg fruuhfwlyh pdlqwhqdqfh dfwlrqv ?/ zlwk suredelolw| 1f�E6c?�/ wkh fruuhvsrqglqj
grzq wlphv gr qrw dffxpxodwh wr pruh wkdq | � � wlph xqlwv zlwk suredelolw| xe �
C6 �M?E|� ��1 Wklv |lhogv wkh iroorzlqj h{suhvvlrq iru �eEA� � |�=

�eEA� � |� '
[
6c?

1f�E6c?� � xe �C6 �M?E|� ��

Rqfh djdlq/ wkhvh h{suhvvlrqv iru ��EA� � |� dqg �eEA� � |� duh yhu| vlplodu/ vlqfh
wkhlu rqo| gl�huhqfh ruljlqdwhv iurp wkh uhpdlqlqj grzq wlphv/ zlwk fruuhvsrqglqj
glvwulexwlrq ixqfwlrqv x�E�� dqg xeE��1
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718 Wkh rswlpdo pdlqwhqdqfh lqwhuydo

Vr idu/ zh kdyh frqvlghuhg wkh suhyhqwlyh pdlqwhqdqfh lqwhuydo w wr eh d jlyhq frq0
vwdqw1 Lq wklv vhfwlrq/ zh zloo suhvhqw d udwkhu vwudljkwiruzdug dojrulwkp zlwk zklfk
dq rswlpdo suhyhqwlyh pdlqwhqdqfh lqwhuydo wW fdq eh ghwhuplqhg iurp dq lqwhuydo
dydlodelolw| srlqw ri ylhz1 Wr wklv hqg/ d sodxvleoh fkrlfh iru dq remhfwlyh ixqfwlrq lv
suhvhqwhg �uvw1 Vxevhtxhqwo|/ wkh remhfwlyh ixqfwlrq xqghu frqvlghudwlrq lv hydoxdwhg
iru d surgxfwlrq v|vwhp zlwk Jdppd glvwulexwhg uhsdlu dqg �{hg pdlqwhqdqfh wlphv1
Lq wkdw fdvh/ h{solflw irupxodv fdq eh ghulyhg/ zklfk vwurqjo| uhgxfh wkh frpsoh{lw|
ri wkh rswlpl}dwlrq sureohp1

71814 Remhfwlyh ixqfwlrqv

Lq fodvvlfdo pdlqwhqdqfh wkhru|/ dq rswlpdo suhyhqwlyh pdlqwhqdqfh lqwhuydo wf 	 4
iru d surgxfwlrq v|vwhp lv xvxdoo| ghwhuplqhg e| pd{lpl}lqj lwv olplwlqj dydlodelolw|
�" +vhh vhfwlrq 715,1 Lq rxu vhwwlqj khuh/ d vlplodu dssurdfk zrxog eh wr plqlpl}h
wkh h{shfwhg wlph ."iA�j uhtxluhg wr dwwdlq d fxpxodwlyh xs wlph ri � wlph xqlwv/
jlyhq wkdw wkh v|vwhp vwduw lq dq duelwudu| vwdwh dw wlph | ' f1 Lq jhqhudo/ wkhvh
remhfwlyhv duh qrw htxlydohqw/ l1h1 ."iA�j � �" 9' �/ lq sduwlfxodu li � lv uhodwlyho|
vpdoo frpsduhg wr wkh h{shfwhg olihwlph ri wkh surgxfwlrq v|vwhp1 Dq|krz/ qrqh ri
wkhvh remhfwlyhv dffrxqwv iru wkh idfw wkdw T @oiA�j lv dovr d ydoxh ri juhdw lqwhuhvw/
vlqfh lw surylghv lqirupdwlrq derxw wkh vkruw whup ehkdylru ri wkh surgxfwlrq v|vwhp1
Dv dq dowhuqdwlyh/ zh kdyh fkrvhq wr plqlpl}h wkh /0shufhqwloh ri wkh dydlodelolw|
lqwhuydo A�/ zkhuh f 	 / 	 � lv d xvhu0gh�qhg frqvwdqw1 Wklv lv txlwh qdwxudo/ vlqfh
lw surylghv lqirupdwlrq derxw wkh rqh0vlghg frq�ghqfh lqwhuydo iru wkh uhtxluhg wlph
wr frpsohwh d fxpxodwlyh zrunordg ri � wlph xqlwv1 Lq olqh zlwk wklv/ rxu remhfwlyh
ehfrphv wr plqlpl}h s/� Ew�/ zlwk sdudphwhuv � dqg /=

s/� Ew� ' �?ui| � � m �"EA� � | m w� � /j

71815 Ixqfwlrq hydoxdwlrq

Xqiruwxqdwho|/ wkh hydoxdwlrq ri s/� Ew� iru d jlyhq ydoxh ri w lv udwkhu frpsolfdwhg
iurp d pdwkhpdwlfdo srlqw ri ylhz1 Dv d vwduwlqj srlqw/ qxphulfdo dssur{lpdwlrqv iru
wkh frqyroxwlrqv �8?/ x� � �8?/ dqg x2 � �8? kdyh wr eh fdofxodwhg/ lq rughu wr ghwhuplqh
1f�E6c?�/ 1��E6c?� dqg 12�E6c?� iru doo 6c? � f1 Lq wklv uhvshfw/ dq xsshu erxqg �

uhvs1 � rq wkh qxpehu ri suhyhqwlyh uhvs1 fruuhfwlyh pdlqwhqdqfh dfwlrqv 6 uhvs1
? qhhgv wr eh lghqwl�hg/ lq rughu wr wuxqfdwh wkh lq�qlwh vxppdwlrqv dsshdulqj lq
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�&EA� � |�1 Iru & ' f/ wklv fdq eh grqh lq d udwkhu vwudljkwiruzdug pdqqhu/ li rqh
uhdol}hv wkdw wkh iroorzlqj uhodwlrq krogv iru doo �c� � f=

�fEA� � |��
�[
6'f

�[
?'f

1f�E6c?� �C6 �M?E|� �� � ��
�[
6'f

�[
?'f

1f�E6c?�

Lq rwkhu zrugv/ � dqg � fdq eh lqfuhdvhg lq d vwhszlvh pdqqhu/ xqwlo wklv
uhvwulfwlrq lv vdwlv�hg1 Reylrxvo|/ vlplodu uhvxowv fdq eh rewdlqhg iru rwkhu ydoxhv
ri &/ zklfk |lhogv wkh ghvluhg uhvxow1 Vxevhtxhqwo|/ wkh vwdwlrqdu| suredelolwlhv Z&

+� � & � e,/ dv zhoo dv wkh frqyroxwlrqv x� � C6 � M? dqg xe � C6 � M?/ kdyh wr
eh qxphulfdoo| dssur{lpdwhg lq rughu wr hydoxdwh �"EA� � |� iru d jlyhq ydoxh ri |1
Ilqdoo|/ d rqh0glphqvlrqdo vhdufk surfhgxuh +h1j1 el0vhfwlrq, kdv wr eh fduulhg rxw lq
rughu wr lghqwli| wkh vpdoohvw ydoxh ri | iru zklfk �"EA� � |� � /1 Lq jhqhudo/ l1h1 iru
duelwudu| glvwulexwlrq ixqfwlrqv 8 E��/ CE�� dqg ME��/ wklv |lhogv d frpsoh{ surfhgxuh
zklfk uhtxluhv d odujh dprxqw ri frpsxwdwlrqdo h�ruw1 Xqghu vrph vshfldo frqglwlrqv/
krzhyhu/ wkh frpsoh{lw| ri hydoxdwlqj s/� Ew� fdq eh uhgxfhg vljql�fdqwo|/ lq sduwlfxodu
li uhsdlu wlphv duh Jdppd glvwulexwhg udqgrp yduldeohv/ dqg suhyhqwlyh pdlqwhqdqfh
wlphv duh �{hg1

71816 Jdppd glvwulexwhg uhsdlu dqg �{hg pdlqwhqdqfh wlphv

Lq wklv vhfwlrq/ zh zloo uhvwulfw rxuvhoyhv wr wkh fdvh zkhuh uhsdlu wlphv duh Jdppd
glvwulexwhg udqgrp yduldeohv zlwk sdudphwhuv k ' >2

- � j32- dqg q ' >3�- � j2
-/ dqg

suhyhqwlyh pdlqwhqdqfh uhtxluhv d �{hg dprxqw ri wlph >� : f +l1h1 j� ' f,1 Xqghu
wkhvh dvvxpswlrqv/ h{solflw irupxodv fdq eh ghulyhg iru C6 �M?/ x� �C6 �M? dqg
xe �C6 �M?/ zklfk dsshdu lq wkh gh�qlwlrqv ri �&EA� � |�1 Dv d vwduwlqj srlqw/ zh
gh�qh [kcqE�� iru qrwdwlrqdo frqyhqlhqfh=

[kcqE�� �
�]

f

KkcqEv� _v ' � � KkcqE��� k � q � Kkn�cqE��

Ohppd 8 Li uhsdlu wlphv duh Jdppd glvwulexwhg udqgrp yduldeohv zlwk sdudphwhuv
k dqg q/ l1h1 >- ' k �q dqg j2

- ' k �q2/ dqg suhyhqwlyh pdlqwhqdqfh uhtxluhv d �{hg
dprxqw ri wlph >� : f/ wkhq C6�M?E|���/ x��C6�M?E|��� dqg xe�C6�M?E|���

fdq eh ghulyhg dqdo|wlfdoo| e| phdqv ri wkh iroorzlqj h{solflw irupxodv=

C6 �M?E|� �� ' K?ukcqE|� ��6 � >� �

x� �C6 �M?E|� �� '
[?ukcqE|� ��6 � >� ��[?ukcqE|� �� E6n �� � >� �

>�
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xe �C6 �M?E|� �� '
[?ukcqE|� ��6 � >� ��[E?n��ukcqE|� ��6 � >� �

>-

Iru wkh surri ri wklv wkhruhp/ zh uhihu wr wkh dsshqgl{1 Khuh/ zh rqo| phqwlrq
wkdw h!flhqw frpsxwhu surjudpplqj frghv duh dydlodeoh iru wkh fdofxodwlrq ri Jdppd
glvwulexwlrqv/ h1j1 vhh Whpph +4<<7,1 Khqfh/ wkh rqo| frqyroxwlrqv wkdw qhhg wr eh
qxphulfdoo| dssur{lpdwhg duh �8?/ x�� �8?/ dqg x2� �8?/ zklfk dsshdu lq wkh gh�qlwlrqv
ri 1f�E6c?�/ 1��E6c?�/ dqg 12�E6c?�1 Vlqfh �8 Ew� ' x�Ew� ' x2Ew� ' � e| gh�qlwlrq/
dqg wkxv �8 E��/ x�E�� dqg x2E�� doo kdyh �qlwh vxssruw/ wkhvh frqyroxwlrqv fdq eh
ghwhuplqhg wr d vx!flhqw ohyho ri ghwdlo zlwklq uhdvrqdeoh frpsxwdwlrqdo wlphv1

Lq wklv uhvshfw/ dqrwkhu exw lqwxlwlyho| ohvv dwwudfwlyh srvvlelolw|/ lv wr prgho erwk
suhyhqwlyh dqg fruuhfwlyh pdlqwhqdqfh wlphv dv Jdppd glvwulexwhg udqgrp yduldeohv
zlwk wkh vdph vkdsh sdudphwhu q1 Wklv zrxog lpso|/ krzhyhu/ wkdw hlwkhu dyhudjh
suhyhqwlyh pdlqwhqdqfh wlphv duh odujhu wkdq dyhudjh fruuhfwlyh pdlqwhqdqfh wlphv
+>� : >-,/ ru wkh frh!flhqw ri yduldwlrq ri suhyhqwlyh pdlqwhqdqfh wlphv lv odujhu
wkdq wkh frh!flhqw ri yduldwlrq ri fruuhfwlyh pdlqwhqdqfh wlphv +j�*>� : j-*>-,1
Vlqfh qrqh ri wkhvh dowhuqdwlyhv lv olnho| wr rffxu lq sudfwlfh/ wkhvh dvvxpswlrqv zrxog
ohdyh xv zlwk d wkhruhwlfdo h{huflvh ri doprvw qr sudfwlfdo uhohydqfh1

71817 Rswlpl}dwlrq dojrulwkp

Rxu rswlpl}dwlrq dojrulwkp vwduwv zlwk revhuylqj wkdw s/� Ew� kdv dq lq�qlwh qxpehu ri
glvfrqwlqxlwlhv ri wkh irup w ' �*& +& � �,/ ehfdxvh wkh qxpehu ri suhyhqwlyh pdlq0
whqdqfh dfwlrqv htxdov e�*wf ru g�*wh li qr idloxuhv rffxu gxulqj wkh uhtxluhg lqwhuydo
ri � xqlwv fxpxodwlyh xs wlph1 Wkhuhiruh/ dqg wr dyrlg wkh ulvn ri vxe0rswlpl}dwlrq/
zh ghfrpsrvhg rxu joredo rswlpl}dwlrq surfhgxuh lqwr d vhulhv ri frqvhfxwlyh orfdo
rswlpl}dwlrq surfhgxuhv zlwklq glvmxqfw udqjhv ri wkh irup d�*E& n ��c �*&l1 Dv d
vwduwlqj srlqw/ krzhyhu/ zh ghwhuplqh wkh rswlpdo pdlqwhqdqfh lqwhuydo wf 	 4 iurp
d olplwlqj dydlodelolw| srlqw ri ylhz +Eduorz dqg Survfkdq 4<98,/ dqg dvvxph wkdw
wW � wf1 Lq olqh zlwk wklv/ rxu �uvw udqjh xqghu frqvlghudwlrq ehfrphv d�*&fc wfl/
zkhuh &f ' g�*wfh1

Rxu rswlpl}dwlrq dojrulwkp lv qrz edvhg rq wkh dvvxpswlrq wkdw s/� Ew� lv d slhfh0
zlvh xqlprgdo ixqfwlrq zlwklq hdfk ri wkh deryh0phqwlrqhg udqjhv1 Dv d vwduwlqj
srlqw/ zh ghwhuplqh wkh rswlpdo suhyhqwlyh pdlqwhqdqfh lqwhuydo wW&f zlwklq wkh udqjh
d�*&fc wfl zlwk wkh xvh ri jroghq vhfwlrq vhdufk +Euhqw 4<:6,1 Lq d vlplodu zd|/ dqg
vwduwlqj zlwk & ' &f/ zh ghwhuplqh wkh rswlpdo pdlqwhqdqfh lqwhuydo w

W
& zlwklq wkh

udqjh d�*E& n ��c �*&l/ dqg dw wkh vdph wlph nhhs wudfn ri wkh ehvw0vr0idu pdlqwh0
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Iljxuh 717= Vwdwlrqdu| suredelolwlhv Z& lq uhodwlrq wr wkh suhyhqwlyh pdlqwhqdqfh
lqwhuydo w/ iru d surgxfwlrq v|vwhp zlwk Jdppd glvwulexwhg olih wlphv +>u ' �/
ju ' �

2
,/ Jdppd glvwulexwhg uhsdlu wlphv +>- ' �

2
/ j- ' �

e
, dqg �{hg suhyhqwlyh

pdlqwhqdqfh wlphv +>� ' �
e
/ j� ' f,1

qdqfh lqwhuydo wW zlwklq wkh udqjh d�*E& n ��c wfl1 Dv vrrq dv wkh rswlpdo pdlq0
whqdqfh lqwhuydo wW grhv qrw fkdqjh lq wzr frqvhfxwlyh lwhudwlrqv/ wkh dojrulwkp lv
whuplqdwhg1 Reylrxvo|/ wklv vwrs fulwhulrq lv edvhg rq wkh xqghuo|lqj dvvxpswlrq wkdw
s/� Ew

W
&n�� � s/� Ew

W
&� lpsolhv wkdw w

W � wW&n�1

Xqghu vrph zhdn frqglwlrqv/ lw fdq eh vkrzq wkdw wklv surfhgxuh zrxog ohdg wr
wkh rswlpdo suhyhqwlyh pdlqwhqdqfh lqwhuydo/ li zh zhuh frqfhuqhg zlwk wkh olplwlqj
dydlodelolw| ri wkh surgxfwlrq v|vwhp +Eduorz dqg Survfkdq 4<98,1 Xqiruwxqdwho|/ zh
kdyh qrw ehhq deoh wr suryh wklv uhvxowv iru wkh dydlodelolw| lqwhuydo glvwulexwlrq1 Rq
wkh rwkhu kdqg/ zh kdyh kdg qr lqglfdwlrqv vr idu wkdw wkhvh dvvxpswlrqv vwurqjo|
d�hfw wkh shuirupdqfh ri rxu qxphulfdo rswlpl}dwlrq dojrulwkp1 Dq|krz/ wkh frpsx0
wdwlrqdo uhvxowv wkdw zloo eh suhvhqwhg lq wkh iroorzlqj vhfwlrqv vkrxog eh lqwhusuhwhg
dv d orzhu erxqg iru wkh vdylqjv wkdw fdq eh rewdlqhg li wkh rswlpdo pdlqwhqdqfh
lqwhuydo lv ghwhuplqhg iurp dq lqwhuydo udwkhu wkdq d olplwlqj dydlodelolw| shuvshfwlyh1
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Iljxuh 718= Dydlodelolw| lqwhuydo glvwulexwlrq �"EA� � |�/ lq fdvh � ' �/ iru d
surgxfwlrq v|vwhp zlwk Jdppd glvwulexwhg olih wlphv +>u ' �/ ju ' �

2
,/ Jdppd

glvwulexwhg uhsdlu wlphv +>- ' �
2
/ j- ' �

e
,/ �{hg suhyhqwlyh pdlqwhqdqfh wlphv

+>� ' �
e
/ j� ' f,/ dqg gl�huhqw suhyhqwlyh pdlqwhqdqfh lqwhuydov w1

719 Qxphulfdo h{dpsoh

Ohw xv qrz suhvhqw d qxphulfdo h{dpsoh lq rughu wr looxvwudwh wkh deryh0phqwlrqhg
phwkrgv lq pruh ghwdlo1 Wr wklv hqg/ zh frqvlghu d surgxfwlrq v|vwhp zlwk Jdppd
glvwulexwhg olih wlphv +>u ' � dqg ju ' �

2
,/ Jdppd glvwulexwhg uhsdlu wlphv +>- ' �

2

dqg j- ' �
e
, dqg �{hg suhyhqwlyh pdlqwhqdqfh wlphv +>� ' �

e
dqg j� ' f,1 Pruhryhu/

zh dvvxph wkdw wkh uhtxluhg fxpxodwlyh xs wlph htxdov � ' � wlph xqlwv/ zklfk lv
h{dfwo| htxdo wr wkh h{shfwhg olih wlph ri wkh surgxfwlrq v|vwhp1

71914 Vwdwlrqdu| suredelolwlhv

Dv d vwduwlqj srlqw/ zh ghwhuplqh wkh vwdwlrqdu| suredelolwlhv Z& ri vwduwlqj lq vwdwh &/
zkhuh � � & � e +vhh Iljxuh 717,1 Dv fdq eh vhhq iurp wklv �jxuh/ Z� whqgv wr rqh dv
w whqgv wr }hur1 Lq wkdw fdvh/ wkh surgxfwlrq v|vwhp lv pdlqwdlqhg suhyhqwlyho| doo wkh
wlph/ dqg wkh v|vwhp lv dozd|v grzq iru suhyhqwlyh pdlqwhqdqfh1 Iru vlplodu uhdvrqv/
erwk Z� dqg Z� whqg wr }hur li w whqgv wr lq�qlw|1 Lq wkdw fdvh/ doo pdlqwhqdqfh zloo eh
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Iljxuh 719= Shufhqwlohv ri wkh dydlodelolw| lqwhuydo A�/ lq fdvh � ' �/ lq uhodwlrq wr wkh
suhyhqwlyh pdlqwhqdqfh lqwhuydo w/ iru d surgxfwlrq v|vwhp zlwk Jdppd glvwulexwhg
olih wlphv +>u ' �/ ju ' �

2
,/ Jdppd glvwulexwhg uhsdlu wlphv +>- ' �

2
/ j- ' �

e
, dqg

�{hg suhyhqwlyh pdlqwhqdqfh wlphv +>� ' �
e
/ j� ' f,1

fruuhfwlyh/ dqg wkh v|vwhp zloo eh hlwkhu xs ru grzq/ zlwk fruuhvsrqglqj suredelolwlhv
Z2 G Ze ' >u G >- ' 2 G �1 Reylrxvo|/ wklv fruuhvsrqgv wr d olplwlqj dydlodelolw| ri
�" ' >u*E>un>-� '

2
�
1 Iurp Iljxuh 717/ lw fdq dovr eh frqfoxghg wkdw wkh rswlpdo

pdlqwhqdqfh lqwhuydo wf � ���f li rxu remhfwlyh lv wr pd{lpl}h wkh olplwlqj dydlodelolw|
�" ' Z�nZ2 ri wkh surgxfwlrq v|vwhp1 Pruhryhu/ wklv rswlpdo pdlqwhqdqfh lqwhuydo
kdugo| rxwshuirupv d fruuhfwlyh pdlqwhqdqfh vwudwhj| +wW $ 4,1

71915 Dydlodelolw| lqwhuydo glvwulexwlrq

Wr frqwlqxh rxu dqdo|vlv/ ohw xv ghwhuplqh wkh olplwlqj ehkdylru ri wkh surgxfwlrq
v|vwhp iru gl�huhqw ydoxhv ri w/ lq whupv ri wkh fxpxodwlyh glvwulexwlrq ixqfwlrq
�"EA� � |�1 Lq wklv sduwlfxodu h{dpsoh/ zh ghwhuplqhg wkhvh suredelolwlhv iru w ' e

D
/

w ' �
D
/ dqg w ' 2

D
uhvshfwlyho| +vhh Iljxuh 718,1 Dorqj wkh krul}rqwdo d{lv/ wkh

glvfrqwlqxlwlhv �n e�*wf � >� dqg �n g�*wh � >� iru A� duh fohduo| ylvleoh1 Pruhryhu/
wkhuh duh vrph vwurqj lqglfdwlrqv wkdw wkh rswlpdo pdlqwhqdqfh lqwhuydo lv forvho|
uhodwhg wr wkh ghvluhg frq�ghqfh lqwhuydo1 Wr eh vshfl�f/ wkh ehvw pdlqwhqdqfh lqwhuydo
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Iljxuh 71:= H{shfwdwlrq ."iA�j yhuvxv /0shufhqwlohv s/� Ew� ri wkh dydlodelolw| lq0
whuydo A�/ lq fdvh � ' �/ iru d surgxfwlrq v|vwhp zlwk Jdppd glvwulexwhg olih wlphv
+>u ' �/ ju ' �

2
,/ Jdppd glvwulexwhg uhsdlu wlphv +>- ' �

2
/ j- ' �

e
,/ �{hg suh0

yhqwlyh pdlqwhqdqfh wlphv +>� ' �
e
/ j� ' f,/ dqg gl�huhqw suhyhqwlyh pdlqwhqdqfh

lqwhuydov w1

htxdov w ' e
D
iru / ' �

2
/ w ' �

D
iru / ' �

e
/ dqg w ' 2

D
iru / ' .

H
1 Dssduhqwo|/ wkh rswlpdo

pdlqwhqdqfh lqwhuydo ghfuhdvhv li wkh jxdudqwhhg shuirupdqfh gxulqj d �qlwh shulrg
ri wlph +lqwhuydo dydlodelolw|, ehfrphv pruh lpsruwdqw wkdq wkh dyhudjh shuirupdqfh
gxulqj dq lq�qlwh shulrg ri wlph +olplwlqj dydlodelolw|,1

71916 Rswlpdo pdlqwhqdqfh lqwhuydo

Lq rughu wr duulyh dw wkh rswlpdo pdlqwhqdqfh lqwhuydo wW/ zh ghwhuplqh s/� Ew� iru
gl�huhqw ydoxhv ri erwk / 5 if�bfc f�bDc f�bbj dqg w 5 kfc 2o/ zkhuh � ' �1 Wkh uhvxowv
duh ghslfwhg lq Iljxuh 7191 D forvhu orrn dw wkhvh uhvxowv surylghg wkh iroorzlqj
rswlpdo pdlqwhqdqfh lqwhuydov= wW ' f��H iru / ' f�bf/ wW ' f�ef iru / ' f�bD dqg
wW ' f�ef iru / ' f�bb1 Dssduhqwo|/ wkh rswlpdo pdlqwhqdqfh lqwhuydo wW kdugo|
ghshqgv rq wkh ydoxh ri / lq wklv sduwlfxodu h{dpsoh1 Qhyhuwkhohvv/ zh fdq frqfoxgh
iurp Iljxuh 719 wkdw wkh rswlpdo pdlqwhqdqfh lqwhuydo iru lqwhuydo dydlodelolw| wW �
f�ef lv vljql�fdqwo| vpdoohu wkdq wkh rswlpdo pdlqwhqdqfh lqwhuydo wf � ���f iurp d
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olplwlqj dydlodelolw| srlqw ri ylhz1 Lq wkh iroorzlqj vhfwlrq/ zh zloo fduu| rxw d vhulhv
ri qxphulfdo h{shulphqwv lq rughu wr lqyhvwljdwh wkh uhodwlrq ehwzhhq wW dqg wf rq
wkh rqh kdqg/ dqg ehwzhhq s/� Ew

W� dqg s/� Ewf� rq wkh rwkhu kdqg1

71917 Olplwlqj yhuvxv lqwhuydo dydlodelolw|

Ohw xv qrz ixuwkhu hoderudwh xsrq wkh gl�huhqfh ehwzhhq wkh dyhudjh dqg jxdudqwhhg
shuirupdqfh ri wkh surgxfwlrq v|vwhp1 Wr wklv hqg/ zh frpsduhg wkh h{shfwdwlrq
."iA�j dqg wkh /0shufhqwlohv s/� Ew� ' �?ui| � � m �"iA� � |j � /j ri wkh wlph A�

uhtxluhg wr dwwdlq d fxpxodwlyh xs wlph ri h{dfwo| � ' � wlph xqlw1 Ri frxuvh/ wklv
zdv grqh iru gl�huhqw ydoxhv ri w dqg / 5 if�bfc f�bDc f�bbj1 Wkh uhvxowv duh ghslfwhg
lq Iljxuh 71:1 Dv zh h{shfwhg/ wkh glvfrqwlqxlwlhv ri wkh irup w ' �*& duh fohduo|
ylvleoh/ dqg fdxvh hpsw| vsdfhv lq wklv �jxuh1 Pruhryhu/ zh revhuyh wkdw d fruuhfwlyh
pdlqwhqdqfh vwudwhj| +w ' 4, shuirupv srru lq erwk glphqvlrqv1 Vwduwlqj iurp khuh/
ghfuhdvlqj wkh pdlqwhqdqfh lqwhuydo ohdgv wr dq lpsuryhphqw lq erwk glphqvlrqv/ xs
wr wkh srlqw zkhuh wkh h{shfwhg ydoxh ."iA�j lv plqlpl}hg +w � wf,1 Vxevhtxhqwo|/
uhgxflqj wkh pdlqwhqdqfh lqwhuydo ohdgv wr ghjudgdwlrqv lq wkh �uvw glphqvlrq/ exw
dw wkh vdph wlph wr ixuwkhu lpsuryhphqwv lq wkh vhfrqg glphqvlrq/ xs wr wkh srlqw
zkhuh wkh /0shufhqwloh s/� Ew� lv plqlpl}hg +w ' wW,1 Dw wklv srlqw/ ixuwkhu uhgxfwlrqv
lq wkh suhyhqwlyh pdlqwhqdqfh lqwhuydo ohdgv wr ghjudgdwlrqv lq erwk glphqvlrqv1

71: Frpsxwdwlrqdo uhvxowv

Lq wklv vhfwlrq/ zh zloo suhvhqw wkh uhvxowv ri d vhulhv ri qxphulfdo h{shulphqwv wkdw
zhuh fduulhg rxw iru d surgxfwlrq v|vwhp zlwk Jdppd glvwulexwhg olihwlphv/ Jdppd
glvwulexwhg uhsdlu wlphv/ dqg �{hg suhyhqwlyh pdlqwhqdqfh wlphv1 Dprqjvw rwkhu
idfwruv/ wkh pdlq remhfwlyhv ri wkhvh qxphulfdo h{shulphqwv zhuh +l, wr ghwhuplqh zkdw
kdsshqv li wkh rswlpdo pdlqwhqdqfh lqwhuydo lv ghwhuplqhg iurp dq lqwhuydo dydlodelolw|
udwkhu wkdq d olplwlqj dydlodelolw| srlqw ri ylhz/ dqg +ll, wr lqyhvwljdwh krz wkh rswlpdo
pdlqwhqdqfh lqwhuydo iru lqwhuydo dydlodelolw| ghshqgv rq wkh fkdudfwhulvwlfv ri wkh
surgxfwlrq v|vwhp1

Iru qrwdwlrqdo frqyhqlhqfh/ dqg zlwkrxw orvv ri jhqhudolw|/ zh dvvxphg wkdw >u ' �

lq hdfk whvw sureohp1 Pruhryhu/ wkh uhohydqw sdudphwhuv >-*>u/ >�*>-/ ju*>u dqg
j-*>- zhuh ydulhg ehwzhhq �

2
dqg �

e
/ lq rughu wr duulyh dw 49 surgxfwlrq v|vwhpv

zlwk 0 dw ohdvw wkhruhwlfdoo| 0 gl�huhqw vkruw whup ehkdylru1 Iru hdfk surgxfwlrq
v|vwhp/ zh jhqhudwhg d wrwdo ri < whvw sureohpv e| fkrrvlqj � 5 i�c 2c �j dqg / 5
if�bfc f�bDc f�bbj1 Iru hdfk ri wkh 477 whvw sureohpv rewdlqhg wklv zd|/ wkh rswlpdo
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Wdeoh 714= Frpsdulvrq ri wkh rswlpdo pdlqwhqdqfh lqwhuydov wW iru lqwhuydo dydlo0
delolw| dqg wf iru olplwlqj dydlodelolw|/ dv zhoo dv wkh fruuhvsrqglqj /0shufhqwlohv iru
A�/ iru gl�huhqw ydoxhv ri � dqg /1

i�� wf*w
Wj � �ffI i�� s/� Ew

W�*s/� Ewf�j � �ffI

plqlpdo dyhudjh pd{lpdo plqlpdo dyhudjh pd{lpdo

� ' � 5319 7415 9:19 313 91: 4:1;

/ ' f�bf � ' 2 4;16 5<19 7817 31: 617 <17

� ' � 4<18 5914 681< 317 517 91:

� ' � 5319 6<1: 9719 41< 431< 531;

/ ' f�bD � ' 2 4319 6519 7917 31; 818 471:

� ' � 4<18 5<1< 6:19 319 617 <1:

� ' � 6819 7<14 961: 516 4514 5<13

/ ' f�bb � ' 2 651; 7617 7<1< 416 :17 5413

� ' � 4;17 691: 7918 31: 71: 4619

pdlqwhqdqfh lqwhuydo wW iru lqwhuydo dydlodelolw|/ wkh rswlpdo pdlqwhqdqfh lqwhuydo wf
iru olplwlqj dydlodelolw|/ dqg wkh fruuhvsrqglqj dydlodelolw| lqwhuydo shufhqwlohv s/� Ew

W�

dqg s/� Ewf� zhuh ghwhuplqhg zlwk wkh xvh ri rxu rswlpl}dwlq dojrulwkp1 Dq ryhuylhz
ri doo whvw sureohpv lv ghslfwhg lq Wdeoh 7141 Lq dgglwlrq/ wkh uhvxowv iru doo whvw
sureohpv zlwk � ' � duh ghslfwhg lq Wdeoh 7151

Dv d vwduwlqj srlqw/ lw lv hdvlo| yhul�hg iurp Wdeoh 714 wkdw vljql�fdqw lpsuryh0
phqwv fdq eh rewdlqhg lq wkh vkruw whup ehkdylru ri d surgxfwlrq v|vwhp/ li wkh
rswlpdo pdlqwhqdqfh lqwhuydo lv ghwhuplqhg iurp dq lqwhuydo dydlodelolw| udwkhu wkdq
d olplwlqj dydlodelolw| srlqw ri ylhz1 Ghshqglqj rq wkh uhtxluhg dprxqw ri fxpxodwlyh
xs wlph � : f/ wkh uhtxluhg shufhqwloh / 	 �/ dqg wkh fkdudfwhulvwlfv ri wkh surgxf0
wlrq v|vwhp/ wkh fruuhvsrqglqj lpsuryhphqwv duh vxevwdqwldo/ zlwk d pd{lpxp ri
derxw �fI lq wkh dydlodelolw| lqwhuydo1 Wr dfklhyh wklv/ d �fI wr .fI uhgxfwlrq lq
wkh suhyhqwlyh pdlqwhqdqfh lqwhuydo zdv w|slfdo1

Vxppdul}lqj/ wkh jhqhudo frqfoxvlrq wkdw fdq eh gudzq iurp Wdeoh 714/ lv wkdw
wkh uhtxluhg xs wlph � : f dqg shufhqwloh / 	 � rq wkh rqh kdqg/ dqg wkh rswlpdo
pdlqwhqdqfh lqwhuydov wWdqg wf zlwk dydlodelolw| lqwhuydo shufhqwlohv s/� Ew

W� dqg s/� Ewf�

rq wkh rwkhu kdqg/ duh lqwhuuhodwhg dv iroorzv=

� dq lqfuhdvh lq wkh ghvluhg xs wlph � xvxdoo| jrhv wrjhwkhu zlwk dq lqfuhdvh lq wkh
rswlpdo pdlqwhqdqfh lqwhuydo wW iru lqwhuydo dydlodelolw|/ dv zhoo dv d ghfuhdvh
lq wkh uhodwlyh shuirupdqfh ri wW yhuvxv wf lq whupv ri s/� Ewf�*s

/
� Ew

W�>
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� dq lqfuhdvh lq wkh ghvluhg shufhqwloh / xvxdoo| jrhv wrjhwkhu zlwk d ghfuhdvh
lq wkh rswlpdo pdlqwhqdqfh lqwhuydo wW iru lqwhuydo dydlodelolw|/ dv zhoo dv dq
lqfuhdvh lq wkh uhodwlyh shuirupdqfh ri wW yhuvxv wf lq whupv ri s/� Ewf�*s

/
� Ew

W�1

Lq d vlplodu zd|/ lw fdq eh ghulyhg iurp Wdeoh 715 wr zklfk h{whqw wkh fkdudfwhu0
lvwlfv ri wkh surgxfwlrq v|vwhp d�hfw wkh rswlpdo pdlqwhqdqfh lqwhuydov wW/ dv zhoo
dv wkh fruuhvsrqglqj dydlodelolw| lqwhuydo shufhqwlohv s/� Ew

W�1 Dv d vwduwlqj srlqw/ dqg
dv h{shfwhg/ zh revhuyh wkdw wf ghshqgv rq ju*>u dqg >�*>- rqo|1 Lq dgglwlrq/ wkh
iroorzlqj revhuydwlrqv zhuh pdgh iurp Wdeoh 715=

� dq lqfuhdvh lq wkh udwlr ri uhsdlu yhuvxv pdlqwhqdqfh wlphv xvxdoo| jrhv wrjhwkhu
zlwk d ghfuhdvh lq wkh rswlpdo pdlqwhqdqfh lqwhuydo wW iru lqwhuydo dydlodelolw|/
dv zhoo dv d ghfuhdvh lq wkh fruuhvsrqglqj dydlodelolw| lqwhuydo shufhqwloh s/� Ew

W�>

� dq lqfuhdvh lq wkh yduldwlrq ri olih dqg2ru uhsdlu wlphv xvxdoo| jrhv wrjhwkhu
zlwk d ghfuhdvh lq wkh rswlpdo pdlqwhqdqfh lqwhuydo wW iru lqwhuydo dydlodelolw|/
dv zhoo dv dq lqfuhdvh lq wkh fruuhvsrqglqj dydlodelolw| lqwhuydo shufhqwloh s/� Ew

W�1

Dowkrxjk lqwxlwlyho| dwwudfwlyh/ wkhvh uxohv ri wkxpev gr qrw fryhu doo srvvleoh
vlwxdwlrqv wkdw pd| rffxu/ h1j1 vhh >-*>u ' >�*>- ' �

2
dqg ju*>u ' j-*>- ' �

e
lq

Wdeoh 7151 Qhyhuwkhohvv/ zh frqfoxgh wkdw wkh jxdudqwhhg dydlodelolw| lqwhuydo ri d sur0
gxfwlrq v|vwhp fdq eh lpsuryhg vljql�fdqwo|/ li wkh rswlpdo suhyhqwlyh pdlqwhqdqfh
lqwhuydo lv ghwhuplqhg iurp dq lqwhuydo dydlodelolw| shuvshfwlyh1 Iurp d sudfwlfdo
srlqw ri ylhz/ wklv phdqv wkdw suhyhqwlyh pdlqwhqdqfh lv d srzhuixo lqvwuxphqw wr
lqfuhdvh wkh frqwuroodelolw| ru suhglfwdelolw| ri d surgxfwlrq v|vwhp1

71; Frqfoxglqj uhpdunv

Lq wklv sdshu/ zh kdyh suhvhqwhg d vhulhv ri pdwkhpdwlfdo prghov zklfk fdq eh xvhg
wr ghwhuplqh wkh dydlodelolw| lqwhuydo glvwulexwlrq iru d surgxfwlrq v|vwhp zklfk lv
pdlqwdlqhg suhyhqwlyho| dw uhjxodu lqwhuydov/ dffruglqj wr dq djh uhsodfhphqw vwudwhj|1
Pruhryhu/ zh kdyh suhvhqwhg dq rswlpl}dwlrq dojrulwkp/ zlwk zklfk wkh rswlpdo
pdlqwhqdqfh lqwhuydo fdq eh ghwhuplqhg iurp dq dydlodelolw| lqwhuydo srlqw ri ylhz1
D vhulhv ri qxphulfdo h{shulphqwv lqglfdwhg wkdw vljql�fdqw lpsuryhphqwv lq wkh
dydlodelolw| lqwhuydo fdq eh rewdlqhg lq frpsdulvrq zlwk d fodvvlfdo olplwlqj dydlodelolw|
shuvshfwlyh/ dqg wkdw wkhvh h�hfwv ehfrph vwurqjhu dv wkh yduldelolwlhv lq olih dqg2ru
uhsdlu wlphv lqfuhdvh1 Vlpso| vwdwhg/ rxu frpsxwdwlrqdo uhvxowv kdyh looxvwudwhg wkdw
suhyhqwlyh pdlqwhqdqfh grhv qrw rqo| lqfuhdvh wkh dydlodelolw|/ exw dovr uhgxfhv wkh
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Wdeoh 715= Dydlodelolw| lqwhuydo shufhqwlohv iru A� dw wkh rswlpdo pdlqwhqdqfh lqwhu0
ydov wW iru lqwhuydo dydlodelolw| dqg wf iru olplwlqj dydlodelolw|/ iru 49 whvw sureohpv
zlwk � ' �/ >u ' �/ dqg gl�huhqw ydoxh ri /1

/ ' f�bf / ' f�bD / ' f�bb
>-
>u

>�
>-

ju
>u

j-
>-

wf wW s/� Ew
W� s/� Ewf� wW s/� Ew

W� s/� Ewf� wW s/� Ew
W� s/� Ewf�
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yduldelolw| ri d surgxfwlrq v|vwhp/ dqg wkdw wkh odwwhu lv riwhq d pruh lpsruwdqw
shuirupdqfh phdvxuh1 Dowkrxjk wkhvh frqfoxvlrqv zhuh gudzq zlwklq d vhwwlqj ri
Jdppd glvwulexwhg uhsdlu dqg �{hg pdlqwhqdqfh wlphv/ zh vwurqjo| eholhyh wkdw
wkh| duh dovr dssolfdeoh wr pruh frpsoh{ v|vwhpv1

Wr frqfoxgh wklv fkdswhu/ ohw xv qrz eulh | glvfxvv wkh srvvlelolwlhv iru dssur{0
lpdwlqj wkh dydlodelolw| lqwhuydo glvwulexwlrq/ lq fdvh uhsdlu wlphv duh qrw Jdppd
glvwulexwhg udqgrp yduldeohv dqg2ru suhyhqwlyh pdlqwhqdqfh wlphv duh qrw �{hg1 Lq
wkh prvw jhqhudo fdvh/ lw qrw srvvleoh wr ghulyh h{solflw irupxodv iru wkh frqyroxwlrqv
C6 � M? dsshdulqj lq �&EA� � |�1 Xqghu vxfk flufxpvwdqfhv/ dqrwkhu lqwhuhvwlqj
dqg srwhqwldoo| surplvlqj dssurdfk lv wr �w d Jdppd +ru rwkhu, glvwulexwlrq wr wkh
�uvw wzr prphqwv ."iA� � �j dqg ."iEA� � ��2j ri A� � �1 Wkh xqghuo|lqj re0
vhuydwlrq ehklqg wklv dssurdfk lv wkdw wkhvh prphqwv fdq eh ghwhuplqhg dv orqj dv
wkh �uvw wkuhh prphqwv ri CE�� dqg ME�� duh dydlodeoh1 Lq jhqhudo/ zh pd| kdyh wr
dffrxqw iru wkh idfw wkdw wkh dydlodelolw| lqwhuydo glvwulexwlrq �"EA� � |� pljkw kdyh
vrph glvfrqwlqxlwlhv dv zhoo1 Li wkhvh mxpsv duh nqrzq lq dgydqfh/ l1h1 lq whupv ri
d vhw l ' i| � � m �"EA� ' |� : fj ri dydlodelolw| lqwhuydov zlwk qrq0}hur sure0
delolwlhv/ lw vhhpv zruwkzloh wr dssur{lpdwh �"EA� � | m | *5 lj zlwk wkh xvh ri
."iA� � � m | *5 lj dqg ."iEA� � ��2 m | *5 lj1 Wkhvh vxjjhvwlrqv/ krzhyhu/ duh ohiw
iru ixwxuh uhvhdufk1

71< Dsshqgl{

Surri ri Ohppd 8

Dv d vwduwlqj srlqw/ zh revhuyh wkdw wkh iroorzlqj h{suhvvlrqv fdq eh ghulyhg iru wkh
fxpxodwlyh glvwulexwlrq ixqfwlrqv x�E�� dqg xeE�� ri wkh uhpdlqlqj suhyhqwlyh grzq
wlph -� 5 dfc >� o/ dqg wkh uhpdlqlqj fruuhfwlyh grzq wlph -e 5 dfc4l=

x�E�� '
�

>�
c f � � � >�

xeE�� '
�

>-
�

�]
f

�� KkcqEv� _v c � � f

Iru qrwdwlrqdo frqyhqlhqfh/ dqg zlwkrxw orvv ri jhqhudolw|/ zh vxevwlwxwh 5 '

| � � �6 � >� lq wkh vhtxho1 Rxu dqdo|vlv qrz surfhhgv dv iroorzv1 Iluvw ri doo/ zh
revhuyh wkdw wkh h{suhvvlrqv iru C6 � M?E| � �� dqg x� � C6 � M?E| � �� fdq eh
ghulyhg udwkhu vwudljkwiruzdugo| e| vrph hohphqwdu| dojheud1 Rq wkh rwkhu kdqg/
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xe � C6 � M?E| � �� |lhogv d vrphzkdw pruh frpsoh{ h{suhvvlrq/ zklfk pxvw eh
ixuwkhu vlpsol�hg=
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Dssduhqwo|/ zh qhhg wr vkrz wkdw [E?n��ukcqE5� '
U 5

f
KkcqE�� � K?ukcqE5 � �� _� lq

rughu wr duulyh dw wkh h{suhvvlrq iru xe �C6 �M?E| � �� lq Ohppd 81 Rxu dqdo|vlv
qrz surfhhgv dv iroorzv1 Iluvw ri doo/ zh revhuyh wkdw

U 5

f
KkcqE�� �K?ukcqE5� �� _� fdq

eh uhzulwwhq dv iroorzv=
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E| fkdqjlqj wkh lqwhjudwlrq yduldeohv/ erwk lqwhjudov fdq eh uhgxfhg wr rqh0
glphqvlrqdo lqwhjudov/ hdfk ri zklfk fdq eh hydoxdwhg h{solflwo| e| xvlqj wkh iroorzlqj
zhoo0nqrzq surshuwlhv
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f
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U 5

f
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�� _� ' Kk�nk2cqE5� iru Jdppd glvwulexwlrqv=
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Vlqfh 5 �KE?n��ukcqE5�� E?n�� �k �q �KE?n��ukn�cqE5� ' [E?n��ukcqE5�/ wklv frpsohwhv
wkh surri1
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Fkdswhu 8

Wzr0vwdjh jhqhudol}hg djh pdlqwhqdqfh ri
dq lqwhuplwwhqwo| xvhg surgxfwlrq v|vwhp

Lq jhqhudo/ wkh lqlwldwlrq ri suhyhqwlyh pdlqwhqdqfh vkrxog eh edvhg rq wkh

whfkqlfdo vwdwh dv zhoo dv wkh rshudwlqj vwdwh ri d surgxfwlrq v|vwhp1 Vlqfh wkh

rshudwlqj vwdwh ri d surgxfwlrq v|vwhp lv riwhq vxemhfw wr  xfwxdwlrqv lq wlph/

wkh sodqqlqj ri suhyhqwlyh pdlqwhqdqfh dw suhvhw prphqwv +h1j1 djh2eorfn

uhsodfhphqw, fdqqrw eh rswlpdo1 Wr dyrlg wklv/ zh frqvlghu d vr0fdoohg wzr0

vwdjh pdlqwhqdqfh srolf|/ zklfk 0 lq d �uvw vwdjh 0 xvhv wkh whfkqlfdo vwdwh ri

wkh surgxfwlrq v|vwhp wr ghwhuplqh d �qlwh lqwhuydo d|c | n {|o gxulqj zklfk

suhyhqwlyh pdlqwhqdqfh pxvw eh fduulhg rxw/ dqg 0 lq d vhfrqg vwdjh 0 xvhv wkh

rshudwlqj vwdwh ri wkh surgxfwlrq v|vwhp wr ghwhuplqh wkh rswlpdo vwduwlqj wlph

iru suhyhqwlyh pdlqwhqdqfh zlwklq wklv lqwhuydo1 D jhqhudol}hg djh pdlqwhqdqfh

srolf| rswlpl}lqj erwk | dqg {| lv irupxodwhg lq wkh �uvw vwdjh1 Wr wklv hqg/

wkh dfwxdo vwduwlqj wlph ri suhyhqwlyh pdlqwhqdqfh lv prghoohg lq whupv ri d

xqlirup glvwulexwlrq ryhu wkh pdlqwhqdqfh lqwhuydo1 Pruhryhu/ wkh h{shfwhg

frvwv ri suhyhqwlyh pdlqwhqdqfh duh prghoohg dv d ghfuhdvlqj ixqfwlrq ri wkh

lqwhuydo vl}h1 Dq h!flhqw dojrulwkp lv ghyhorshg wr ghprqvwudwh wkh rswlpdo

pdlqwhqdqfh vwudwhjlhv yld qxphulfdo uhvxowv wkdw r�hu xvhixo lqvljkwv1

814 Lqwurgxfwlrq

Hyhu| ihz |hduv/ qhz vxuyh|v dsshdu rq pdlqwhqdqfh rswlpl}dwlrq/ vkrzlqj wkh xvh
dqg ehqh�wv ri pdwkhpdwlfdo prghov lq wkh pdlqwhqdqfh duhd/ h1j1 vhh PfFdoo +4<98,/
Slhuvndood dqg Yrhonhu +4<:9,/ Vkhuli dqg Vplwk +4<;4,/ Ydogh}0Ioruhv dqg Ihogpdq
+4<;<, dqg Fkr dqg Sduodu +4<<4,1 Prvw ri wkhvh prghov/ krzhyhu/ idlo wr lqfru0
srudwh vshfldo fkdudfwhulvwlfv ri wkh surgxfwlrq idflolwlhv1 W|slfdoo|/ wklv lv wkh fdvh
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lq frpprqo| xvhg pdwkhpdwlfdo prghov iru pdlqwhqdqfh rswlpl}dwlrq/ vxfk dv wkh
djh dqg eorfn uhsodfhphqw prgho +Eduorz dqg Survfkdq 4<98,/ wkh prgl�hg eorfn
uhsodfhphqw prgho +Ehuj dqg Hsvwhlq 4<:9,/ wkh plqlpdo uhsdlu prgho +Eduorz dqg
Kxqwhu 4<93,/ wkh vwdqgdug lqvshfwlrq prgho +Eduorz/ Kxqwhu/ dqg Survfkdq 4<96,/
dqg wkh ghod|0wlph prgho +Fkulvwhu dqg Zdoohu 4<;7,1 Dsduw iurp wkh idloxuh vwdwlv0
wlfv/ doo lqirupdwlrq rq wkh h�hfwv ri grzq0wlph rq wkh surgxfwlrq v|vwhp kdyh wr eh
frqghqvhg lqwr wzr frqvwdqwv SR : f dqg Ss : f/ uhsuhvhqwlqj wkh h{shfwhg frvwv ri
suhyhqwlyh dqg fruuhfwlyh pdlqwhqdqfh uhvshfwlyho|1

Lq rxu ylhz/ wkh frvwv dvvrfldwhg zlwk suhyhqwlyh dqg fruuhfwlyh pdlqwhqdqfh
vkrxog eh glylghg lqwr gluhfw pdlqwhqdqfh frvwv +h1j1 vdodulhv ri pdlqwhqdqfh shu0
vrqqho/ vsduh sduwv/ wrrov, dqg lqgluhfw pdlqwhqdqfh frvwv +h1j1 surgxfwlrq orvv/ ghod|
shqdowlhv/ kroglqj frvwv,1 Vlpso| vwdwhg/ gluhfw pdlqwhqdqfh frvwv ghshqg rq wkh
whfkqlfdo vwdwh ri wkh surgxfwlrq v|vwhp +h1j1 djh ri wkh pdfklqh/ idloxuh fkdudf0
whulvwlfv,/ dqg lqgluhfw pdlqwhqdqfh frvwv rq wkh rshudwlqj vwdwh ri wkh surgxfwlrq
v|vwhp +h1j1 ex�hu frqwhqwv/ zrunordg/ gxh gdwhv,1 Lq jhqhudo/ wkh lqlwldwlrq ri fru0
uhfwlyh pdlqwhqdqfh lv rqo| edvhg rq wkh whfkqlfdo vwdwh ri wkh surgxfwlrq v|vwhp1
Diwhu doo/ prvw surgxfwlrq v|vwhpv duh uhsdluhg dw idloxuh/ glvuhjduglqj wkh rshudwlqj
vwdwh ri wkh surgxfwlrq v|vwhp1

Rq wkh rwkhu kdqg/ wkh lqlwldwlrq ri suhyhqwlyh pdlqwhqdqfh vkrxog eh edvhg rq
wkh whfkqlfdo vwdwh dv zhoo dv wkh rshudwlqj vwdwh ri wkh surgxfwlrq v|vwhp/ lq rughu wr
uhgxfh wkh lpsdfw ri lqgluhfw suhyhqwlyh pdlqwhqdqfh frvwv1 Vlqfh wkh rshudwlqj vwdwh
ri d surgxfwlrq v|vwhp lv riwhq vxemhfw wr  xfwxdwlrqv lq wlph/ wkhuh lv d shuvshfwlyh ri
vljql�fdqw jdlqv li vrph  h{lelolw| lv exlow lq frqfhuqlqj wkh vwduwlqj wlph ri suhyhqwlyh
pdlqwhqdqfh +h1j1 lq d vhwwlqj ri surgxfwlrq rughuv zlwk uhohdvh dqg gxh gdwhv,1
Lw vhhpv uhdvrqdeoh wkhuhiruh wr frqvlghu d vr0fdoohg wzr0vwdjh pdlqwhqdqfh srolf|/
zklfk 0 lq d �uvw vwdjh 0 ghwhuplqhv d �qlwh lqwhuydo d|c |n{|o gxulqj zklfk suhyhqwlyh
pdlqwhqdqfh pxvw eh fduulhg rxw/ dqg 0 lq d vhfrqg vwdjh 0 ghwhuplqhv wkh rswlpdo
vwduwlqj wlph 	| iru suhyhqwlyh pdlqwhqdqfh zlwklq wklv lqwhuydo1 Dowkrxjk wklv lv d
zlghvsuhdg frpprq vhqvh lq sudfwlfh/ lw fhuwdlqo| lv dq xqghuh{srvhg srlqw ri ylhz
lq h{lvwlqj olwhudwxuh1

Vlpso| vwdwhg/ wkh ghvljq ri rxu pdlqwhqdqfh srolf| lv edvhg xsrq d klhudufklfdo
ghfrpsrvlwlrq sulqflsoh/ zkhuh zh glvwlqjxlvk ehwzhhq wzr sodqqlqj vwdjhv +vhh Ilj0
xuh 814,1 Lq wkh �uvw vwdjh +wkh orqj whup,/ lqirupdwlrq derxw wkh rshudwlqj vwdwh
ri wkh surgxfwlrq v|vwhp lv dvvxphg wr eh dydlodeoh lq whupv ri d vwdwlrqdu| vwr0
fkdvwlf surfhvv rqo|1 Wkhuhiruh/ wkh lqlwldwlrq ri suhyhqwlyh pdlqwhqdqfh lv edvhg rq
wkh whfkqlfdo vwdwh ri wkh surgxfwlrq v|vwhp1 Lq wkh vhfrqg vwdjh +wkh vkruw whup,/
lqirupdwlrq derxw wkh rshudwlqj vwdwh ri wkh surgxfwlrq v|vwhp lv dvvxphg wr eh
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first stage second stage

0 t t+∆tt̂

Iljxuh 814= Ghfrpsrvlwlrq sulqflsoh ri wkh wzr0vwdjh pdlqwhqdqfh srolf|/ zklfk
0 lq d �uvw vwdjh 0 ghwhuplqhv d �qlwh lqwhuydo d|c | n {|o gxulqj zklfk suhyhqwlyh
pdlqwhqdqfh pxvw eh fduulhg rxw/ dqg 0 lq d vhfrqg vwdjh 0 ghwhuplqhv wkh rswlpdo
vwduwlqj wlph 	| iru suhyhqwlyh pdlqwhqdqfh zlwklq wkdw lqwhuydo1

dydlodeoh ehiruhkdqg ryhu d �qlwh/ uroolqj krul}rq1 Wkhuhiruh/ wkh lqlwldwlrq ri suh0
yhqwlyh pdlqwhqdqfh lv edvhg rq wkh rshudwlqj vwdwh ri wkh surgxfwlrq v|vwhp1 Ri
frxuvh/ wkh fuxfldo sduw ri rxu dssurdfk zloo eh wr gh�qh dghtxdwh prghov iru erwk
vwdjhv/ dqg wr frqqhfw wkhp surshuo|1 Dw ohdvw/ �uvw0vwdjh prghov vkrxog lqfrusrudwh
vhfrqg0vwdjh lpsolfdwlrqv/ dqg ylfh yhuvd1

81414 Uhodwhg olwhudwxuh

Dowkrxjk rxu wzr0vwdjh pdlqwhqdqfh frqfhsw fdq eh revhuyhg lq d ydulhw| ri sudfwlfdo
vlwxdwlrqv +d w|slfdo dssolfdwlrq zdv irxqg dw Yolhjedvlv Wzhqwkh/ rqh ri wkh pdlq
rshudwlqj edvhv ri wkh Gxwfk Ur|do Dluirufh/ zkhuh I49*v xqghujr ryhukdxo pdlq0
whqdqfh ehwzhhq 4<3 dqg 543  ljkw krxuv,/ zh duh qrw dzduh ri dq| pdwkhpdwlfdo
prghov wkdw vxssruw wklv w|sh ri suhyhqwlyh pdlqwhqdqfh sodqqlqj/ dw ohdvw lq h{lvwlqj
olwhudwxuh1 Qhyhuwkhohvv/ vhyhudo dxwkruv kdyh uhfrjql}hg wkdw wkh lqlwldwlrq ri suhyhq0
wlyh pdlqwhqdqfh vkrxog dovr eh edvhg rq wkh rshudwlqj vwdwh ri d surgxfwlrq v|vwhp/
dqg qrw rq lwv whfkqlfdo vwdwh rqo|1 Khuh/ zh zloo rqo| phqwlrq vrph lpsruwdqw dqg
looxvwudwlyh uhihuhqfhv1

Dv d vwduwlqj srlqw/ wkhuh lv d frqvlghudeoh dprxqw ri olwhudwxuh zklfk ghdov zlwk
wkh prghoolqj dqg rswlpl}dwlrq ri vr0fdoohg rssruwxqlvwlf pdlqwhqdqfh srolflhv1 Wkh
pdlq xqghuo|lqj revhuydwlrq ehklqg wkhvh prghov lv wkdw suhyhqwlyh pdlqwhqdqfh
dfwlylwlhv fdq rqo| eh fduulhg rxw dw wlphv zkhq wkh v|vwhp lv qrw uhtxluhg/ ru qrw
dydlodeoh iru surgxfwlrq1 Vrphwlphv/ idloxuh uhsdluv ri rqh ru pruh frpsrqhqwv fuhdwh
rssruwxqlwlhv iru suhyhqwlyh pdlqwhqdqfh rq rwkhu frpsrqhqwv/ h1j1 vhh Mrujhqvrq
hw do1 +4<9:,/ Ehuj +4<:;,/ Eçfnhuw dqg Ulsslq +4<;8,/ Ydq ghu Gx|q Vfkrxwhq dqg
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Ydqqhvwh +4<<3,/ dqg ]khqj +4<<8,1 Lw lv dovr srvvleoh wkdw pdlqwhqdqfh rssruwx0
qlwlhv duh jhqhudwhg lqghshqghqwo| ri frpsrqhqw idloxuhv/ h1j1 e| lgoh wlphv lq wkh
surgxfwlrq vfkhgxoh/ ru e| zlwkgudzq surgxfwlrq rughuv1 W|slfdo h{dpsohv ri vxfk
prghov fdq eh irxqg lq h1j1 Plqh hw do1 +4<;4,/ Ehuj +4<;7,/ Ghnnhu dqg Glmnvwud
+4<<5,/ Ghnnhu dqg Vphlwlqn +4<<7,/ dqg Gdjsxqdu +4<<9,1 Wkh uhdghu lv uhihuuhg
wr Ghnnhu dqg Vphlwlqn +4<<4, iru dq h{whqvlyh olwhudwxuh uhylhz rq rssruwxqlvwlf
+eorfn, uhsodfhphqw prghov1

Lq wkh sdvw ihz ghfdghv/ pxfk dwwhqwlrq kdv ehhq sdlg wr wkh shuirupdqfh eh0
kdylru ri surgxfwlrq2lqyhqwru| v|vwhpv zlwk udqgrp vhuylfh glvuxswlrqv/ h1j1 vhh
Gh Nrvwhu +4<;;,/ Ohh dqg Urvhqeodww +4<;:,/ Jurhqhyhow hw do1 +4<<5,/ Ehuj hw do1
+4<<7,/ dqg Prlq}dghk dqg Djjduzdo +4<<:,1 D edvlf frqwulexwlrq lv wkh sdshu ri
Zlmqjddug +4<:<,/ zkr frqvlghuv d  rz olqh frqvlvwlqj ri wzr pdfklqhv zlwk h{srqhq0
wldoo| glvwulexwhg xs dqg grzq wlphv/ zklfk duh frqqhfwhg e| dq lqwhuphgldwh ex�hu
zlwk �qlwh vwrudjh fdsdflw|1 Dowkrxjk wkh lpsdfw ri pdfklqh idloxuhv rq v|vwhp shu0
irupdqfh lv zlgho| uhfrjql}hg/ wkhuh duh rqo| ihz sdshuv zklfk h{solflwo| dffrxqw iru
suhyhqwlyh pdlqwhqdqfh srolflhv zlwklq wkh frqwh{w ri surgxfwlrq2lqyhqwru| v|vwhpv/
h1j1 vhh Ohh dqg Urvhqeodww +4<;<,/ Ydq ghu Gx|q Vfkrxwhq dqg Ydqqhvwh +4<<8,/
Phoohu dqg Nlp +4<<9,/ dqg Vulqlydvdq dqg Ohh +4<<9,1 Pruhryhu/ wkhvh prghov duh
riwhq yhu| frpsoh{/ dqg rqo| dsso| wr vshfl�f vhwwlqjv1

Lq rxu rslqlrq/ wkhuh lv d odfn ri hohphqwdu| pdlqwhqdqfh frqfhswv dqg dffrp0
sdq|lqj prghov/ zklfk pruh h{solflwo| wdnh lqwr dffrxqw wkdw +l, wkh lqlwldwlrq ri
suhyhqwlyh pdlqwhqdqfh vkrxog dovr eh edvhg rq wkh rshudwlqj vwdwh ri d surgxfwlrq
v|vwhp/ dqg +ll, wklv rshudwlqj vwdwh lv riwhq nqrzq lq dgydqfh ryhu d �qlwh uroolqj
krul}rq lq dq rshudwlrqdo sodqqlqj skdvh1 Wkh qhzo| ghyhorshg wzr0vwdjh pdlqwh0
qdqfh frqfhsw lv rxu �uvw dwwhpsw lqwr wklv gluhfwlrq1 Wkurxjkrxw wklv fkdswhu/ zh
zloo pdlqo| irfxv rq lwv dssolfdwlrqv lqwr wkh fodvvlfdo djh uhsodfhphqw srolf| +Eduorz
dqg Survfkdq 4<98,1 Qhyhuwkhohvv/ rxu dssurdfk frxog hdvlo| eh jhqhudol}hg wr rwkhu
pdlqwhqdqfh frqfhswv dv zhoo +h1j1 eorfn uhsodfhphqw/ plqlpdo uhsdlu/ dqg lqvshfwlrq
prghov,1 Zh zloo frph edfn wr wkdw odwhu rq lq wklv fkdswhu1

81415 Rxwolqh

Wkh rxwolqh ri wklv fkdswhu lv dv iroorzv1 Lq vhfwlrq 815/ zh suhvhqw wkh jhqhudo
dssurdfk ri rxu wzr0vwdjh pdlqwhqdqfh srolf|/ dqg hoderudwh xsrq wkh lqwhudfwlrq
ehwzhhq erwk vwdjhv1 Lq vhfwlrq 816/ d jhqhudol}hg djh pdlqwhqdqfh srolf| rswlpl}lqj
erwk | dqg {| lv suhvhqwhg/ lq zklfk wkh vhfrqg vwdjh lv lqfrusrudwhg e| phdqv ri
dq dssur{lpdwh prgho1 Lq vhfwlrq 817/ wkh vhfrqg vwdjh lv vwxglhg lq pruh ghwdlo iru
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dq rq2r� surgxfwlrq v|vwhp/ dqg d txhxh0olnh surgxfwlrq v|vwhp dv zhoo1 Frpsxwd0
wlrqdo uhvxowv lq vhfwlrq 818 duh jlyhq wr ydolgdwh rxu �uvw vwdjh prgho dvvxpswlrqv1
Pruhryhu/ wkh| lqglfdwh wkdw vljql�fdqw vdylqjv fdq eh rewdlqhg lq frpsdulvrq zlwk
d fodvvlfdo djh pdlqwhqdqfh srolf|1 Ilqdoo|/ vrph frqfoxglqj uhpdunv duh vxppdul}hg
lq vhfwlrq 8191

815 Jhqhudo dssurdfk

Frqvlghu dq xquholdeoh surgxfwlrq v|vwhp/ zklfk lv vxemhfw wr udqgrp idloxuhv ru
euhdngrzqv1 Lq fdvh ri d idloxuh/ wkh v|vwhp lv uhsdluhg fruuhfwlyho|1 Lq dgglwlrq/ suh0
yhqwlyh pdlqwhqdqfh dfwlrqv duh fduulhg rxw wr suhyhqw idloxuhv1 Diwhu hdfk suhyhqwlyh
dqg fruuhfwlyh pdlqwhqdqfh dfwlrq/ wkh surgxfwlrq v|vwhp lv dvvxphg wr eh uhvwruhg
lqwr dq dv0jrrg0dv0qhz frqglwlrq1 Pruh vshfl�fdoo|/ wkh wlphv ehwzhhq idloxuhv duh
pxwxdoo| lqghshqghqw vwrfkdvwlf yduldeohv zlwk fxpxodwlyh glvwulexwlrq ixqfwlrq 8 E|�

dqg fruuhvsrqglqj suredelolw| ghqvlw| sE|�/ zkhuh | � f ghqrwhv wkh hodsvhg +fdohqgdu
ru rshudwlqj, wlph vlqfh wkh odvw pdlqwhqdqfh dfwlrq/ hlwkhu suhyhqwlyh ru fruuhfwlyh1

Dv phqwlrqhg ehiruh/ wkh ghvljq ri rxu wzr0vwdjh pdlqwhqdqfh srolf| lv edvhg xsrq
d klhudufklfdo ghfrpsrvlwlrq sulqflsoh/ zkhuh zh glvwlqjxlvk ehwzhhq wzr sodqqlqj
ohyhov1 Wkh kljkhvw ohyho +wkh �uvw vwdjh, lv uhodwhg wr wkh orqj whup ehwzhhq suhyhqwlyh
pdlqwhqdqfh dfwlrqv1 Wkh orzhvw ohyho +wkh vhfrqg vwdjh, uhodwhv wr d pxfk vkruwhu
whup/ zklfk lv w|slfdo iru wkh rshudwlrqdo frqwuro ri wkh surgxfwlrq v|vwhp1 Wkh pdlq
gl�huhqfh ehwzhhq wkhvh wzr ohyhov lv wkh nlqg ri lqirupdwlrq zklfk lv dydlodeoh1

Lq wkh �uvw vwdjh/ lqirupdwlrq derxw wkh rshudwlqj vwdwh ri wkh surgxfwlrq v|v0
whp lv dvvxphg wr eh dydlodeoh lq whupv ri d vwdwlrqdu| vwrfkdvwlf surfhvv fE�� rqo|1
Wkhuhiruh/ wkh lqlwldwlrq ri suhyhqwlyh pdlqwhqdqfh lv edvhg xsrq wkh whfkqlfdo vwdwh
+h1j1 fxpxodwlyh rshudwlqj wlph, ri wkh surgxfwlrq v|vwhp= suhyhqwlyh pdlqwhqdqfh
pxvw eh fduulhg rxw vrphzkhuh ehwzhhq wlphv | dqg | n {| vlqfh wkh odvw pdlqwh0
qdqfh dfwlrq/ hlwkhu suhyhqwlyh ru fruuhfwlyh1 Lq wkh vhfrqg vwdjh/ lqirupdwlrq derxw
wkh rshudwlqj vwdwh ri wkh surgxfwlrq v|vwhp/ l1h1 wkh dfwxdo uhdol}dwlrq ri fE��/
lv dvvxphg wr eh dydlodeoh ehiruhkdqg ryhu d �qlwh/ uroolqj krul}rq1 Wkhuhiruh/ wkh
lqlwldwlrq ri suhyhqwlyh pdlqwhqdqfh lv edvhg xsrq wkh rshudwlqj vwdwh fE�� ri wkh
surgxfwlrq v|vwhp/ zklfk lv qrz ghwhuplqlvwlfdoo| jlyhq ryhu wkh hqwluh pdlqwhqdqfh
lqwhuydo d|c | n {|o= suhyhqwlyh pdlqwhqdqfh lv fduulhg rxw dw wkh ehvw rssruwxqlw| 	|

zlwklq wklv lqwhuydo1

Lq jhqhudo/ rxu dssurdfk pljkw lqyrnh dq xsshu erxqg {|6@% rq {|/ vlqfh wklv
nlqg ri lqirupdwlrq lv rqo| dydlodeoh rq d vkruw whup edvlv1 Iru qrwdwlrqdo frqyhqlhqfh/
dqg zlwkrxw orvv ri jhqhudolw|/ zh dvvxph wkdw {|6@% 	 4 lq wkh vhtxho1 Qrz wkh
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edvlf prwlydwlrq iru rxu dssurdfk lv wkdw erwk vwdjhv vkrxog lqwhudfw lq d vlpsoh
exw h�hfwlyh zd|/ doorzlqj vhsdudwh frqwuro phfkdqlvpv iru hdfk vwdjh1 Lq olqh zlwk
wklv/ rxu prghoolqj iudphzrun surfhhgv dv iroorzv1 Lq wkh �uvw vwdjh/ d jhqhudol}hg
djh pdlqwhqdqfh srolf| rswlpl}lqj erwk | dqg {| lv irupxodwhg/ lq zklfk wkh vhfrqg
vwdjh lv lqfrusrudwhg e| phdqv ri dq dssur{lpdwh prgho zlwk wzr pdlq hohphqwv=

� wkh dfwxdo vwduwlqj wlph iru suhyhqwlyh pdlqwhqdqfh +dv ghwhuplqhg lq wkh vhfrqg
vwdjh, lv prghoohg lq whupv ri d xqlirup glvwulexwlrq ryhu wkh pdlqwhqdqfh
lqwhuydo d|c |n{|o>

� wkh dfwxdo frvw ri suhyhqwlyh pdlqwhqdqfh +dv revhuyhg lq wkh vhfrqg vwdjh, lv
prghoohg dv dq h{shfwhg frvw ixqfwlrq SRE{|�/ zkhuhdv Ss ghqrwhv wkh h{shfwhg
frvw ri fruuhfwlyh pdlqwhqdqfh1

Dowkrxjk rxu dqdo|vlv frxog hdvlo| eh jhqhudol}hg wr rwkhu wkdq xqlirup glvwule0
xwlrqv/ zh zloo uhvwulfw rxuvhoyhv wr wkh xqlirup glvwulexwlrq lq wklv fkdswhu1 Iurp
d sudfwlfdo srlqw ri ylhz/ wkhvh dvvxpswlrqv uhodwh wr wkh xqfhuwdlqw| lq rshudwlrqdo
lqirupdwlrq lq wkh �uvw vwdjh/ dqg duh edvhg rq wkh +lqwxlwlyh, uhdvrqlqj wkdw +l, hdfk
vwduwlqj wlph zlwklq wkh lqwhuydo d|c |n{|o kdv wkh vdph suredelolw| ri ehlqj fkrvhq/
dqg +ll, wkhuh lv qr fruuhodwlrq ehwzhhq wkh dfwxdo vwduwlqj wlph dqg wkh dfwxdo frvw
ri suhyhqwlyh pdlqwhqdqfh1 Lq jhqhudo/ wklv uhdvrqlqj fdq rqo| krog dssur{lpdwho|/
vlqfh wkh vhfrqg vwdjh lv frqwuroohg e| frpsoh{ vwrfkdvwlf surfhvvhv/ zlwk wkhlu rzq
vwrfkdvwlf odzv +vhh vhfwlrq 81715,1 Wkhuh duh vlwxdwlrqv/ krzhyhu/ zkhuh wkhvh �uvw
vwdjh dvvxpswlrqv duh hqwluho| mxvwl�hg iurp d vhfrqg vwdjh srlqw ri ylhz +vhh vhfwlrq
81714,1

816 Wkh �uvw vwdjh

Lq wkh �uvw vwdjh/ lqirupdwlrq derxw wkh rshudwlqj vwdwh ri wkh surgxfwlrq v|vwhp
lv dvvxphg wr eh dydlodeoh lq whupv ri d vwdwlrqdu| vwrfkdvwlf surfhvv fE�� rqo|1
Wkhuhiruh/ wkh lqlwldwlrq ri suhyhqwlyh pdlqwhqdqfh lv gulyhq e| wkh whfkqlfdo vwdwh
ri wkh surgxfwlrq v|vwhp= suhyhqwlyh pdlqwhqdqfh pxvw eh fduulhg rxw vrphzkhuh
ehwzhhq wlphv | dqg | n {| vlqfh wkh odvw pdlqwhqdqfh dfwlrq/ hlwkhu suhyhqwlyh ru
fruuhfwlyh1

81614 Prgho dqg dvvxpswlrqv

Iluvw ri doo/ ohw xv ghqrwh zlwk �E|c{|� wkh h{shfwhg frvwv ri wkh wzr0vwdjh pdlq0
whqdqfh srolf| shu xqlw ri wlph/ dqg dvvxph wkdw dqdo|wlfdo h{suhvvlrqv iru Ss dqg
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SRE{|� duh dydlodeoh1 Ixuwkhupruh/ gh�qh d f|foh dv wkh wlph ehwzhhq wzr frqvhfxwlyh
pdlqwhqdqfh dfwlrqv/ hlwkhu suhyhqwlyh ru fruuhfwlyh1 Wkhq lw iroorzv iurp uhqhzdo
wkhru| +Fr{ 4<95, wkdw wkh h{shfwhg frvwv shu xqlw ri wlph duh htxdo wr wkh h{shfwhg
frvwv shu f|foh glylghg e| wkh h{shfwhg ohqjwk ri d f|foh1 Hoderudwlqj rq wkh odvw wzr
txdqwlwlhv |lhogv wkh iroorzlqj h{suhvvlrq iru �E|c{|�1 Khuh/ zh ghqrwh 8 E|� � ��8 E|�

iru qrwdwlrqdo frqyhqlhqfh=

�E|c{|� '

|n{|U
|

�
Ss � 8 E�� n SRE{|� � 8 E��� _�

|n{|U
|

�U
f

8 E�� _� _�

Qrwh wkdw }E|� ' *�4{|<f �E|c{|� frlqflghv zlwk wkh fodvvlfdo djh pdlqwhqdqfh
srolf| +Eduorz dqg Survfkdq 4<98,/ zklfk suhvfulehv suhyhqwlyh pdlqwhqdqfh wr eh
fduulhg rxw | wlph xqlwv diwhu wkh odvw pdlqwhqdqfh dfwlrq/ hlwkhu suhyhqwlyh ru fru0
uhfwlyh1 Khuh/ zh ghqrwh SR ' SREf� iru qrwdwlrqdo frqyhqlhqfh=

}E|� '
Ss � 8 E|� n SR � 8 E|�

|U
f

8 E�� _�

Ri frxuvh/ rxu remhfwlyh qrz lv wr plqlpl}h �E|c{|� zlwk uhvshfw wr | dqg {|1
Jlyhq wkdw 8 E|� dqg SRE{|� duh erwk frqwlqxrxvo| gl�huhqwldeoh lq | dqg {|/ lw
iroorzv wkdw �E|c{|� lv dovr frqwlqxrxvo| gl�huhqwldeoh lq | dqg {|1 Wr vlpsoli| rxu
dqdo|vlv/ zh pdnh wkh iroorzlqj +qdwxudo, dvvxpswlrqv zlwk uhvshfw wr wkh pdlqwh0
qdqfh frvw ixqfwlrqv Ss dqg SRE{|�/ dv zhoo dv wkh idloxuh udwh oE|� ' sE|�*8 E|�1 Khuh/
> '

U"
f

8 E|� _| ghqrwhv wkh h{shfwhg olih wlph ri wkh surgxfwlrq v|vwhp=

+l, SREf� 	 Ss /

+ll, SRE{|� lv ghfuhdvlqj lq {|/

+lll, oE|� lv vwulfwo| lqfuhdvlqj lq |/

+ly, *�4
|<"

oE|� :
Ss

Ss3SREf�
� �
>
1

Lq jhqhudo/ �qglqj wkh rswlpdo wzr0vwdjh pdlqwhqdqfh srolf| i|Wc{|Wj lv d frpsoh{
sureohp/ vlqfh �E|c{|� fdqqrw eh hydoxdwhg h{solflwo|/ dqg pd| kdyh pxowlsoh orfdo
plqlpd dv zhoo1 Wkhuhiruh/ rxu �uvw remhfwlyh lq wklv vhfwlrq lv wr ghulyh vhyhudo
surshuwlhv ri �E|c{|� zlwk zklfk rswlpdo srolflhv i|Wc{|Wj fdq eh fodvvl�hg1 Zlwk
wkhvh surshuwlhv/ dq h!flhqw dojrulwkp lv ghyhorshg wr ghwhuplqh wkh rswlpdo wzr0
vwdjh pdlqwhqdqfh srolf|1
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81615 Jhqhudol}hg djh pdlqwhqdqfh

Dv d vwduwlqj srlqw ri rxu dqdo|vlv/ zh zloo vkrz wkdw wkh wzr0vwdjh pdlqwhqdqfh srolf|
lv lqghhg d jhqhudol}hg djh pdlqwhqdqfh srolf|1 Lq rwkhu zrugv/ zh qhhg wr suryh wkdw
{|W ' f li wkh frvwv ri suhyhqwlyh pdlqwhqdqfh SRE{|� duh �{hg/ l1h1 lqghshqghqw ri
{|1 Wr wklv hqg/ ohw xv ghqrwh zlwk |W dqg {|W ydoxhv ri | dqg {| iru zklfk �E|c{|�

lv plqlpl}hg/ dqg gh�qh oE|c{|� dv iroorzv=

oE|c{|� '

|n{|U
|

sE�� _�

|n{|U
|

8 E�� _�

Iurp d sudfwlfdo srlqw ri ylhz/ oE|c{|� frxog eh lqwhusuhwhg dv d vruw ri dyhudjhg
idloxuh udwh gxulqj wkh lqwhuydo d|c | n {|o1 Qrz sxwwlqj wkh ghulydwlyhv ri �E|c{|�

zlwk uhvshfw wr | dqg {| htxdo wr }hur/ |lhogv wkh iroorzlqj htxleulolxp htxdwlrqv
iru �E|Wc{|W�=

�E|Wc{|W� ' ESs � SRE{|W�� � oE|Wc{|W�

�E|Wc{|W� '

Ss � 8 E|W n{|W� n SRE{|W� � 8 E|W n{|W� n S�RE{|W� �
|Wn{|WU
|W

8 E�� _�

|Wn{|WU
f

8 E�� _�

Li {|W 	 {|6@%/ wkhvh htxdwlrqv uhsuhvhqw vx!flhqw frqglwlrqv iru d orfdo h{0
wuhpxp i|Wc{|Wj/ dqg qhfhvvdu| frqglwlrqv iru d joredo plqlpxp i|Wc{|Wj1 Pruh0
ryhu/ li {|W ' f/ wkh| uhgxfh wr vrph zhoo0nqrzq uhodwlrqv iru wkh fodvvlfdo djh
pdlqwhqdqfh srolf|1 Khuh/ zh ghqrwh SR ' SREf� 	 Ss iru qrwdwlrqdo frqyhqlhqfh=

}E|W� ' ESs � SR� � oE|W�

}E|W� '
Ss � 8 E|W� n SR � 8 E|W�

|WU
f

8 E�� _�

Rxu dqdo|vlv qrz surfhhgv dv iroorzv1 Iluvw ri doo/ zh zloo vkrz wkdw oE|c{|� lv
vwulfwo| lqfuhdvlqj lq | dqg {|/ surylghg wkdw oE|� lv vwulfwo| lqfuhdvlqj lq |1 Iru wkh
surri/ zh qhhg wkh iroorzlqj ohppd=
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Ohppd 9 Frqvlghu wzr vwulfwo| srvlwlyh dqg frqwlqxrxv ixqfwlrqv 6E|� dqg ?E|�/
zkhuh | � f1 Li 6E|�*?E|� lv vwulfwo| lqfuhdvlqj lq |/ wkhq wkh iroorzlqj uhodwlrqv krog=

+d, 6E@�*?E@� 	
KU
@

6E�� _� *
KU
@

?E�� _� 	 6EK�*?EK� iru doo @c K � f zlwk @ 	 K/

+e,
@nKU
@

6E�� _� *
@nKU
@

?E�� _� lv vwulfwo| lqfuhdvlqj lq @ � f iru doo K � f/

+f,
@nKU
@

6E�� _� *
@nKU
@

?E�� _� lv vwulfwo| lqfuhdvlqj lq K � f iru doo @ � f1

Surri1 Vhh Dsshqgl{ D1 �

Wkhruhp 4 oE|c{|� lv vwulfwo| lqfuhdvlqj lq | � f iru doo {| � f/ dqg vwulfwo|
lqfuhdvlqj lq {| � f iru doo | � f> pruhryhu/ oE|� 	 oE|c{|� 	 oE|n{|� iru doo | � f

dqg {| : f1

Surri1 Vlqfh oE|� ' sE|�*8 E|� lv vwulfwo| lqfuhdvlqj lq | e| dvvxpswlrq +lll,/ vxe0
vwlwxwlrq ri 6E�� ' sE��/ ?E�� ' 8 E��/ @ ' | dqg K ' {| lq Ohppd 9e |lhogv=
oE|c{|� lv vwulfwo| lqfuhdvlqj lq | � f iru doo {| � f1 Lq d vlplodu zd|/ vxevwlwxwlrq
ri 6E�� ' sE��/ ?E�� ' 8 E��/ @ ' | dqg K ' {| lq Ohppd 9f |lhogv= oE|c{|� lv
vwulfwo| lqfuhdvlqj lq {| � f iru doo | � f1 Ilqdoo|/ lw iroorzv iurp Ohppd 9d wkdw
oE|� 	 oE|c{|� 	 oE|n{|� iru doo | � f dqg {| : f/ zklfk frpsohwhv wkh surri1 �

Zlwk wkhvh surshuwlhv ri oE|c{|� lq plqg/ lw fdq qrz hdvlo| eh ghulyhg wkdw{|W ' f

li wkh frvwv ri suhyhqwlyh pdlqwhqdqfh SRE{|� duh lqghshqghqw ri {|1 Wklv lv vwdwhg
pruh h{solflwo| lq wkh iroorzlqj wkhruhp1

Wkhruhp 5 Li SRE{|� ' SR : f iru doo {| � f/ wkhq �E|c{|� kdv d xqltxh plql0
pxp i|Wc{|Wj ' i|fc fj/ zkhuh |f 	 4 uh hfwv wkh rswlpdo djh pdlqwhqdqfh srolf|1
Pruhryhu/ plqi�E|c{|� m | � fj lv vwulfwo| lqfuhdvlqj lq {| � f1

Surri1 Dv d uhvxow ri dvvxpswlrqv +lll, dqg +ly,/ }E|� ' *�4{|<f �E|c{|� kdv d xqltxh
plqlpxp |f 	 4 zlwk }E|f� ' ESs � SR� � oE|f�/ h1j1 vhh Eduorz dqg Survfkdq +4<98,
iru ixuwkhu ghwdlov1 Dv d frqvhtxhqfh/ }E|� : }E|f� iru doo | 9' |f1 Ohw xv qrz frqvlghu
dq rswlpdo wzr0vwdjh pdlqwhqdqfh srolf| i|Wc{|Wj1 Zlwk SRE{|� ' SR : f/ dqg wkxv
S�RE{|� ' f iru doo {| � f/ wkh htxleulolxp htxdwlrqv iru �E|Wc{|W� uhgxfh wr=

�E|Wc{|W� ' ESs � SR� � oE|Wc{|W� ' }E|W n{|W�
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Vlqfh �E|Wc{|W� � }E|f� e| gh�qlwlrq/ dqg }E|� : }E|f� iru doo | 9' |f/ zh kdyh
|W n{|W ' |f1 Qrz vxssrvh wkdw {|W : f1 Vlqfh oE|W� 	 oE|Wc{|W� 	 oE|W n{|W� e|
Wkhruhp 4/ wklv |lhogv �E|Wc{|W� ' ESs � SR� � oE|Wc{|W� 	 ESs � SR� � oE|W n {|W� '

ESs � SR� � oE|f� ' }E|f� ' }E|W n {|W�/ zklfk lv lq frqwudglfwlrq zlwk �E|Wc{|W� '

}E|W n {|W�1 Dssduhqwo|/ {|W : f fdqqrw eh rswlpdo/ dqg wkxv {|W ' f dqg |W ' |f

uh hfw wkh joredo plqlpxp1 Iroorzlqj d vlplodu dujxphqw/ lw fdq eh vkrzq wkdw
4�? i�E|c{|� m | � fj lv vwulfwo| lqfuhdvlqj lq {| � f1 �

81616 Sureohp ghfrpsrvlwlrq

Wr frqwlqxh rxu dqdo|vlv/ zh zloo vkrz wkdw iru �{hg ydoxhv ri {|/ wkh plqlpl}dwlrq
ri �E|c{|� zlwk uhvshfw wr | lv d uhodwlyho| vlpsoh sureohp1 Dv d vwduwlqj srlqw/ zh
ghqrwh zlwk 1E{|� ' @h}4�?i�E|c{|� m | � fj wkh ydoxh ri | iru zklfk �E|c{|� lv
plqlpl}hg/ dqg revhuyh wkdw wkh iroorzlqj lpsolflw uhodwlrq fdq eh ghulyhg iru 1E{|�=

ESs � SRE{|�� � oE1E{|�c{|� ' �E1E{|�c{|�

Reylrxvo|/ wklv htxdwlrq uh hfwv d qhfhvvdu| frqglwlrq iru 1E{|�/ vlqfh hdfk joredo
plqlpxp pxvw frlqflgh zlwk d orfdo h{wuhpxp1 Lq wkh iroorzlqj wkhruhp/ krzhyhu/
zh zloo vkrz wkdw lw lv dovr d vx!flhqw frqglwlrq iru 1E{|�1 Lq rwkhu zrugv/ zh zloo
vkrz wkdw wkhuh h{lvwv h{dfwo| rqh orfdo plqlpxp 1E{|�/ dqg qr orfdo pd{lpd/ iru
hdfk {| � f1 Iru wkh surri/ zh qhhg wkh iroorzlqj ohppd=

Ohppd : Iru hdfk {| � f/ |W lv d orfdo plqlpxp ri �E|c{|� zlwk uhvshfw wr |/ li
dqg rqo| li wkhuh h{lvwv dq 0 : f vxfk wkdw=

ESs � SRE{|�� � oE|c{|�� �E|c{|�

;AA?
AA=
	 f sJo |W � 0 	 | 	 |W

' f sJo | ' |W

: f sJo |W 	 | 	 |W n 0

Surri1 Iluvw ri doo/ uhfdoo wkdw |W lv d orfdo plqlpxp li dqg rqo| li wkhuh h{lvwv
dq 0 : f vxfk wkdw Y�

Y|
� f iru |W � 0 	 | � |W/ dqg Y�

Y|
� f iru |W � | 	 |W n 01

Qrz vxssrvh wkdw Y�
Y|

' f rq d �qlwh lqwhuydo d|�c |2o zlwk |� � |W � |2 dqg |� 	 |21
Wkhq |� dqg |2 duh dovr orfdo h{wuhpd/ dqg wkxv �E|�c{|� ' ESs � SRE{|�� � oE|�c{|�

dqg �E|2c{|� ' ESs � SRE{|�� � oE|2c{|�1 Vlqfh oE|c{|� lv vwulfwo| lqfuhdvlqj lq | e|
Wkhruhp 4/ dqg |� 	 |2 e| frqvwuxfwlrq/ wklv |lhogv �E|�c{|� 	 �E|2c{|�/ zklfk lv lq
frq lfw zlwk wkh dvvxpswlrq wkdw Y�

Y|
' f rq d|�c |2o1 Dssduhqwo|/ |� 	 |2 ohdgv wr d

frqwudglfwlrq1 Khqfh/ |� ' |W ' |2/ lpso|lqj wkdw Y�
Y|

	 f iru |W � 0 	 | 	 |W/ Y�
Y|

' f

iru | ' |W/ dqg Y�
Y|

: f iru |W 	 | 	 |W n 01 �
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Wkhruhp 6 Wkhuh h{lvwv d xqltxh orfdo plqlpxp 1E{|� 	 4> pruhryhu/

ESs � SRE{|�� � oE|c{|�� �E|c{|�

;AA?
AA=
	 f sJo | 	 1E{|�

' f sJo | ' 1E{|�

: f sJo | : 1E{|�

Surri1 Dv d vwduwlqj srlqw/ zh revhuyh wkdw �E1E{|�c{|� � Ss � >3�/ vlqfh zh fdq
qhyhu gr zruvh wkdq d sxuho| fruuhfwlyh pdlqwhqdqfh vwudwhj|1 Vlqfh *�4|<"ESs �
SRE{|�� � oE|c{|� : ESs � SREf�� � *�4|<" oE|� : Ss � >3� e| dvvxpswlrqv +ll,0+ly,/ lw
iroorzv wkdw 1E{|� 	 4 iru doo {| � f1 Qrz vxssrvh wkdw |� dqg |2 duh erwk orfdo
plqlpd ri �E|c{|� jlyhq {|/ zlwk |� 	 |21 Vlqfh �E|c{|� lv frqwlqxrxvo| gl�huhqwldeoh
lq |/ lw iroorzv iurp Ohppd : wkdw wkhuh pxvw dovr h{lvw d orfdo pd{lpxp |W zlwk
|� 	 |W 	 |21 Lq d vlplodu zd|/ wklv lpsolhv wkh h{lvwhqfh ri dq 0 : f vxfk wkdw
ESs � SRE{|�� � oE|c{|� : �E|c{|� iru |W � 0 	 | 	 |W/ dqg ESs � SRE{|�� � oE|c{|� 	

�E|c{|� iru |W 	 | 	 |Wn01 Zlwk 0 $ f/ wklv uhtxluhv ESs �SRE{|�� �oE|c{|�/ dqg wkxv
oE|c{|�/ wr eh ghfuhdvlqj lq | ' |W/ zklfk lv lq frq lfw zlwk Wkhruhp 41 Dssduhqwo|/
wkh dvvxpswlrq ri wzr +ru pruh, orfdo plqlpd ohdgv wr d frqwudglfwlrq1 Khqfh/ wkhuh lv
h{dfwo| rqh orfdo plqlpxp 1E{|� 	 4/ dqg wkhuh duh qr orfdo pd{lpd1 Frqvhtxhqwo|/
ESs � SRE{|�� � oE|c{|� 	 �E|c{|� iru | 	 1E{|�/ dqg ESs � SRE{|�� � oE|c{|� : �E|c{|�

iru | : 1E{|�1 Wklv lpsolhv wkh xqltxhqhvv ri 1E{|�/ dqg frpsohwhv wkh surri1 � 1

Dv d uhvxow ri Wkhruhp 6/ zh nqrz qrz wkdw �E|c{|� lv d xqlprgdo ixqfwlrq lq | iru
doo{| � f +d orfdo plqlpxp ri d xqlprgdo ixqfwlrq lv dovr d joredo plqlpxp,1 Khqfh/
1E{|� fdq eh ghwhuplqhg h!flhqwo| zlwk wkh xvh ri vwdqgdug vhdufk whfkqltxhv1 Qrz/
d qdwxudo lghd lv wkdw d vhdufk iru wkh joredo plqlpxp i|Wc{|Wj ri �E|c{|� vkrxog
h{sorlw wklv idfw1 Wkhuhiruh/ zh kdyh fkrvhq wr ghfrpsrvh rxu joredo rswlpl}dwlrq
sureohp lqwr wzr vxesureohpv/ rqh wkdw ghwhuplqhv 1E{|� iru d jlyhq ydoxh ri {|/ dqg
rqh wkdw plqlpl}hv �E1E{|�c{|� zlwk uhvshfw wr {|1 Wklv lv vwdwhg pruh h{solflwo| lq
wkh iroorzlqj vhfwlrq1

81617 D eudqfk dqg erxqg dojrulwkp

Lq jhqhudo/ �qglqj wkh rswlpdo wzr0vwdjh pdlqwhqdqfh srolf| i|Wc{|Wj lv d frpsoh{
sureohp/ vlqfh �E|c{|� fdqqrw eh hydoxdwhg h{solflwo|/ dqg pd| kdyh pxowlsoh orfdo
plqlpd dv zhoo1 Dv d frqvhtxhqfh/ fodvvlfdo rswlpl}dwlrq surfhgxuhv pd| jhw vwxfn lq
d orfdo plqlpxp/ zklfk lv qrw ghvludeoh1 Wr dyrlg wklv/ zh kdyh ghyhorshg dq h!flhqw
qxphulfdo rswlpl}dwlrq dojrulwkp/ zklfk frpelqhv wkh frqfhsw ri elvhfwlrq vhdufk
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zlwk eudqfk dqg erxqg hqxphudwlrq1 Wklv dojrulwkp lv edvhg rq wkh ghfrpsrvlwlrq
sulqflsoh ri wkh suhylrxv vhfwlrq/ dqg surfhhgv dv iroorzv1

Dv d vwduwlqj srlqw/ wkh rswlpdo djh pdlqwhqdqfh srolf| |f 	 4 lv ghwhuplqhg/
uhvxowlqj lq d ehvw0vr0idu wzr0vwdjh pdlqwhqdqfh srolf| i|Wc{|Wj ' i|fc fj/ zlwk fru0
uhvsrqglqj frvwv }E|f�1 Vxevhtxhqwo|/ d qrgh Efc{|6@%� lv fuhdwhg/ zkhuh {|6@% 	 4
ghqrwhv wkh pd{lpdo lqwhuydo vl}h1 Lq jhqhudo/ hdfk qrgh E@c K� fruuhvsrqgv zlwk dq
lqwhuydo @ � {| � K/ dqg frqwdlqv d orzhu erxqg �,J�E@c K� iru wkh rswlpdo srolf|
zlwklq wkdw lqwhuydo1 Li �,J�E@c K� � E� n 0� : �E|Wc{|W�/ zkhuh i|Wc{|Wj ghqrwhv wkh
ehvw0vr0idu srolf| dqg 0 : f lv d xvhu0gh�qhg frqvwdqw/ wkh fruuhvsrqglqj qrgh E@c K�
lv forvhg1 Rwkhuzlvh/ d forvhu orrn dw wkdw lqwhuydo lv qhfhvvdu|/ dqg elvhfwlrq lv xvhg1
Pruh vshfl�fdoo|/ qhz qrghv E@c S� dqg ESc K� zlwk S ' @nK

2
duh fuhdwhg/ dqg 1ES�

lv ghwhuplqhg wr fkhfn zkhwkhu wkh ehvw0vr0idu srolf| i|Wc{|Wj lv rxwshuiruphg e|
i1ES�c Sj1 Vxevhtxhqwo|/ �,J�E@c S� dqg �,J�ESc K� duh ghwhuplqhg/ dqg wkh prvw surplv0
lqj qrgh 0 lq whupv ri wkh fruuhvsrqglqj orzhu erxqg 0 lv vhohfwhg1 Wklv surfhgxuh
lv uhshdwhg uhfxuvlyho| xqwlo doo qrghv duh forvhg1 Dw wklv srlqw/ i|Wc{|Wj ghqrwhv d
vr0fdoohg 00rswlpdo wzr0vwdjh pdlqwhqdqfh srolf|1

Wkh txhvwlrq uhpdlqv krz wr ghwhuplqh d orzhu erxqg �,J�E@c K� iru wkh rswlpdo
wzr0vwdjh pdlqwhqdqfh srolf| zlwklq wkh udqjh @ � {| � K1 Iluvw ri doo/ zh revhuyh
wkdw SRE{|� lv ghfuhdvlqj lq {|/ dqg wkxv SRE{|� � SREK� iru doo {| � K1 Pruhryhu/ li
zh vxevwlwxwh SRE{|� ' SREK� lq �E|c{|�/ lw iroorzv iurp Wkhruhp 5 wkdw4�?i�E|c{|� m
| � fj � 4�?i�E|c @� m | � fj iru doo {| � @1 Vxppdul}lqj/ wklv ohdyhv xv zlwk wkh
iroorzlqj orzhu erxqg �,J�E@c K� iru 4�?i�E|c{|� m | � fc @ � {| � Kj=

�,J�E@c K� ' 4�?
|Df

;AAA?
AAA=

|n@U
|

�
Ss � 8 E�� n SREK� � 8 E��

�
_�

|n@U
|

�U
f

8 E�� _� _�

<AAA@
AAA>

Vlplodu wr wkh surri ri Wkhruhp 6/ lw fdq eh vkrzq wkdw wkh uljkw kdqg vlgh ri wklv
htxdwlrq lv d xqlprgdo ixqfwlrq lq |1 Lq rwkhu zrugv/ �,J�E@c K� fdq eh ghwhuplqhg
h!flhqwo| zlwk wkh xvh ri vwdqgdug vhdufk whfkqltxhv/ lq sduwlfxodu li d jrrg lqlwldo
ydoxh iru | lv surylghg1 Lq rxu rswlpl}dwlrq dojrulwkp/ �,J�E@c S� dqg �,J�ESc K� duh
ghwhuplqhg zlwk dq lqlwldo ydoxh 1ES� iru |1 Lq d vlplodu zd|/ 1ES� lv ghwhuplqhg
wkurxjk hydoxdwlrq ri �,J�ESc S�/ zlwk dq lqlwldo ydoxh iru | wkdw lv lqkhulwhg iurp wkh
sduhqwdo qrgh1 Ixuwkhu ghwdlov duh vnlsshg/ vlqfh wkh| duh qrw vr uhohydqw iru zkdw
iroorzv1

Lq jhqhudo/ �E|c{|� fdqqrw eh hydoxdwhg h{solflwo|/ dv d uhvxow ri zklfk doo lqwhjudov
lq | dqg{|pxvw eh qxphulfdoo| dssur{lpdwhg/ iru h{dpsoh e| phdqv ri d wudsh}rlgdo
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Wdeoh 814= H�hfw ri B : f dqg " : f rq wkh dffxudf| ri wkh rswlpdo srolf| i|Wc{|Wj/
iru d surgxfwlrq v|vwhp zlwk Jdppd glvwulexwhg olih wlph= > ' j2 ' �f/ Ss ' �ff/
dqg SRE{|� ' 2f n D � e3f��u{|1

B 0 |W {|W �E|Wc{|W� & vhfrqgv & qrghv

f�� f�f� e�b ��b D�2�He�fS� f�ff2 ��

f�� f�ff� D�f ��. D�2�SHS2fe f�ffe ��

f�f� f�ff� D�f� ��SD D�2�S2bSS� f�f�2 e.

f�f� f�fff� D�f2 ��Se D�2�S2H.2S f�fDH �2D

f�ff� f�fff� D�f22 ��S�. D�2�S2H2S2 f��D. �..

f�ff� f�ffff� D�f2� ��S�H D�2�S2H2Sf f�2�H e��

f�fff� f�ffff� D�f2�e ��S�.. D�2�S2H2DD f�DH� DDD

f�fff� f�fffff� D�f2�e ��S�.S D�2�S2H2DD f�.b. �2.D

uxoh zlwk vwhs vl}hv B/ zkhuh B : f lv d xvhu0gh�qhg frqvwdqw1 Dv d frqvhtxhqfh/
rqo| pdlqwhqdqfh srolflhv ri wkh irup i6 � Bc ? � Bj/ zlwk 6c? 5 Q/ duh frqvlghuhg1
Reylrxvo|/ vpdoohu ydoxhv ri B dqg 0 ohdg wr pruh dffxudwh uhvxowv/ exw dovr uhtxluh
pruh frpsxwdwlrqdo h�ruw +vhh Wdeoh 814,1 Lq wkh uhpdlqghu ri wklv fkdswhu/ zh zloo
uhvwulfw rxuvhoyhv wr Jdppd glvwulexwhg olih wlphv 8 E|� ' KkcqE|�/ zlwk phdq > ' k�q/
dqg yduldqfh j2 ' k � q21 E| grlqj wklv/ }E|� dqg �E|c{|� fdq eh hydoxdwhg h{solflwo|
dv iroorzv1 Rqfh djdlq/ zh ghqrwh SR ' SREf� iru qrwdwlrqdo frqyhqlhqfh=

}E|� '
SR n ESs � SR� � KkcqE|�

| � E�� KkcqE|��� k � q � Kkn�cqE|�

�E|c{|� '
SRE{|� �{|n ESs � SRE{|�� � d� � KkcqE��� k � q � Kkn�cqE��o|n{||�

�
2
�2 � E�� KkcqE��� n k � q � � � Kkn�cqE��� �

2
Ekn k2� � q2 � Kkn2cqE��

�|n{|
|

Iru wkh surri/ zh uhihu wr Dsshqgl{ E1 Khuh/ zh rqo| phqwlrq wkdw h!flhqw frp0
sxwhu surjudpplqj frghv duh dydlodeoh iru wkh fdofxodwlrq ri Jdppd glvwulexwlrqv/
h1j1 vhh Whpph +4<<7,1 Ri frxuvh/ wkhvh surfhgxuhv zhuh ixuwkhu h{sorlwhg lq ghulylqj
wkh rswlpdo wzr0vwdjh pdlqwhqdqfh srolf| i|Wc{|Wj1

817 Wkh vhfrqg vwdjh

Lq wkh vhfrqg vwdjh/ lqirupdwlrq derxw wkh rshudwlqj vwdwh ri wkh surgxfwlrq v|vwhp/
l1h1 wkh dfwxdo uhdol}dwlrq ri fE��/ lv dvvxphg wr eh dydlodeoh ehiruhkdqg ryhu d �qlwh/
uroolqj krul}rq1 Wkhuhiruh/ wkh lqlwldwlrq ri suhyhqwlyh pdlqwhqdqfh lv edvhg xsrq wkh
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rshudwlqj vwdwh fE�� ri wkh surgxfwlrq v|vwhp= suhyhqwlyh pdlqwhqdqfh lv fduulhg rxw
dw wkh ehvw rssruwxqlw| 	| ehwzhhq wlphv | dqg |n{|1 Lq jhqhudo/ zh kdyh wr dffrxqw
iru wkh hqvhpeoh ri doo srvvleoh uhdol}dwlrqv ri wkh surfhvv fE�� lq wkh vhfrqg vwdjh/
lq rughu wr duulyh dw wkh dyhudjhv uhohydqw iru Ss dqg SRE{|� lq rxu �uvw vwdjh prgho1
Lq wklv vhfwlrq/ zh zloo uhvwulfw rxuvhoyhv wr wkh fdvh zkhuh fE�� ehkdyhv dffruglqj
wr +l, dq rq2r� surfhvv zlwk h{srqhqwldoo| glvwulexwhg rq0 dqg r�0shulrgv/ dqg +ll, d
frqwlqxrxv0wlph Pdunry surfhvv rq d �qlwh vwdwh vsdfh1 Wr vlpsoli| rxu dqdo|vlv/ zh
dvvxph wkdw fE�� lv hujrglf +l1h1 doo vwdwhv duh uhfxuuhqw,/ dqg wkdw fE�� lv uhvwruhg
wr d vwdwlrqdu| vwdwh diwhu hdfk suhyhqwlyh dqg fruuhfwlyh pdlqwhqdqfh dfwlrq1 Lq wkh
uhpdlqghu ri wklv vhfwlrq/ wkhvh dvvxpswlrqv zloo eh vwxglhg lq pruh ghwdlo iru erwk
h{dpsohv1

81714 Dq rq2r� surgxfwlrq v|vwhp

Dv d vwduwlqj srlqw/ zh frqvlghu d surgxfwlrq v|vwhp zlwk dowhuqdwlqj rq0 dqg r�0
shulrgv1 Gxulqj dq rq0shulrg/ wkh v|vwhp surgxfhv frqwlqxrxvo|/ dqg lv vxemhfw wr
idloxuh +wkh exv| vwdwh,1 Gxulqj dq r�0shulrg/ wkh surgxfwlrq v|vwhp lv qrw sur0
gxfwlyh/ dqg fdqqrw idlo +wkh lgoh vwdwh,1 Rxu remhfwlyh lv wr plqlpl}h wkh olplwlqj
frqglwlrqdo srlqwzlvh xqdydlodelolw| ri wkh surgxfwlrq v|vwhp/ l1h1 wkh orqj whup
suredelolw| wkdw wkh v|vwhp lv qrw dydlodeoh zkhq qhhghg iru surgxfwlrq1 Wkhuhiruh/
suhyhqwlyh pdlqwhqdqfh lv sodqqhg dw wkh odujhvw r�0shulrg gxulqj | dqg |n{| xqlwv
ri fxpxodwlyh rshudwlqj wlph +vhh Iljxuh 815,1 Lq dgglwlrq/ fruuhfwlyh pdlqwhqdqfh
dfwlrqv duh fduulhg rxw xsrq idloxuh1

Wr d fhuwdlq h{whqw/ wklv dssurdfk lv vlplodu wr wkh prghoolqj iudphzrun vxjjhvwhg
e| Ehuj +4<;7,/ lq zklfk wkh v|vwhp lv pdlqwdlqhg suhyhqwlyho| dv vrrq dv lw uhdfkhv
djh _ : f/ ru dw wkh ehjlqqlqj ri wkh �uvw r�0shulrg dw zklfk lwv djh h{fhhgv � � _1
Qhyhuwkhohvv/ rxu prghoolqj iudphzrun lv pxfk vwurqjhu/ vlqfh lw fkrrvhv wkh odujhvw
udwkhu wkdq wkh �uvw r�0shulrg ehwzhhq djhv � dqg _1 Li � ' _/ erwk srolflhv frlqflgh
zlwk d fodvvlfdo djh pdlqwhqdqfh srolf|1

Rxu dqdo|vlv qrz surfhhgv dv iroorzv1 Iluvw ri doo/ wkh wlph uhtxluhg iru suhyhqwlyh
dqg fruuhfwlyh pdlqwhqdqfh duh prghoohg dv udqgrp yduldeohv/ zlwk fxpxodwlyh sure0
delolw| ixqfwlrqv CRE�� dqg CsE�� uhvshfwlyho|1 Iru qrwdwlrqdo frqyhqlhqfh/ zh uhvwulfw
rxuvhoyhv wr wkh fdvh zkhuh erwk rq0 dqg r�0shulrgv duh pxwxdoo| lqghshqghqw/ h{0
srqhqwldoo| glvwulexwhg udqgrp yduldeohv/ zlwk phdqv b3�dqg >3� uhvshfwlyho|1 Rxu
dqdo|vlv/ krzhyhu/ frxog dovr eh jhqhudol}hg wr rwkhu wkdq h{srqhqwldo glvwulexwlrqv1
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Iljxuh 815= Suhyhqwlyh pdlqwhqdqfh lv sodqqhg dw wkh odujhvw r� shulrg1

Wkh h{shfwhg pdlqwhqdqfh frvwv Ss dqg SRE{|�

Dv d vwduwlqj srlqw ri rxu dqdo|vlv/ ohw xv ghqrwh zlwk �{| wkh qxpehu ri r�0shulrgv
zlwklq dq duelwudu| lqwhuydo ri{| xqlwv ri fxpxodwlyh rshudwlqj wlph1 Vlqfh wkh ohqjwk
ri hdfk rq0shulrg lv h{srqhqwldoo| glvwulexwhg zlwk phdq b3�/ lw lv reylrxv wkdw �{|

iroorzv d Srlvvrq glvwulexwlrq zlwk sdudphwhu b �{|1 Iru ? � f/ wklv |lhogv=

� E�{| ' ?� '
Eb �{|�? � e3bu{|

?-

Qrz ohw t{| ghqrwh wkh ohqjwk ri wkh odujhvw r�0shulrg gxulqj dq duelwudu| lqwhuydo
ri {| xqlwv ri fxpxodwlyh rshudwlqj wlph1 Jlyhq wkdw �{| ' ?/ t{| zloo wdnh d ydoxh
ohvv wkdq + � f li dqg rqo| li hdfk ri wkh ? lqghshqghqw r�0shulrgv wdnhv d ydoxh ohvv
wkdq +1 Khqfh/ wkh frqglwlrqdo suredelolw| � Et{| � + m �{| ' ?� lv jlyhq e|=

� Et{| � + m �{| ' ?� ' E�� e3>u+�?

Qrz gh�qh M{|E+� ' � Et{| � +� dv wkh suredelolw| wkdw wkh odujhvw r�0shulrg
gxulqj dq duelwudu| lqwhuydo ri {| xqlwv ri fxpxodwlyh rshudwlqj wlph grhv qrw h{fhhg
+ xqlwv ri wlph1 Zlwk wkh gh�qlwlrqv ri �{| dqg t{| lq plqg/ wklv |lhogv wkh iroorzlqj
h{suhvvlrq iru M{|E+� =

M{|E+� '
"S
?'f

� Et{| � +c�{| ' ?� '
"S
?'f

� Et{| � + m �{| ' ?� � � E�{| ' ?�

'
"S
?'f

E�� e3>u+�? � Ebu{|�?e3bu{|

?-
' e3bu{| � ebu{|uE�3e3>u+� ' e3bu{|ue

3>u+

Iluvw ri doo/ zh revhuyh wkdw MfE+� ' � iru doo + � f/ lpso|lqj wkdw wkh odujhvw
r�0shulrg gxulqj dq lq�qlwho| vpdoo lqwhuydo htxdov }hur zlwk suredelolw| �1 Wklv lv
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frqvlvwhqw zlwk rxu lqwxlwlrq1 Lq d vlplodu zd|/ M{|Ef� ' e3bu{| lpsolhv wkdw wkh
odujhvw r�0shulrg gxulqj dq duelwudu| lqwhuydo ri vl}h {| htxdov }hur zlwk suredelolw|
e3bu{|1 Lqghhg/ wklv fruuhvsrqgv wr wkh suredelolw| wkdw wkh ohqjwk ri d vlqjoh rq0shulrg
h{fhhgv wkh dprxqw ri{| xqlwv ri wlph1 Iru qrwdwlrqdo frqyhqlhqfh/ ohw �{|E+� ghqrwh
wkh fruuhvsrqglqj suredelolw| ghqvlw| ixqfwlrq/ dqg gh�qh M{|E+� � ��M{|E+�=

�{|E+� ' b � > �{| � e3>u+3bu{|ue3>u+

Vlqfh idloxuhv fdq rqo| rffxu gxulqj surgxfwlrq +rq0shulrgv,/ wkh h{shfwhg xq0
dydlodelolw| wlph lq fdvh ri d idloxuh htxdov wkh h{shfwhg fruuhfwlyh pdlqwhqdqfh wlph1
Wklv ohdyhv xv zlwk wkh iroorzlqj h{suhvvlrq iru Ss =

Ss '

"]
f

% _CsE%�

Lq dq dqdorjrxv zd|/ wkh iroorzlqj h{suhvvlrq fdq eh ghulyhg iru SRE{|�/ l1h1 wkh
h{shfwhg xqdydlololelw| wlph dvvrfldwhg zlwk suhyhqwlyh pdlqwhqdqfh dw wkh odujhvw
r�0shulrg gxulqj dq duelwudu| lqwhuydo ri {| xqlwv ri fxpxodwlyh rshudwlqj wlph=

SRE{|� '

"]
f

;?
=% �M{|Ef� n

%]
f

E%� +� � �{|E+� _+ n f �M{|E%�

<@
> _CRE%�

Wkh �uvw whup zlwklq fxuo| eudfnhwv uhihuv wr wkh vlwxdwlrq zkhuh qr r�0shulrgv
rffxu gxulqj wkh hqwluh pdlqwhqdqfh lqwhuydo1 Lq wkh vhfrqg whup/ wkh odujhvw r�0
shulrg uhgxfhv wkh xqdydlodelolw| wlph wr d vpdoohu/ exw vwloo srvlwlyh ydoxh1 Wkh
wklug whup ghvfulehv wkh +}hur, frqwulexwlrq gxh wr wkh rffxuhqfh ri dq r�0shulrg
orqjhu wkdq wkh wlph uhtxluhg iru suhyhqwlyh pdlqwhqdqfh1 Li zh uhvwulfw rxuvhoyhv wr
frqvwdqw suhyhqwlyh dqg fruuhfwlyh pdlqwhqdqfh wlphv |R 	 |s / wkhvh h{suhvvlrqv iru
Ss dqg SRE{|� fdq eh ixuwkhu uhgxfhg wr=

Ss ' |s

SRE{|� ' |R � e3bu{| n b � > �{| �
|R]
f

E|R � +� � e3>u+3bu{|ue3>u+ _+

Diwhu vrph hohphqwdu| dojheud/ lw fdq eh vkrzq wkdw SREf� ' |R 	 |s ' Ss / SRE{|�

lv ghfuhdvlqj lq {|/ dqg *�4{|<" SRE{|� ' f1 Pruhryhu/ lw lv dw ohdvw lqwxlwlyho| fohdu
wkdw suhyhqwlyh pdlqwhqdqfh frvwv SRE{|� zloo eh uhgxfhg li b lqfuhdvhv +vkruwhu rq0
shulrgv, ru > ghfuhdvhv +orqjhu r�0shulrgv,1 Rq wkh rwkhu kdqg/ li b dqg > lqfuhdvh
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Iljxuh 816= H{shfwhg xqdydlodelolw| wlph SRE{|� dv d ixqfwlrq ri wkh lqwhuydo ohqjwk
{|/ iru dq rq2r� surgxfwlrq v|vwhp zlwk frqvwdqw suhyhqwlyh pdlqwhqdqfh wlphv
|R ' �/ dqg gl�huhqw ydoxhv iru b dqg >1

ru ghfuhdvh zlwk wkh vdph idfwru/ dqg wkxv wkh rffxsdwlrq udwh 4 ' >
bn>

ri wkh
surgxfwlrq v|vwhp uhpdlqv xqfkdqjhg/ vrph lqwhuhvwlqj ehkdylru fdq eh revhuyhg1
D w|slfdo h{dpsoh ri wklv ehkdylru lv ghslfwhg lq Iljxuh 8161 Li{| whqgv wrr }hur/ odujh
ydoxhv ri b dqg > +l1h1 iuhtxhqw dqg vkruw vhuylfh lqwhuuxswlrqv, duh wr eh suhihuuhg
deryh vpdoo ydoxhv ri b dqg > +l1h1 lqiuhtxhqw dqg orqj vhuylfh lqwhuuxswlrqv,1 Iru
odujh ydoxhv ri {|/ wkh rssrvlwh vhhpv wr eh wuxh1

Ydolgdwlrq ri wkh �uvw vwdjh prgho

Ohw xv qrz h{dplqh zkhwkhu wkh ydulrxv dvvxpswlrqv wkdw zhuh pdgh lq rxu �uvw
vwdjh prgho duh ydolg1 Dv d vwduwlqj srlqw/ lw iroorzv iurp wkh frpsohwh udqgrpqhvv
ri Srlvvrq surfhvvhv +Kh|pdq dqg Vreho 4<;5,/ wkdw wkh orfdwlrq ri wkh odujhvw r�0
shulrg lv xqlirupo| glvwulexwhg ryhu d|c |n{|o/ dqg wkdw lwv ohqjwk lv lqghshqghqw ri
lwv orfdwlrq1 Iru vlplodu uhdvrqv/ zh pd| dv zhoo dvvxph wkdw wkh v|vwhp lv uhvwruhg
lqwr d vwdwlrqdu| vwdwh diwhu hdfk suhyhqwlyh dqg fruuhfwlyh pdlqwhqdqfh dfwlrq/ vlqfh
wkh ohqjwk ri hdfk rq0shulrg lv dq h{srqhqwldoo| glvwulexwhg udqgrp yduldeoh1 Lq
rwkhu zrugv/ rxu �uvw vwdjh prghoolqj dvvxpswlrqv duh frpsohwho| vdwlv�hg zlwklq
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wklv vhwwlqj ri h{srqhqwldoo| glvwulexwhg rq0 dqg r�0shulrgv1 Qhyhuwkhohvv/ wklv uhd0
vrqlqj zrxog dovr dsso| wr rwkhu wkdq h{srqhqwldoo| glvwulexwhg r�0shulrgv1 Rq wkh
rwkhu kdqg/ wkh dvvxpswlrq ri h{srqhqwldoo| glvwulexwhg rq0shulrgv lv hvvhqwldo iru
wkh ydolgdwlrq ri rxu �uvw vwdjh prghoolqj dvvxpswlrqv1

81715 D txhxh0olnh surgxfwlrq v|vwhp

Ohw xv qrz frqvlghu wkh fdvh zkhuh wkh rshudwlqj vwdwhfE�� ri wkh surgxfwlrq v|vwhp
ehkdyhv dffruglqj wr d krprjhqhrxv frqwlqxrxv wlph Pdunry surfhvv rq d �qlwh
glvfuhwh vwdwh vsdfh/ zlwkrxw orvv ri jhqhudolw| ghqrwhg dv ifc ���c6j1 Wudqvlwlrqv rffxu
iurp vwdwh � wr vwdwh � 9' � zlwk udwh ^�� � f1 Wkh v|vwhp fdq eh pdlqwdlqhg dw idloxuh
djdlqvw h{shfwhg frvw &sE��/ dqg suhyhqwlyho| djdlqvw h{shfwhg frvw &RE�� 	 &sE��/
zkhuh � ghqrwhv wkh rshudwlqj vwdwh ri wkh surgxfwlrq v|vwhp dw wkh wlph pdlqwhqdqfh
lv fduulhg rxw1 Zlwkrxw orvv ri jhqhudolw|/ zh dvvxph wkdw &REf� 	 ��� 	 &RE6�

dqg &sEf� 	 ��� 	 &sE6�1 Qrwh wkdw &RE�� dqg &sE�� pd| lqfoxgh gluhfw dv zhoo dv
lqgluhfw pdlqwhqdqfh frvwv1 D vlpsoh h{dpsoh ri wklv w|sh lv d vhuylfh vwdwlrq zlwk
Srlvvrq duulydov dqg h{srqhqwldoo| glvwulexwhg vhuylfh wlphv/ lq zklfk lqgluhfw frvwv
duh lqfxuuhg gxh wr h{wud zdlwlqj/ fdxvlqj ghod|v lq gholyhu|1 Khuh/ 6 � f ghqrwhv
wkh vwrudjh fdsdflw| dqg f � � � 6 wkh qxpehu ri mrev lq wkh v|vwhp1

Wkh h{shfwhg pdlqwhqdqfh frvwv Ss dqg SRE{|�

Zlwkrxw orvv ri jhqhudolw|/ zh dvvxph wkdw | ' f uhsuhvhqwv wkh vwduw ri wkh pdlqwh0
qdqfh lqwhuydo/ dqg lqwurgxfh f| � fE|� iru qrwdwlrqdo frqyhqlhqfh1 Dv d vwduwlqj
srlqw ri rxu dqdo|vlv/ zh ghqrwh zlwk " ' E^��� wkh lq�qlwhvlpdo jhqhudwru pdwul{ ri
fE��/ zkhuh ^�� ' �S

� �'� ^��1 Pruhryhu/ zh ohw t{| ' 4�?if| m f � | � {|j ghqrwh
wkh rshudwlqj vwdwh f	| ri wkh surgxfwlrq v|vwhp dw wkh ehvw rssruwxqlw| 	| gxulqj wkh
lqwhuydo dfc{|o/ dqg gh�qh R��&E|� dv iroorzv=

R��&E|� ' � Et| ' �cf| ' & m ff ' ��

Lq rughu wr rewdlq wkhvh wudqvlwlrq suredelolwlhv/ lw lv vx!flhqw wr gh�qh d Pdunry
surfhvv i~|c | � fj dv iroorzv= i~| ' E�c ��j � it| ' �cf| ' �j1 Reylrxvo|/ wklv
|lhogv wkh iroorzlqj dowhuqdwlyh h{suhvvlrq iru R��&E|�=

R��&E|� ' � E~| ' E�c &� m ~f ' E�c ���

Lw lv qrz fohdu wkdw ~E|� lv d krprjhqhrxv frqwlqxrxv wlph Pdunry surfhvv rq
d �qlwh vwdwh vsdfh iE�c �� m f � � � � � 6j/ dv lv vkrzq pruh h{solflwo| lq Iljxuh
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Iljxuh 817= Wudqvlwlrq gldjudp ri ~E�� lq fdvh fE�� lv d eluwk dqg ghdwk surfhvv rq
vwdwh vsdfh ifc ���c6j/ zlwk wudqvlwlrq udwhv b� +f � � 	 6, dqg >� +f 	 � � 6,1

8171 Khqfh/ wkh frqglwlrqdo suredelolwlhv R��&E|� fdq eh fdofxodwhg erwk dqdo|wlfdoo|
+Wlmpv 4<<7,/ dqg qxphulfdoo| +Wulyhgl 4<;5,1 Qrwh wkdw R��&Ef� ' � li � ' � ' &/ dqg
R��&Ef� ' f rwkhuzlvh1 Pruhryhu/ *�4|<" R��&E|� ' Z& li � ' f/ dqg *�4|<" R��&E|� ' f

rwkhuzlvh1 Khuh/ Z ' EZfc ���c Z6� zlwk P�Z� ' � ghqrwhv wkh yhfwru ri vwhdg| vwdwh
suredelolwlhv1

Lq rughu wr duulyh dw dq h{suhvvlrq iru Ss dqg SRE{|�/ zh kdyh wr dffrxqw iru doo
lqlwldo vwdwhv �/ doo plqlpdo vwdwhv � � �/ dqg doo �qdo vwdwhv & � �/ zlwk fruuhvsrqglqj
suredelolwlhv1 Vlqfh fE�� lv dvvxphg wr eh uhvwruhg lqwr d vwdwlrqdu| vwdwh diwhu hdfk
suhyhqwlyh dqg fruuhfwlyh pdlqwhqdqfh dfwlrq/ wklv |lhogv wkh iroorzlqj h{suhvvlrqv
iru Ss dqg SRE{|�=

Ss '
6[
�'f

Z� � &sE��

SRE{|� '
6[
�'f

�[
�'f

6[
&'�

Z� � &RE�� � R��&E{|�

Lw lv lpphgldwho| fohdu wkdw SRE{|� lv dq dqdo|wlf ixqfwlrq/ zklfk ghfuhdvhv zlwk
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{|1 Pruhryhu/ SREf� '
S

� Z� �&RE�� 	
S

� Z� �&sE�� ' Ss / dqg *�4{|<" SRE{|� ' &REf�1
Lq wkh vlpsohvw fdvh/ SRE{|� lv d olqhdu frpelqdwlrq ri h{srqhqwldo ixqfwlrqv lq {|1

Ydolgdwlrq ri wkh �uvw vwdjh prgho

Dv d vwduwlqj srlqw/ ohw xv ghwhuplqh wkh suredelolw| � Ef| ' t{|� wkdw wkh plqlpdo
vwdwh gxulqj wkh lqwhuydo dfc{|o lv 0 dprqjvw rwkhuv 0 dwwdlqhg dw wlph |/ surylghg
wkdw fE�� lv lq d vwdwlrqdu| vwdwh dw wlph f1 Wkhq/ vlplodu wr wkh suhylrxv vhfwlrq/
zh kdyh wr dffrxqw iru doo lqlwldo vwdwhv �/ doo plqlpdo vwdwhv � � �/ dqg doo �qdo
vwdwhv & � �/ zlwk fruuhvsrqglqj suredelolwlhv1 Wklv |lhogv wkh iroorzlqj h{suhvvlrq
iru � Ef| ' t{|�=

� Ef| ' t{|� '
6[
�'f

�[
�'f

6[
&'�

Z� � R���E|� � R��&E{|� |�

Lw fdq hdvlo| eh ghulyhg wkdw iru 6 ' �/ wklv ohdgv wr dq h{suhvvlrq zklfk lv
lqghshqghqw ri |1 Xqiruwxqdwho|/ wklv surshuw| fdqqrw eh wudqvodwhg lqwr d xqlirup
glvwulexwlrq ri wkh rswlpdo vwduwlqj wlph 	| ryhu wkh pdlqwhqdqfh lqwhuydo dfc{|o/ vlqfh
wkh �qdo fkrlfh dprqj wkh vhw ri fdqglgdwh vwduwlqj wlphv if � | � {| m f| ' t{|j
dovr ghshqgv rq wkh vhohfwlrq vwudwhj| ri wkh pdlqwhqdqfh sodqqhu1 Exw hyhq li wkh
pdlqwhqdqfh sodqqhu fkrrvhv udqgrpo| dprqj wkhvh fdqglgdwh vwduwlqj wlphv/ 	| zrxog
vwloo qrw eh xqlirupo| glvwulexwhg ryhu dfc{|o/ vhh Dsshqgl{ F iru ghwdlov1 Rq wkh
rwkhu kdqg/ li zh uhvwulfw rxuvhoyhv wr uhyhuvleoh Pdunry surfhvvhv/ dqg wkxv if|j lv
vwrfkdvwlfdoo| lghqwlfdo wr if3|j/ lw lv lpphgldwho| fohdu wkdw wkh h{shfwhg vwduwlqj
wlph iru suhyhqwlyh pdlqwhqdqfh htxdov .i	|j ' {|*21 Pruhryhu/ 	| lv v|pphwulfdoo|
glvwulexwhg durxqg wklv ydoxh1

D vlpxodwlrq vwxg|

Lq rughu wr yhuli| rxu �uvw vwdjh prghoolqj dvvxpswlrqv/ zh fduulhg rxw d vlpxodwlrq
vwxg| iru d txhxh0olnh surgxfwlrq v|vwhp zlwk 6 ' �/ &sE�� ' e/ &sEf� ' &RE�� ' 2/
dqg &REf� ' �1 Diwhu vrph hohphqwdu| dojheud/ wklv |lhogv wkh iroorzlqj h{suhvvlrqv
iru Ss ' 2�i�n b

bn>
j dqg SRE{|� ' �n b

bn>
�e3>u{|/ zkhuh zh ghqrwh b ' ^f� dqg > ' ^�f

iru qrwdwlrqdo frqyhqlhqfh1 Lq hdfk vlpxodwlrq h{shulphqw/ wkh rswlpdo vwduwlqj wlph
	| 5 d|c | n {|o iru suhyhqwlyh pdlqwhqdqfh zdv ghwhuplqhg e| fkrrvlqj duelwudulo|
dprqj wkh vhw ri fdqglgdwh vwduwlqj wlphv1 Lq dgglwlrq/ wkh rshudwlqj vwdwh fE�� ri
wkh surgxfwlrq v|vwhp zdv qrw uhvwruhg wr lwv vwdwlrqdu| vwdwh diwhu hdfk suhyhqwlyh
dqg2ru fruuhfwlyh pdlqwhqdqfh dfwlrq1 Wkh uhvxowv duh ghslfwhg dv vlpxodwlrq +L, lq
Wdeoh 8151
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Wdeoh 815= Rswlpdo wzr0vwdjh pdlqwhqdqfh srolflhv i|Wc{|Wj zlwk fruuhvsrqglqj
frvwv �E|Wc{|W� iru d txhxh0olnh surgxfwlrq v|vwhp zlwk 6 ' �/ &sE�� ' e/ &sEf� '
&RE�� ' 2 dqg &REf� ' �/ lq frpsdulvrq zlwk <8( frq�ghqfh lqwhuydov iru wkh dfwxdo
ydoxhv edvhg rq vlpxodwlrq1

b > |W {|W �E|Wc{|W� vlpxodwlrq L vlpxodwlrq LL

4 4 3189; 316:6 5158: 51584 	 31338 51594 	 31338
4 8 3193< 315:; 41:58 41:97 	 31337 41:63 	 31338
4 43 31994 314<4 41975 4197: 	 31339 41977 	 31336

8 4 31833 317:7 519:5 5175; 	 31339 519;4 	 3133:
8 8 317<< 316;9 41<69 41<66 	 3133; 41<6; 	 3133:
8 43 318:7 31599 41:9: 41::6 	 31339 41::5 	 31339

43 4 317;; 317<4 51:97 51885 	 31339 51::5 	 31339
43 8 31797 31747 51357 51347 	 3133< 51353 	 31338
43 43 3186; 315;; 41;69 41;68 	 31339 41;69 	 31339

Iurp wkh vlpxodwlrq uhvxowv/ zh frqfoxgh wkdw �E|Wc{|W� riwhq frphv forvh wr wkh
dfwxdo ydoxh edvhg rq vlpxodwlrq1 Rq wkh rwkhu kdqg/ wkhuh lv d vljql�fdqw gl�huhqfh
lq hdfk ri wkh iroorzlqj fdvhv= +l, b ' � dqg > ' D/ +ll, b ' D dqg > ' �/ dqg
+lll, b ' �f dqg > ' �1 D forvhu orrn dw wkh vlpxodwlrq uhvxowv lqglfdwhg wkdw
prvw sureohpv zhuh fdxvhg e| wkh dvvxpswlrq wkdw fE�� lv uhvwruhg wr d vwdwlrqdu|
vwdwh diwhu hdfk pdlqwhqdqfh dfwlrq1 Wr wklv hqg/ zh fduulhg rxw dqrwkhu vlpxodwlrq
vwxg| +LL, lq zklfk fE�� zdv uhvwruhg wr d vwdwlrqdu| vwdwh diwhu hdfk suhyhqwlyh dqg
fruuhfwlyh pdlqwhqdqfh dfwlrq +vhh Wdeoh 815,1 Dssduhqwo|/ rxu wzr0vwdjh pdlqwhqdqfh
srolf| pxvw eh kdqgohg zlwk fduh li wklv vwdwlrqdulw| dvvxpswlrq ehfrphv wrr fulwlfldo1
Vlpso| vwdwhg/ wklv phdqv wkdw wkh dyhudjh vrmrxuq wlphv

��^3��� �� lq hdfk ri wkh srvvleoh
vwdwhv � 5 ifc ���c6j pxvw eh uhodwlyho| vpdoo lq frpsdulvrq zlwk wkh dyhudjh olih wlph
> ri wkh surgxfwlrq v|vwhp1

818 Frpsxwdwlrqdo uhvxowv

Wr lqyhvwljdwh wkh srwhqwldo ehqh�wv ri d wzr0vwdjh jhqhudol}hg djh pdlqwhqdqfh sro0
lf|/ lq uhodwlrq wr d fodvvlfdo djh pdlqwhqdqfh srolf|/ zh fduulhg rxw d vhulhv ri qx0
phulfdo h{shulphqwv iru d surgxfwlrq v|vwhp zlwk Jdppd glvwulexwhg olih wlphv/
zlwk phdq > ' � dqg vwdqgdug ghyldwlrq j 5 if�2Dc f�Dfj1 Lq hdfk ri wkhvh h{shu0
lphqwv/ wkh pdlqwhqdqfh frvw ixqfwlrqv zhuh ghwhuplqhg e| Ss ' �ff dqg SRE{|� '

k n q � e3�u{|/ zkhuh k 5 i�fc 2Dj/ q 5 iDc �fj dqg � 5 i�c 2c Dj1 Iru hdfk ri wkh 57



463 Fkdswhu 81 Wzr0Vwdjh Jhqhudol}hg Djh Pdlqwhqdqfh

0.40

0.45

0.50

0.55

0.60

0.65

0.70

0.75

0.80

0.85

0.90

0.01 0.1 1 10 100 1000

shape parameter γ

op
ti

m
al

 p
ol

ic
y 

{t
*
,t

*
+

t*
}

Iljxuh 818= Rswlpdo wzr0vwdjh pdlqwhqdqfh srolflhv i|Wc |W n{|Wj iru d surgxfwlrq
v|vwhp zlwk Ss ' �ff/ SRE{|� ' 2D n �f � e3�u{|/ dqg Jdppd glvwulexwhg olih wlphv
+> ' �/ j ' �

e
,/ dv d ixqfwlrq ri wkh vkdsh sdudphwhu � +{|4@ ' 4,1

whvw sureohpv rewdlqhg wklv zd|/ zh ghwhuplqhg wkh rswlpdo djh pdlqwhqdqfh srolf|
|f 	 4 zlwk fruuhvsrqglqj frvwv }E|f�/ dqg wkh rswlpdo wzr0vwdjh pdlqwhqdqfh srolf|
i|Wc{|Wj zlwk fruuhvsrqglqj frvwv �E|Wc{|W�1 Wkh uhvxowv duh ghslfwhg lq Wdeoh 8161

Dv d vwduwlqj srlqw/ zh fdq vhh iurp Wdeoh 816 krz wkh udwlr ri �E|Wc{|W� dqg }E|f�

ydulhv zlwk k/ q dqg �1 Lq dffrugdqfh zlwk rxu jhqhudo h{shfwdwlrqv/ zh revhuyh wkdw
wkh uhodwlyh lpsuryhphqw ri d wzr0vwdjh jhqhudol}hg djh pdlqwhqdqfh srolf|/ frpsduhg
zlwk d fodvvlfdo djh pdlqwhqdqfh srolf|/ lqfuhdvhv zlwk q dqg �/ exw ghfuhdvhv zlwk
k1 Lq d vlplodu zd|/ zh fdq revhuyh wkdw wkh frvwv �E|Wc{|W� ri wkh rswlpdo wzr0vwdjh
pdlqwhqdqfh srolf| i|Wc{|Wj lqfuhdvhv zlwk k/ q dqg j/ exw ghfuhdvhv zlwk �1

Ohw xv qrz wdnh d forvhu orrn dw wkh fdvh j ' f�2D/ k ' 2D dqg q ' �f/ dqg ixuwkhu
lqyhvwljdwh wkh ehkdylru ri |W dqg {|W lq uhodwlrq wr �1 Li � $ f/ wkh suhyhqwlyh
pdlqwhqdqfh frvw ixqfwlrq frqyhujhv wr SRE{|� ' k n q ' �D iru doo {| � f1 Lq d
vlplodu zd|/ � $ 4 ohdgv wr SRE{|� ' k ' 2D iru{| : f/ zkhuhdv SREf� ' knq ' �D1
Lq erwk fdvhv/ krzhyhu/ lw iroorzv iurp Wkhruhp 5 wkdw {|W $ f1 Lq rwkhu zrugv/ dv �
whqgv wr }hur ru lq�qlw|/ wkh rswlpdo wzr0vwdjh pdlqwhqdqfh srolf| frlqflghv zlwk wkh
rswlpdo djh pdlqwhqdqfh srolf|/ l1h1 |W $ |f dqg {|W $ f1 Iru lqwhuphgldwh ydoxhv ri
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Wdeoh 816= Rswlpdo pdlqwhqdqfh srolflhv iru d surgxfwlrq v|vwhp zlwk Jdppd
glvwulexwhg olih wlphv zlwk phdq > ' � dqg vwdqgdug ghyldwlrq j 5 if�2Dc f�Dfj/
fruuhfwlyh pdlqwhqdqfh frvwv Ss ' �ff/ dqg suhyhqwlyh pdlqwhqdqfh frvwv SRE{|� '

kn q � e3�u{|/ iru gl�huhqw ydoxhv ri j/ k/ q dqg � +{|6@% ' 4,1

j k q � |f }E|f� |W {|W |W n{|W �E|Wc{|W� vdylqjv

3183 58 43 4 31:54 ;917 31773 31858 31<98 ;61: 615 (
3183 58 43 5 31:54 ;917 316<3 31884 31<74 ;31< 917 (
3183 58 43 8 31:54 ;917 316<6 31767 31;5: ::15 431: (

3183 58 8 4 31969 ;319 317;8 315<6 31::; :<1: 415 (
3183 58 8 5 31969 ;319 31769 3169; 31;37 :;17 51; (
3183 58 8 8 31969 ;319 31757 3166< 31:96 :915 818 (

3183 43 43 4 317;< 9816 31597 31743 319:7 9418 81; (
3183 43 43 5 317;< 9816 31535 317:5 319:7 891< 451< (
3183 43 43 8 317;< 9816 314<5 316<< 318<4 8313 5617 (

3183 43 8 4 31754 8815 31633 3155< 3185< 8713 516 (
3183 43 8 5 31754 8815 3157: 31644 3188; 841< 914 (
3183 43 8 8 31754 8815 31558 3163; 31865 7;13 4615 (

3158 58 43 4 319;9 9316 31886 31573 31:<6 8;1; 519 (
3158 58 43 5 319;9 9316 317<4 31664 31;55 8915 91< (
3158 58 43 8 319;9 9316 317:7 31658 31:<< 8418 471: (

3158 58 8 4 3198; 8617 318;; 31465 31:53 8613 31< (
3158 58 8 5 3198; 8617 31877 31539 31:83 8513 51: (
3158 58 8 8 3198; 8617 31849 31573 31:89 7<1: :13 (

3158 43 43 4 31936 6;16 31765 315;< 31:54 6914 81; (
3158 43 43 5 31936 6;16 3166: 3173: 31:77 6518 4815 (
3158 43 43 8 31936 6;16 3165: 316;5 31:3< 591: 6316 (

3158 43 8 4 318:5 6313 317:: 314:3 3197: 5<16 517 (
3158 43 8 5 318:5 6313 31747 31595 319:9 5:1< :13 (
3158 43 8 8 318:5 6313 316;6 315;< 319:5 5813 491; (
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Iljxuh 819= Wzr0vwdjh pdlqwhqdqfh srolflhv �E|c{|� iru d surgxfwlrq v|vwhp zlwk
Jdppd glvwulexwhg olih wlphv +> ' �/ j ' �

e
,/ Ss ' �ff dqg SRE{|� ' 2Dn �f � e3Du{|=

qxphulfdo rswlpl}dwlrq |lhogv |f � f�SHS dqg }E|f� � Sf��/ zkhuhdv |W � f�e.e/
{|W � f��2D dqg �E|Wc{|W� � D��D1

�/ gl�huhqw uhvxowv duh xvxdoo| irxqg +vhh Iljxuh 818,1 Dq looxvwudwlyh 60glphqvlrqdo
sorw ri �E|c{|� lq fdvh � ' D lv suhvhqwhg lq Iljxuh 8191 Wkh rswlpdo djh pdlqwhqdqfh
srolf| |f � f�SHS zlwk frvwv }E|f� � Sf�� lv fohduo| ylvleoh dorqj wkh |0d{lv1

819 Frqfoxglqj uhpdunv

Lq wklv fkdswhu/ zh suhvhqwhg d wzr0vwdjh jhqhudol}hg djh pdlqwhqdqfh srolf|/ zklfk
pruh h{solflwo| wdnhv lqwr dffrxqw wkdw +l, wkh lqlwldwlrq ri suhyhqwlyh pdlqwhqdqfh
vkrxog eh edvhg rq wkh whfkqlfdo dqg rshudwlqj vwdwh ri d surgxfwlrq v|vwhp/ dqg
+ll, wklv rshudwlqj vwdwh lv riwhq nqrzq lq dgydqfh ryhu d �qlwh uroolqj krul}rq lq dq
rshudwlrqdo sodqqlqj skdvh1 Zh suhvhqwhg d ydulhw| ri prghoolqj dqg rswlpl}dwlrq
whfkqltxhv/ zlwk zklfk dq rswlpdo wzr0vwdjh pdlqwhqdqfh srolf| fdq eh ghwhuplqhg
wr d vx!flhqw/ dqg xvhu0gh�qhg ohyho ri ghwdlo1 Edvhg xsrq d vhulhv ri qxphulfdo
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h{shulphqwv/ zh frqfoxghg wkdw vljql�fdqw vdylqjv fdq eh rewdlqhg lq frpsdulvrq
zlwk d fodvvlfdo djh pdlqwhqdqfh srolf|1

Suhvxpdeo|/ rqh ri wkh pdlq sureohpv lq uhdo0olih vlwxdwlrqv zloo eh wr h{suhvv
wkh h{shfwhg suhyhqwlyh pdlqwhqdqfh frvwv SRE{|� dv d ixqfwlrq ri wkh lqwhuydo vl}h
{|1 Vlploduo|/ lw pljkw eh gl!fxow wr frph xs zlwk wkh dfwxdo glvwulexwlrq ri 	| ryhu
wkh pdlqwhqdqfh lqwhuydo d|c | n {|o1 Rq wkh rwkhu kdqg/ vlqfh wkh pdmrulw| ri sudf0
wlfdo dssolfdwlrqv lq wkh pdlqwhqdqfh duhd lv edvhg rq dpeljxrxv gdwd +h1j1 h{shuw
rslqlrqv/ vxemhfwlyh gdwd/ �wwhg glvwulexwlrqv,/ uhdvrqdeoh dssur{lpdwlrqv vkrxog qrw
fdxvh pdmru sureohpv1 Iurp d sudfwlfdo srlqw ri ylhz/ rswlpdo pdlqwhqdqfh srolflhv
vkrxog dozd|v eh kdqgohg zlwk fduh> wkh wzr0vwdjh pdlqwhqdqfh srolf| lv qr h{fhswlrq
wr wklv uxoh1

Ri frxuvh/ rxu wzr0vwdjh pdlqwhqdqfh frqfhsw frxog dovr eh dssolhg wr rwkhu
pdlqwhqdqfh prghov dv zhoo1 Iru h{dpsoh/ frqvlghu d fodvvlfdo eorfn uhsodfhphqw
prgho +Eduorz dqg Survfkdq 4<98,/ lq zklfk suhyhqwlyh pdlqwhqdqfh lv fduulhg rxw
dv vrrq dv | wlph xqlwv kdyh hodsvhg vlqfh wkh odvw suhyhqwlyh pdlqwhqdqfh dfwlrq1 Lq
rwkhu zrugv/ suhyhqwlyh pdlqwhqdqfh lv fduulhg rxw dw wlphv i|c 2 � |c � � |c ���j1 Zlwklq
rxu wzr0vwdjh pdlqwhqdqfh frqfhsw/ wklv zrxog phdq wkdw suhyhqwlyh pdlqwhqdqfh lv
fduulhg rxw vrphzkhuh ehwzhhq wlphv | dqg {|/ vrphzkhuh ehwzhhq wlphv 2 � | dqg
2 � | n {|/ vrphzkhuh ehwzhhq wlphv � � | dqg � � | n {|/ hwfhwhud1 Lq olqh zlwk wklv/
wkh wlph ehwzhhq wzr frqvhfxwlyh suhyhqwlyh pdlqwhqdqfh dfwlrqv ehfrphv d udqgrp
yduldeoh/ zkrvh suredelolw| ghqvlw| ixqfwlrq )|c{|E�� lv ghwhuplqhg dv iroorzv=

)|c{|E�� '
�

2 �{|
�
�
�� m�� |m

2 �{|

�
c |� 2 �{| � � � |n 2 �{|

Qrwh wkdw
U |n2u{|

|32u{|
)|c{|E�� _� ' �

2
� e � {| � E2 � {|�3� ' � iru doo | � f/ {| : f1

Ohw xv qrz ghqrwh zlwk �E|� wkh h{shfwhg fxpxodwlyh ghwhulrudwlrq frvwv +gxh wr
idloxuhv/ uhsdluv/ hwf1,/ | wlph xqlwv vlqfh wkh odvw suhyhqwlyh pdlqwhqdqfh dfwlrq1 E|
grlqj wklv/ zh fdq ghulyh wkh iroorzlqj h{suhvvlrq iru wkh h{shfwhg pdlqwhqdqfh frvwv
shu xqlw ri wlph �E|c{|� dvvrfldwhg zlwk d wzr0vwdjh jhqhudol}hg eorfn uhsodfhphqw
srolf| i|c{|j1 Khuh/ zh ghqrwh �E�� ' )fc�E�� iru qrwdwlrqdo frqyhqlhqfh=

�E|c{|� '

SRE{|� n
|n2u{|U
|32u{|

�E�3|
{|

� ��E�� _�

|

Xqghu vrph zhdn frqglwlrqv/ l1h1 li �E|� lv vwulfwo| lqfuhdvlqj dqg frqyh{ lq |/ lw
lv srvvleoh wr irupxodwh vlplodu surfhgxuhv wr duulyh dw wkh rswlpdo wzr0vwdjh jhqhu0
dol}hg eorfn uhsodfhphqw srolf| i|Wc{|Wj1 Wklv dqg rwkhu srvvleoh prgho h{whqvlrqv/
krzhyhu/ duh ohiw iru ixwxuh uhvhdufk1



467 Fkdswhu 81 Wzr0Vwdjh Jhqhudol}hg Djh Pdlqwhqdqfh

81: Dsshqgl{

D Surri ri Ohppd 9

+d, Vlqfh sE�� � 6E��*?E�� lv dvvxphg wr eh vwulfwo| srvlwlyh dqg vwulfwo| lqfuhdvlqj
lq �/ lw iroorzv wkdw

U K

@
6E�� _� '

U K

@
sE���?E�� _� : sE@��U K

@
?E�� _�1 Vlploduo|/

lw fdq eh vkrzq wkdw
U K

@
6E�� _� 	 sEK� � U K

@
?E�� _�1 Reylrxvo|/ glylglqj e|U K

@
?E�� _� |lhogv wkh ghvluhg uhvxow1

+e, Vlqfh K ' f lv wulyldo/ zh kdyh wr vkrz wkdw }E@c K� � U @nK

@
6E�� _�*

U @nK

@
?E�� _�

lv vwulfwo| lqfuhdvlqj lq @ � f iru doo K : f1 Dv d vwduwlqj srlqw/ revhuyh wkdw
+d, lpsolhv wkdw sE@� 	 }E@c K� 	 sE@n K�1 Ohw xv qrz ghulyh dq h{suhvvlrq iru
}E@n �c K�/ zkhuh � $ f=

}E@n �c K� '

@nKn�U
@n�

6E�� _�

@nKn�U
@n�

?E�� _�

�

@nKU
@

6E�� _� n � �6E@n K�� � �6E@�

@nKU
@

?E�� _� n � � ?E@n K�� � � ?E@�

'

}E@c K� �
@nKU
@

?E�� _�n � � sE@n K� � ?E@n K�� � � sE@� � ?E@�
@nKU
@

?E�� _�n � � ?E@n K�� � � ?E@�

' }E@c K� n � � EsE@n K�� }E@c K�� � ?E@n K� n E}E@c K�� sE@�� � ?E@�
@nKU
@

?E%� _%n � � ?E@ n K�� � � ?E@�

Lw lv fohdu wkdw wklv |lhogv wkh iroorzlqj h{suhvvlrq iru Y}E@c K�*Y@=

*�4
�<f

}E@n �c K�� }E@c K�

�
'

EsE@n K�� }E@c K�� � ?E@n K� n E}E@c K�� sE@�� � ?E@�
@nKU
@

?E%� _%

Vlqfh sE@n K� : }E@c K�/ ?E@n K� : f/ }E@c K� : sE@�/ dqg ?E@� : f/ lw iroorzv wkdw
Y}E@c K�*Y@ : f iru doo @ � f/ dqg wkxv }E@c K� lv vwulfwo| lqfuhdvlqj lq @ � f iru doo
K : f1

+f, Wkh surri lv vlplodu wr +e,1
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E Dqdo|wlfdo h{suhvvlrqv iru }E|� dqg �E|c{|�

Wkh xqghuo|lqj revhuydwlrq ehklqg wkhvh h{solflw irupxodv iru }E|� dqg �E|c{|�/ lv
wkdw wkh iroorzlqj uhodwlrqv fdq eh ghulyhg lq fdvh ri Jdppd glvwulexwhg olih wlphv/
zlwk fxpxodwlyh glvwulexwlrq ixqfwlrq KkcqE��/ phdq > ' k�q/ dqg yduldqfh j2 ' k�q2=

|]
f

KkcqE�� _� ' | � KkcqE|�� k � q � Kkn�cqE|�

|]
f

� � KkcqE�� _� '
�

2
� |2 � KkcqE|�� Ekn k2� � q2 � Kkn2cqE|�

F Glvwulexwlrq ri 	| ryhu dfc{|o

Iru vlpsolflw|/ dqg iru qrwdwlrqdo frqyhqlhqfh dv zhoo/ zh frqvlghu wkh fdvh 6 ' �

zlwk wudqvlwlrq udwhv ^f� ' ^�f ' ^ : f1 Dv d vwduwlqj srlqw/ ohw xv ghqrwh zlwk
�| wkh qxpehu ri mxpsv ri wkh surfhvv fE�� gxulqj wkh lqwhuydo dfc |o/ dqg hoderudwh
xsrq wkh frqglwlrqdo suredelolwlhv � E	| � | m �{| ' ?�/ zlwk ? 5 Q1 Vlqfh wkh
pdlqwhqdqfh sodqqhu fkrrvhv udqgrpo| dprqj wkh vhw ri fdqglgdwh vwduwlqj wlphv
if � | � {| m f| ' t{|j/ lw lv lpphgldwho| fohdu wkdw 	| lv xqlirupo| glvwulexwhg ryhu
dfc{|o/ jlyhq wkdw qr mxpsv rffxu gxulqj wklv lqwhuydo=

� E	| � | m �{| ' f� '
|

{|

Rq wkh rwkhu kdqg/ zh kdyh wr dffrxqw iru doo ihdvleoh uhdol}dwlrqv ri fE��/ lq rughu
wr duulyh dw wkh dyhudjhv uhohydqw iru � E	| � | m �{| ' ��1 Wr wklv hqg/ ohw xv ghqrwh
zlwk R�E�� wkh suredelolw| ghqvlw| wkdwff ' � dqg wkh rqo| mxps gxulqj dfc{|o rffxuv
dw wlph � 1 Wkhq reylrxvo|/ � E	| � |c�{| ' �� fdq eh h{suhvvhg dv iroorzv=

� E	| � |c�{| ' �� '

|]
f

RfE�� � � _� n

{|]
|

RfE�� � |
�
_� n

|]
f

R�E�� � |� �

{|� �
_�

Zlwklq wklv vhwwlqj/ lw lv hdvlo| ghulyhg wkdw RfE�� ' R�E�� '
�
2
� ^ � e3^u{| iru doo

� 5 dfc{|o1 Qrz vxevwlwxwlrq ri wkhvh h{suhvvlrqv lq � E	| � |c�{| ' ��/ dqg glylglqj
e| � E�{| ' ��/ |lhogv d qrq0xqlirup glvwulexwlrq ri 	| ryhu dfc{|o/ surylghg wkdw
h{dfwo| rqh mxps rffxuv gxulqj wklv lqwhuydo=

� E	| � | m �{| ' �� '
|n �

2
� | � *?�{|

|

�
n �

2
� E{|� |� � *?�{|3|

{|

�
{|
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Iroorzlqj d vlplodu dujxphqw/ lw fdq eh vkrzq wkdw 	| lv xqlirupo| glvwulexwhg ryhu
dfc{|o/ surylghg wkdw h{dfwo| wzr mxpsv rffxu gxulqj wklv lqwhuydo1 Edvhg rq h{solflw
uhodwlrqv iru ? ' ����./ zklfk zhuh ghwhuplqhg zlwk wkh xvh ri Pdsoh/ wkh iroorzlqj
olplwlqj ehkdylru zdv revhuyhg=

� E	| � | m �{| ' ?� '

;AAAAAA?
AAAAAA=

|
{|

? ' fc 2c ec Sc ���

|
{|

� �n*?{|3*? |
2

n�E|2 *L} |� ? ' �

|
{|

� ?
?3�

n�E|2 *L} |� ? ' �c Dc .c ���

<AAAAAA@
AAAAAA>

Vlqfh � E�{| ' ?� : f iru doo ? 5 Q e| gh�qlwlrq/ dqg � E	| � |� ' � E	| � {|� |�

iru doo f � | � {|/ zh frqfoxgh wkdw 	| lv qrw xqlirupo| glvwulexwhg ryhu dfc{|o/ dqg
hyhq kdv vlqjxodulwlhv lq | ' f dqg | ' {| ri orjdulwkplf w|sh1
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Fkdswhu 9

Pdlqwhqdqfh phhwv surgxfwlrq dw NOP
Ur|do Gxwfk Dluolqhv

Lq rughu wr hqfrxqwhu vrph dfwxdo lqwhudfwlrqv ehwzhhq surgxfwlrq dqg

pdlqwhqdqfh lq d sudfwlfdo frqwh{w/ d fdvh vwxg| kdv ehhq fduulhg rxw dw wkh

Olqh Pdlqwhqdqfh ghsduwphqw ri NOP Ur|do Gxwfk Dluolqhv1 Wklv ghsduwphqw

lv uhvsrqvleoh iru wkh lqvshfwlrq/ pdlqwhqdqfh dqg uhsdlu ri dlufudiwv gxulqj

wkhlu vwd| dw Vfklskro Dlusruw/ dv zhoo dv wkh dvvljqphqw ri dlufudiwv wr  ljkwv

zlwklq NOP*v wlphwdeoh1 D ghflvlrq vxssruw v|vwhp kdv ehhq ghyhorshg zlwk

zklfk pdlqwhqdqfh pdqdjhuv duh ehwwhu htxlshg wr ghwhuplqh krz pdq| pdlq0

whqdqfh vorwv ri zklfk w|sh vkrxog eh dydlodeoh lq wkh wlphwdeoh/ dqg krz pdq|

pdlqwhqdqfh hqjlqhhuv ri zklfk w|sh vkrxog eh dvvljqhg wr wkhvh vorwv/ lq rughu

wr vdwlvi| wkh ryhudoo vhuylfh ohyhov vhw e| kljkhu pdqdjhphqw1 Wkh pdlq remhf0

wlyh ri wklv vwxg| zdv wr ghyhors vrph ixqgdphqwdo dqg hohphqwdu| txhxhlqj

prghov/ zklfk frxog hyhqwxdoo| dvvlvw pdlqwhqdqfh pdqdjhuv lq wkh irupxodwlrq

ri vhyhudo ghvljq fulwhuld iru NOP*v wlphwdeohv1

914 Lqwurgxfwlrq

NOPUr|do Gxwfk Dluolqhv kdv ehhq wkh pdmru Gxwfk dluolqh vlqfh 4<4<1 NOP*v krph
edvh lv Vfklskro Dlusruw qhdue| Dpvwhugdp1 Fxuuhqwo| +4<<:,/ NOP rzqv derxw <3
dlufudiwv ri ; gl�huhqw w|shv/ zklfk rshudwh  ljkwv wr dqg iurp derxw 483 flwlhv lq
;3 frxqwulhv1 Wudglwlrqdoo|/ wkh vdihw| ri sdvvhqjhuv dqg fuhz kdv kdg wrs sulrulw|
lq NOP*v plvvlrq vwdwhphqw1 Wkhuhiruh/ NOP fduulhv rxw kljk0txdolw| pdlqwhqdqfh/
uho|lqj rq dssur{lpdwho| 6333 hpsor|hhv lq lwv ryhudoo pdlqwhqdqfh ghsduwphqw1 Wr
eh vshfl�f/ hdfk dlufudiw lv pdlqwdlqhg suhyhqwlyho| wkurxjk pdmru dqg plqru lqvshf0
wlrqv/ dqg fruuhfwlyho| gxulqj lwv vwd| dw Vfklskro Dlusruw1 Pdmru lqvshfwlrqv duh
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Wdeoh 914= Pdmru lqvshfwlrq lqwhuydov iru wkh lqwhufrqwlqhqwdo  hhw1

lqvshfwlrq & zhhnv &  ljkwv &  ljkw krxuv

D fkhfn 9 483 983
F fkhfn 4; 41633 :1833
G fkhfn :5 81533 581333

shuiruphg lq NOP*v kdqjduv diwhu d fhuwdlq dprxqw ri wlph/  ljkwv dqg2ru  ljkw
krxuv/ dqg wkhlu xqghuo|lqj vwuxfwxuh lv frpsohwho| htxlydohqw wr wkh lqgluhfw foxvwhu0
lqj dssurdfk suhvhqwhg lq fkdswhu 61

Plqru lqvshfwlrqv duh frqgxfwhg lq ehwzhhq hdfk duulydo dqg ghsduwxuh dw Vfklskro
Dlusruw/ dqg lqfoxgh d ydulhw| ri vr0fdoohg duulydo/ sodwirup dqg ghsduwxuh vhuylfhv
+Glmnvwud hw do1 4<<7,1 Dprqjvw vhyhudo rwkhu dfwlylwlhv/ duulydo vhuylfhv frqvlvw ri
�{lqj jurxqg srzhu vxsso|/ frpslolqj d olvw ri whfkqlfdo frpsodlqwv edvhg rq wkh
fuhz*v  ljkw uhfrugv/ dqg froohfwlqj uhvrxufhv +h1j1 preloh fudqhv dqg vfd�roglqjv,
iru wkh sodwirup vhuylfhv1 Ixuwkhupruh/ sodwirup vhuylfhv frqvlvw ri fkhfnlqj wkh
whfkqlfdo vwdwh ri wkh dlufudiw/ dqg shuiruplqj uhsdluv zkhqhyhu qhfhvvdu|1 Ilqdoo|/
ghsduwxuh vhuylfhv frqvlvw ri d �qdo whfkqlfdo fkhfn ri wkh dlufudiw1 Lq wklv fkdswhu/ zh
duh pdlqo| frqfhuqhg zlwk sodwirup vhuylfhv/ dqg shuiruplqj uhsdluv lq sduwlfxodu1

Wkhvh uhsdlu dfwlylwlhv duh fduulhg rxw e| hpsor|hhv ri wkh Olqh Pdlqwhqdqfh gh0
sduwphqw1 Fxuuhqwo|/ lwv zrunirufh frqvlvwv ri dssur{lpdwho| 583 kljko|0vnloohg dqg
zhoo0wudlqhg pdlqwhqdqfh hqjlqhhuv1 Wkhlu uhvsrqvlelolw| lv wr lqvshfw/ pdlqwdlq/ dqg
uhsdlu NOP*v dlufudiwv gxulqj wkhlu vwd| dw Vfklskro Dlusruw1 Gxh wr lqwhuqdo dqg
h{whuqdo vdihw| uxohv/ hdfk pdlqwhqdqfh hqjlqhhu lv olfhqvhg wr fduu| rxw lqvshfwlrqv
rq d olplwhg qxpehu ri dlufudiw w|shv/ dqg dovr kdv d vshfl�f vnloo iru dylrqlf uhvs1 ph0
fkdqlfdo v|vwhpv1 Wkh hqjlqhhuv rewdlq wkhlu olfhqvhv dqg vnloov e| dwwhqglqj wudlqlqj
surjudpv frqvlvwlqj ri wkhruhwlfdo dqg sudfwlfdo frxuvhv1 Ghshqglqj rq wkhlu h{shul0
hqfh/ lw wdnhv vhyhudo prqwkv wr vhyhudo |hduv wr frpsohwh vxfk d wudlqlqj surjudp1

Lq jhqhudo/ wkh wlph uhtxluhg iru duulydo dqg ghsduwxuh vhuylfhv fdq eh wuhdwhg
dv d jlyhq frqvwdqw/ ghshqglqj rq wkh dlufudiw w|sh1 Iru vlplodu uhdvrqv/ wkh wlph
uhtxluhg iru suhyhqwlyh pdlqwhqdqfh dfwlylwlhv +sodwirup fkhfn, lv pruh ru ohvv �{hg1
Wkh uhpdlqlqj shulrg ri jurxqg wlph fdq eh xvhg iru sodqqhg dqg2ru xqsodqqhg
fruuhfwlyh pdlqwhqdqfh dfwlylwlhv +l1h1 shuiruplqj uhsdluv,1 Lw lv ghwhuplqhg e| wkh
gl�huhqfh ehwzhhq duulydo dqg ghsduwxuh wlph ri wkh dlufudiw xqghu frqvlghudwlrq/
plqxv wkh uhtxluhg wlph iru duulydo vhuylfhv/ ghsduwxuh vhuylfhv dqg sodwirup fkhfnv1
Dv vxfk/ wklv ohqjwk fdq eh ghulyhg iurp wkh xqghuo|lqj wlphwdeoh rshudwhg e| NOP
Ur|do Gxwfk Dluolqhv/ lq frpelqdwlrq zlwk wkh dvvljqphqw ri dlufudiwv wr  ljkwv zlwklq
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european flights intercontinental flights

Iljxuh 914= Jhqhudo vwuxfwxuh ri NOP*v wlphwdeohv1

wklv wlphwdeoh1 Wkh odwwhu ghflvlrqv duh dovr wkh uhvsrqvlelolw| ri wkh Olqh Pdlqwhqdqfh
ghsduwphqw1

Vlpso| vwdwhg/ NOP*v wlphwdeoh frqvlvwv ri d frpsuhkhqvlyh froohfwlrq ri vr0
fdoohg flw|0flw| sdluv zlwk vfkhgxohg ghsduwxuh dqg duulydo wlphv/ dqg fruuhvsrqglqj
dlufudiw w|sh1 W|slfdoo|/ wklv wlphwdeoh iroorzv d f|folfdo sdwwhuq/ zlwk d f|foh ohqjwk
ri h{dfwo| rqh zhhn1 Rq dq dyhudjh gd|/ vrph fohduo| glvwlqjxlvkdeoh shdnv fdq eh
revhuyhg/ fdxvhg e| NOP*v pdunhwlqj vwudwhj| wr plqlpl}h zdlwlqj wlphv iru wudq0
vlw sdvvhqjhuv +frqqhfwlqj  ljkwv,1 Vhyhudo wlphv d gd|/ d edwfk ri lqwhufrqwlqhqwdo
 ljkwv duulyhv dw Vfklskro Dlusruw iroorzhg e| d edwfk ri frqwlqhqwdo  ljkwv wr vhy0
hudo ghvwlqdwlrqv dooryhu Hxursh/ dqg ylfh yhuvd +vhh Iljxuh 914,1 Lq wklv vwxg|/ zh
irfxv rq wkh lqwhufrqwlqhqwdo  hhw/ zklfk lv pdlqo| rshudwhg e| wkh iroorzlqj dlufudiw
w|shv= Erhlqj :7:0633 Frpel +E:76F,/ Erhlqj :7:0633 Ixoo Sd{ +E:76S,/ Erhlqj
:7:0733 Frpel +E:77F,/ dqg Erhlqj :7:0733 Ixoo Sd{ +E:77S,1 Iru d ydulhw| ri
whfkqlfdo/ hfrqrplfdo dqg rshudwlrqdo uhdvrqv/ wkhvh dlufudiw w|shv duh qrw pxwxdoo|
lqwhufkdqjhdeoh/ l1h1 hdfk dlufudiw w|sh rshudwhv lwv rzq wlphwdeoh1

Wkh wlphv ehwzhhq duulydo dqg ghsduwxuh ri NOP*v dlufudiwv dw Vfklskro Dlusruw
duh fdoohg jurxqg wlphv ru vorwv1 Gxulqj wkhvh vorwv/ vhyhudo dfwlylwlhv kdyh wr
wdnh sodfh lqvlgh dqg rxwvlgh wkh dlufudiw +h1j1 fohdqlqj/ ixholqj/ fdwhulqj/ erduglqj/
hwfhwhud,/ zklfk xvxdoo| wdnh xs wr wzr krxuv rq dyhudjh1 Lq wkh phdqzkloh/ d srvw0
dqg suh0 ljkw lqvshfwlrq lv frqgxfwhg e| vshfldol}hg pdlqwhqdqfh hqjlqhhuv1 Wkh
uhpdlqlqj jurxqg wlph lv dydlodeoh iru wkh holplqdwlrq ri +ghihuuhg, ghihfwv l1h1 shu0
iruplqj uhsdluv1 Dv d frqvhtxhqfh/ wkh plqlpdo wxuq durxqg wlph +l1h1 li qr fruuhfwlyh
pdlqwhqdqfh dfwlylwlhv duh fduulhg rxw, htxdov dssur{lpdwho| wzr krxuv/ dw ohdvw iru
wkh lqwhufrqwlqhqwdo  hhw1 Rq wkh rwkhu kdqg/ wkh pd{lpxp doorzhg wlph iru dq dlu0
fudiw wr vwd| dw lwv jdwh lv uhvwulfwhg e| Vfklskro Dlusruw/ dqg htxdov dssur{lpdwho|
irxu krxuv1 Lq wkdw fdvh/ wkh dlufudiw pxvw eh wudqvsruwhg wr dqg iurp d ex�hu/ hdfk
ri zklfk wdnhv dqrwkhu kdoi dq krxu rq dyhudjh1 Lq ylhz ri h!flhqf|/ lw lv wkhuhiruh
lpsruwdqw wr lqfrusrudwh dv ihz dv srvvleoh jurxqg wlphv ehwzhhq vd| 7 dqg 9 krxuv
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Iljxuh 915= Pd{lpxp xwlol}dwlrq iru gl�huhqw jurxqg wlphv +vorwv, dw Vfklskro Dlu0
sruw/ lq whupv ri wkh iudfwlrq ri dydlodeoh wlph wkdw fdq eh xvhg iru uhsdlu dfwlylwlhv1

lq wkh ghvljq ri d wlphwdeoh +vhh Iljxuh 915,1 Lw zdv rqh ri wkh pdlq remhfwlyhv ri wklv
vwxg| wr surylgh pdlqwhqdqfh pdqdjhuv zlwk ghflvlrq vxssruw lq wklv uhvshfw1

Ri frxuvh/ wkh srvvlelolwlhv wr nhhs wkh whfkqlfdo vwdwh ri wkh dlufudiwv zlwklq wkh
frqvwudlqwv vhw e| kljkhu pdqdjhphqw/ duh vwurqjo| uhodwhg wr wkh wlph wkdw lv uhvhuyhg
iru wkh holplqdwlrq ri +ghihuuhg, ghihfwv1 Lq wklv uhvshfw/ lw lv qrw rqo| wkh wrwdo
dprxqw ri jurxqg wlph +txdqwlw|,/ exw dovr wkh uhodwlyh iuhtxhqflhv ri gl�huhqw vorw
w|shv +txdolw|, wkdw frxqwv1 Wklv h�hfw lv hyhq vwurqjhu li rqh uhdol}hv wkdw gl�huhqw
ghihfwv pd| uhtxluh gl�huhqw uhsdlu wlphv +h1j1 6/ 9 ru 45 krxuv, dqg fdsdflw| +h1j1
4/ 5 ru 6 pdlqwhqdqfh hqjlqhhuv,/ dqg pd| fduu| gl�huhqw gxh gdwhv +h1j1 6/ 43 ru 63
gd|v, dv zhoo1 Dqrwkhu frpsolfdwlqj idfwru lq wklv uhvshfw lv wkdw hdfk ghihfw uhihuv wr
d vr0fdoohgpdlqwhqdqfh orj +dlufudiw yv1 fdelqh, dqgpdlqwhqdqfh vnloo +dylrqlfv
yv1 phfkdqlfv,/ zklfk pxvw eh wuhdwhg vhsdudwho|1 Lq dgglwlrq/ whfkqlfdo qr0jr*v
l1h1 ghihfwv wkdw pxvw eh uhsdluhg ehiruh ghsduwxuh +}hur gxh gdwh, ghvhuyh vshfldo
dwwhqwlrq1

Iurp d pdlqwhqdqfh srlqw ri ylhz/ wkh wlphwdeoh vkrxog surylgh hqrxjk rssruwx0
qlwlhv wr holplqdwh hdfk ghihfw ehiruh lwv gxh gdwh/ dqg zlwklq wkh dprxqw ri wlph dqg
fdsdflw| wkdw lv dydlodeoh1 Rq wkh rwkhu kdqg/ vxfk d wlphwdeoh frxog qhyhu eh rswl0
pdo iurp dq ryhudoo NOP shuvshfwlyh/ vlqfh wklv zrxog vwurqjo| uhgxfh wkh qxpehu
ri vfkhgxohg  ljkwv/ zklfk lv ri sduwlfxodu frpphufldo lqwhuhvw1 Khqfh/ wkh srvvlelo0
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lw| ri ghihuuhg ghihfwv/ whfkqlfdo ghod|v dqg fdqfhoodwlrqv lv hvvhqwldo dqg lqhylwdeoh
lq wkh ghvljq ri NOP*v wlphwdeohv1 Lq olqh zlwk wklv/ wkh shuirupdqfh ri wkh Olqh
Pdlqwhqdqfh ghsduwphqw lv h{suhvvhg lq/ dqg frqwlqxrxvo| prqlwruhg e| wzr pdlq
hohphqwv1 Wkhvh duh wkh whfkqlfdo glvsdwfk glvsxqfwxdolw| +WGG,/ dqg wkh ghihuuhg
ghihfw olvw +GGO,1 Lq wkh uhpdlqghu ri wklv fkdswhu/ zh zloo suhvhqw vrph ixqgdphqwdo
dqg hohphqwdu| txhxhlqj prghov/ zklfk frxog surylgh pdlqwhqdqfh pdqdjhuv zlwk
uhdvrqdeoh suhglfwlrqv dqg2ru lqglfdwruv ri wkhvh shuirupdqfh phdvxuhv dw d vwudwh0
jlfdo dqg wdfwlfdo sodqqlqj ohyho1

Wkh whfkqlfdo glvsdwfk glvsxqfwxdolw| fruuhvsrqgv wr wkh shufhqwdjh ri dlu0
fudiwv wkdw grhv qrw ohdyh rq wlph gxh wr whfkqlfdo sureohpv1 Lq jhqhudo/ whfkqlfdo
ghod|v duh gxh wr ghihuuhg ghihfwv zklfk fdqqrw eh uhsdluhg lq wlph/ dqg whfkqlfdo
qr0jr*v lq sduwlfxodu1 Ghshqglqj rq wkh dlufudiw w|sh/ d vpdoo dprxqw ri ghod| lv
xvxdoo| doorzhg +48 plqxwhv iru wkh lqwhufrqwlqhqwdo  hhw/ 8 plqxwhv iru wkh frqwlqhq0
wdo  hhw,1 Fxuuhqwo|/ wkh vhuylfh ohyho iru NOP*v whfkqlfdo glvsdwfk glvsxqfwxdolw|
lv ghwhuplqhg dw d pd{lpxp ri 7( iru Vfklskro Dlusruw/ dqg 5( zruog0zlgh1 Wkh
ghihuuhg ghihfw olvw fruuhvsrqgv wr wkh froohfwlrq ri doo uhsruwhg ghihfwv wkdw kdyh
qrw ehhq holplqdwhg |hw/ h1j1 gxh wr odfn ri wlph/ fdsdflw|/ vsduh sduwv dqg2ru lqiru0
pdwlrq1 Lq wklv uhvshfw/ d fohdu glvwlqfwlrq lv pdgh ehwzhhq ghihfwv wkdw duh uhsruwhg
lq wkh dlufudiw pdlqwhqdqfh orj +DPO,/ dqg ghihfwv wkdw duh uhsruwhg lq wkh fdelqh
pdlqwhqdqfh orj +FPO,1 Dw wkh wlph wklv vwxg| zdv frqgxfwhg/ wkh vhuylfh ohyho iru
NOP*v ghihuuhg ghihfw olvw zdv ghwhuplqhg dw d pd{lpxp ri 7 DPO dqg 6 FPO
ghihuuhg ghihfwv shu dlufudiw rq dyhudjh1

Lq wkh sdvw ihz |hduv/ wkh pdlqwhqdqfh ghsduwphqw kdv xvhg d wrro fdoohg fulwlfdo
 ljkw dqdo|vlv/ lq rughu wr ghwhuplqh wkh ihdvlelolw| ri d wlphwdeoh zlwk uhvshfw wr
wkh whfkqlfdo glvsdwfk glvsxqfwxdolw|1 Vr idu/ wklv wrro kdv shuiruphg uhdvrqdeo|/ dqg
wkhuh lv qr vshfl�f uhdvrq iru gudpdwlf fkdqjhv1 Wkhuhiruh/ zh zloo pdlqo| irfxv rq
wkh dffxpxodwhg zrunordg dvvrfldwhg zlwk ghihuuhg ghihfwv1 Wklv grhv qrw qhfhvvdulo|
phdq/ krzhyhu/ wkdw wkhuh lv qr pxwxdo uhodwlrqvkls ehwzhhq wkhvh shuirupdqfh phd0
vxuhv1 Diwhu doo/ dq lqfuhdvh lq wkh qxpehu ri ghihuuhg ghihfwv xvxdoo| jrhv wrjhwkhu
zlwk dq lqfuhdvh lq gxh gdwh ylrodwlrqv1 Lq d vlplodu zd|/ dq lqfuhdvh lq gxh gdwh
ylrodwlrqv lpsolhv dq lqfuhdvh lq whfkqlfdo ghod|v dqg2ru fdqfhoodwlrqv/ dqg dv vxfk
d�hfwv wkh whfkqlfdo glvsdwfk glvsxqfwxdolw|1

Wkh rxwolqh ri wklv fkdswhu lv dv iroorzv1 Lq vhfwlrq 915/ zh suhvhqw d pruh ghwdlohg
ghvfulswlrq ri wkh sureohp xqghu frqvlghudwlrq/ dqg glvfxvv vrph uhodwhg lvvxhv dv
zhoo1 Vxevhtxhqwo|/ d vkruw lqwurgxfwlrq lqwr rxu qhzo| ghyhorshg ghflvlrq vxssruw
v|vwhp zloo eh jlyhq lq vhfwlrq 916/ dqg zh glvfxvv wkh uroh ri wkh xqghuo|lqj txhxhlqj
prghov lq vrph pruh ghwdlo1 Lq vhfwlrq 917/ zh suhvhqw d vr0fdoohg wlph0edvhg prg0
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hoolqj iudphzrun/ zklfk lv pdlqo| frqfhuqhg zlwk �qglqj d surshu pdwfk ehwzhhq
odujh ghihfwv dqg odujh pdlqwhqdqfh vorwv1 Lq d vlplodu zd|/ vhfwlrq 918 frpsulvhv d vr0
fdoohg fdsdflw|0edvhg prghoolqj iudphzrun/ zklfk fdq dvvlvw pdlqwhqdqfh pdqdjhuv
lq �qglqj d surshu pdwfk ehwzhhq ryhudoo zrunordg dqg zrunirufh/ erwk h{suhvvhg
lq pdq krxuv1 Lq vhfwlrq 919/ wkh uhvxowv ri rxu vwxg| duh vxppdul}hg/ dqg vrph
lqwhuhvwlqj rssruwxqlwlhv iru uhodwhg uhvhdufk sureohpv duh glvfxvvhg1

915 Sureohp ghvfulswlrq

Vlqfh wkh lqwurgxfwlrq ri wkh 60zdyh v|vwhp d ihz |hduv djr/ dqg wkh pruh uhfhqw lqwur0
gxfwlrq ri wkh VFRUH +Vfklskro FRqqhfwlrq UHghvljq, v|vwhp +Errwvpd 4<<:,/ wkh
jurxqg wlphv dw Vfklskro Dlusruw kdyh ehhq xqghu frqvwdqw suhvvxuh1 Lq wkh sdvw ihz
|hduv/ wklv kdv uhvxowhg lq d gl�huhqw zrunordg iru wkh Olqh Pdlqwhqdqfh ghsduwphqw/
zklfk rq lwv wxuq kdv uhvxowhg lq dq lqfuhdvh ri whfkqlfdo glvsdwfk glvsxqfwxdolw| dqg
ghihuuhg ghihfwv1 Dw wkh vdph wlph/ wkh jrdov ri NOP*v pdlqwhqdqfh ghsduwphqw duh
wr lqfuhdvh sxqfwxdolw|/ wr ghfuhdvh jurxqg wlphv/ wr uhgxfh wkh qxpehu ri ghihuuhg
ghihfwv/ dqg wr udlvh surgxfwlylw|1

Xqghu wklv suhvvxuh/ wkh pdqdjhuv pdlq sureohp lv wr �qg d jrrg pdwfk ehwzhhq
zrunordg dqg zrunirufh/ doo djdlqvw uhdvrqdeoh frvwv lq whupv ri wkh dvvrfldwhg wlph
dqg2ru fdsdflw|1 Wkh hohphqwv wkdw sod| d vljql�fdqw/ li qrw fuxfldo uroh lq wklv pdwfk
duh wlphwdeohv/ idloxuh udwhv dqg fdsdflw| sur�ohv +vhh Iljxuh 916,1 Lq wkh iroorzlqj
vhfwlrq/ wkhvh idfwruv zloo eh dgguhvvhg lq pruh ghwdlo1 Khuh/ zh rqo| phqwlrq wkdw wkh
txdolw| ri vxfk d pdwfk lv pdlqo| ghwhuplqhg e| wkh qxpehu ri ghihuuhg ghihfwv/
dqg wkh qxpehu ri gxh gdwh ylrodwlrqv1 Wrr pdq| gxh gdwh ylrodwlrqv pd| ohdg wr
xqdffhswdeoh sureohpv lq dq rshudwlrqdo sodqqlqj skdvh/ lq whupv ri ghod|v dqg2ru
fdqfhoodwlrqv/ dqg pxvw wkhuhiruh eh frqwuroohg dw d vwudwhjlfdo dqg2ru wdfwlfdo ohyho1
Lq d vlplodu zd|/ wrr pxfk ghihuuhg ghihfwv pd| uhvxow lq srru dlufudiw txdolw|/ zklfk
lv lq frq lfw zlwk wkh ryhudoo frpsdq| remhfwlyh wr surylgh kljk txdolw| vhuylfh wr lwv
fxvwrphuv1

Sodqqlqj iru d jrrg pdwfk ri zrunordg dqg zrunirufh lv wkhuhiruh lpsruwdqw/ dqg
lw lqyroyhv erwk vwudwhjlfdo/ wdfwlfdo dqg rshudwlrqdo sodqqlqj lvvxhv1 Dw wkh vwudwhjl0
fdo ohyho/ pdqdjhphqw kdv wr irupxodwh d ydulhw| ri ghvljq fulwhuld/ lq rughu wr duulyh
dw d frqfhsw wlphwdeoh +gudiw, zklfk fdq eh uhdol}hg djdlqvw uhdvrqdeoh frvwv/ dqg
zlwklq wkh frqvwudlqwv vhw1 Dw wkh wdfwlfdo ohyho/ pdqdjhphqw kdv wr lghqwli| dqg vroyh
+srwhqwldo, sureohp duhdv zlwklq wkh gudiw/ iroorzhg e| d urxjk fxw fdsdflw| sodqqlqj
iru wkh pdlqwhqdqfh ghsduwphqw/ lq whupv ri wkh uhtxluhg qxpehu dqg w|sh ri pdlq0
whqdqfh hqjlqhhuv1 Dw wkh rshudwlrqdo ohyho/ pdqdjhphqw kdv wr ghflgh zklfk dlufudiw
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Iljxuh 916= Fuxfldo idfwruv lq wkh pdwfk ehwzhhq zrunordg dqg zrunirufh1

vkrxog rshudwh zklfk  ljkw/ dqg zklfk pdlqwhqdqfh dfwlylwlhv vkrxog eh fduulhg rxw
e| zklfk pdlqwhqdqfh hqjlqhhuv gxulqj wkh uhvxowlqj jurxqg wlphv1 Lq wklv vwxg|/ zh
irfxv dw vwudwhjlfdo dqg wdfwlfdo sodqqlqj lvvxhv/ zklfk phdqv wkdw wkh dfwxdo wlplqj
ri pdlqwhqdqfh vorwv lq wkh wlphwdeoh duh qrw frqwdlqhg lq rxu dqdo|vlv1 Wr eh vshfl�f/
wkh iroorzlqj ghflvlrq sureohpv duh dguhvvhg=

� krz pdq| pdlqwhqdqfh vorwv ri zklfk w|sh pxvw eh dydlodeoh lq wkh wlphwdeohB

� krz pdq| pdlqwhqdqfh hqjlqhhuv ri zklfk w|sh pxvw eh dvvljqhg wr wkhvh vorwvB

Dowkrxjk wkh uhodwlyh iuhtxhqflhv ri gl�huhqw vorw w|shv duh vwurqjo| uhodwhg wr
wkh xqghuo|lqj vwuxfwxuh ri NOP*v wlphwdeoh/ wkhvh �jxuhv fdq rqo| eh ghulyhg lq dq
rshudwlrqdo sodqqlqj skdvh1 Diwhu doo/ lw ghshqgv rq wkh gd|0wr0gd| dvvljqphqw ri
dlufudiwv wr  ljkw qxpehuv/ zklfk vorw w|shv zloo dfwxdoo| eh revhuyhg lq sudfwlfh/ dqg
zlwk zklfk uhodwlyh iuhtxhqflhv +vhh Iljxuh 917,1 Dw d vwudwhjlfdo dqg wdfwlfdo ohyho/
rqh riwhq xvhv d odvw0lq0�uvw0rxw w|sh ri vhuylfh glvflsolqh +OLIR, lq rughu wr ghulyh
wkh +h{shfwhg, uhodwlyh iuhtxhqflhv ri gl�huhqw vorw w|shv zlwklq wkh wlphwdeoh1 E|
grlqj vr/ wkh| xvxdoo| ryhuhvwlpdwh wkh qxpehu ri odujh vorwv/ dqg xqghuhvwlpdwh wkh
qxpehu ri vpdoo vorwv1

Wkh rwkhu zd| durxqg/ d �uvw0lq0�uvw0rxw w|sh ri vhuylfh glvflsolqh +ILIR, zrxog
qrupdoo| xqghuhvwlpdwh wkh qxpehu ri odujh vorwv/ dqg ryhuhvwlpdwh wkh qxpehu ri
vpdoo vorwv1 Wkurxjkrxw wklv vwxg|/ zh zloo dvvxph wkdw wkh uhodwlyh iuhtxhqflhv ri
gl�huhqw vorw w|shv/ dv uhtxhvwhg lq wkh ghvljq ri d wlphwdeoh/ fdq eh uhdol}hg lq dq
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LIFOFIFO

Iljxuh 917= Wkh uhodwlyh iuhtxhqflhv ri gl�huhqw vorw w|shv ghshqg rq wkh gd|0wr0gd|
dvvljphqw ri dlufudiwv wr  ljkwv zlwklq wkh wlphwdeoh1

rshudwlrqdo sodqqlqj skdvh1 Lq wkh qhzo| ghyhorshg VFRUH v|vwhp/ wkh gl�huhqfhv
ehwzhhq erwk phwkrgv duh lq idfw txlwh vpdoo/ vlqfh prvw lqwhufrqwlqhqwdo  ljkwv
duulyh dqg ghsduw lq edwfkhv +vhh Iljxuh 914,1 Wkh uhdghu lv uhihuuhg wr Errwvpd
+4<<:, iru d pruh ghwdlohg glvfxvvlrq rq wkh vwuxfwxuh ri NOP*v wlphwdeohv1

Wudglwlrqdoo|/ pdmru dqg plqru lqvshfwlrqv duh sodqqhg lq dgydqfh/ dqg kdyh
qhyhu fdxvhg vhyhuh sodqqlqj sureohpv1 Rq wkh frqwudu|/ ghihfwv duh xqsodqqdeoh/
dqg wkhlu vwrfkdvwlf qdwxuh jrhv wrjhwkhu zlwk  xfwxdwlrqv lq wkh dprxqw ri zrunordg
r�huhg wr wkh pdlqwhqdqfh ghsduwphqw1 Reylrxvo|/ wklv skhqrphqrq xqghuplqhv wkh
remhfwlyh ri holplqdwlqj hdfk ghihuuhg ghihfw ehiruh lwv gxh gdwh/ dqg zlwklq wkh
uhtxluhg dprxqw ri jurxqg wlph1 Ehiruh zh vwduwhg wklv vwxg|/ wkh pdqdjhuv edvhg
wkhlu ghvljq fulwhuld zlwk uhvshfw wr wkh wlphwdeoh phuho| rq h{shulhqfh dqg lqwxlwlrq1
Pdwkhpdwlfdo prghov zhuh rqo| edvhg rq orqj uxq dyhudjhv/ wkhuhe| qhjohfwlqj wkh
udqgrpqhvv ri vxfk hyhqwv frpsohwho|/ h1j1 vhh Rzxvx dqg Mhvvxuxq +4<<6, dqg
Ydq ghu Hlmfn +4<<8,1 Dv d frqvhtxhqfh/ pdqdjhphqw frxog qrw hydoxdwh ru iruhvhh
srwhqwldo sureohpv dvvrfldwhg zlwk d +frqfhswxdo, wlphwdeoh wr d vx!flhqw ohyho ri
ghwdlo1

Lq wkh sdvw ihz |hduv/ dqg lq dffrugdqfh zlwk wkh vhfrqg shuirupdqfh fulwhulrq/
pdqdjhphqw kdv pdlqo| ehhq irfxvvhg rq uhgxflqj wkh qxpehu ri ghihuuhg ghihfwv1
Wkhuhiruh/ vpdoo ghihfwv kdyh xvxdoo| uhfhlyhg wrs sulrulw| lq wkh rshudwlrqdo sodq0
qlqj dqg vfkhgxolqj ri pdlqwhqdqfh dfwlylwlhv1 Vlpso| vwdwhg/ wklv sulrulw| vhwwlqj
vwudwhj| lv edvhg rq wkh zhoo0nqrzq vkruwhvw0surfhvvlqj0wlph +VSW, �uvw vhuylfh glv0
flsolqh +Vloyhu hw do1 4<<;,/ zklfk dlpv dw plqlpl}lqj wkh dyhudjh zdlwlqj wlph shu
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Wdeoh 915= Dyhudjh uhsdlu wlphv ri ghihuuhg ghihfwv= <<( frq�ghqfh lqwhuydov h{0
suhvvhg lq plqxwhv +Ydq ghu Hlmfn/ 4<<8,1

E:76F E:76S E:77F E:77S

Dlufudiw Pdlqwhqdqfh Orj ;7 	 43 :; 	 ; ;: 	 < ;6 	 44
Fdelqh Pdlqwhqdqfh Orj 68 	 6 6: 	 7 69 	 6 6; 	 7

ghihfw1 Lq olqh zlwk wklv lghd/ odujh vorwv kdyh riwhq ehhq xvhg iru wkh holplqdwlrq
ri pxowlsoh vpdoo ghihfwv/ udwkhu wkdq d ihz odujhu rqhv1 Reylrxvo|/ wklv fdqqrw eh
wkh uljkw sodqqlqj vwudwhj|/ vlqfh rssruwxqlwlhv iru odujh ghihfwv duh vfdufh/ zkhuhdv
rssruwxqlwlhv iru vpdoo ghihfwv duh +uhodwlyho|, qxphurxv1 Wkurxjkrxw wklv vwxg|/ zh
ghflghg wr uhirupxodwh wkh vhfrqg shuirupdqfh fulwhulrq lq whupv ri wkh zrunordg
dvvrfldwhg zlwk ghihuuhg ghihfwv/ udwkhu wkdq wkh qxpehu ri ghihuuhg ghihfwv lwvhoi1

Lq rxu ylhz/ wklv dowhuqdwlyh shuirupdqfh fulwhulrq zrxog ohdg wr dq lpsruwdqw
fkdqjh lq NOP*v dwwlwxgh wrzdugv fruuhfwlyh pdlqwhqdqfh sodqqlqj/ dqg zrxog hyhq0
wxdoo| lqfuhdvh wkh ryhudoo shuirupdqfh ri NOP Ur|do Gxwfk Dluolqhv1 Dw ohdvw/ lw
vhuyhg dv d vwduwlqj srlqw iru rxu dqdo|vlv1 Edvhg rq wkh dyhudjh surfhvvlqj wlphv
ri ghihuuhg ghihfwv zlwklq wkh lqwhufrqwlqhqwdo  hhw +vhh Wdeoh 915,/ zh sursrvhg wkh
iroorzlqj wdujhw ohyhov= dssur{lpdwho| 8 DPO dqg 5 FPO ghihuuhg pdq krxuv shu
dlufudiw rq dyhudjh1

916 Ghflvlrq vxssruw v|vwhp

Lq ylhz ri wkh dgguhvvhg sureohp duhdv/ wkh pdqdjhphqw ri NOP*v pdlqwhqdqfh gh0
sduwphqw kdg wkh lpsuhvvlrq wkdw wkh txdolw| ri ghflvlrq pdnlqj frxog eh lpsuryhg
e| wkh lqwurgxfwlrq ri d ghflvlrq vxssruw v|vwhp1 Vlpso| vwdwhg/ wkh ghflvlrq vxssruw
v|vwhp wkdw zh ghyhorshg frqvlvwv ri irxu pdlq hohphqwv/ yl}1 d wlphwdeoh prgxoh/
d zrunordg prgxoh/ d zrunirufh prgxoh/ dqg dq dqdo|vlv prgxoh1 Zlwk wklv ghfl0
vlrq vxssruw v|vwhp/ pdlqwhqdqfh pdqdjhuv duh ehwwhu htxlshg wr ghwhuplqh krz
pdq| pdlqwhqdqfh vorwv ri zklfk w|sh vkrxog eh dydlodeoh lq wkh wlphwdeoh/ dqg krz
pxfk fdsdflw| ri zklfk w|sh vkrxog eh dvvljqhg wr wkhvh vorwv/ lq rughu wr ixo�o wkh
ryhudoo frpsdq| remhfwlyhv zlwklq wkh frqvwudlqwv vhw e| kljkhu pdqdjhphqw1 Lq wkh
uhpdlqghu ri wklv vhfwlrq/ d eulhi ghvfulswlrq ri hdfk prgxoh zloo eh jlyhq1

Dv d vwduwlqj srlqw/ wkh wlphwdeoh prgxoh frqwdlqv vhyhudo ixqgdphqwdo fkdu0
dfwhulvwlfv ri NOP*v wlphwdeoh iru d vshfl�f dlufudiw w|sh1 Wkhvh duh +l, wkh qxpehu
ri dlufudiwv/ +ll, wkh dyhudjh qxpehu ri  ljkwv shu dlufudiw shu gd|/ +lll, wkh dyhudjh
qxpehu ri  ljkw krxuv shu  ljkw/ +ly, wkh dyhudjh qxpehu ri  ljkwv shu f|foh/ dqg +y,
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wkh uhodwlyh iuhtxhqflhv ri gl�huhqw vorw w|shv1 Khuh/ d f|foh lv gh�qhg dv d vxevhtxhqw
ghsduwxuh iurp dqg duulydo dw Vfklskro Dlusruw1 Wklv lv dq lpsruwdqw txdqwlw|/ vlqfh
wkh pdmrulw| ri ghihfwv 0 wkh odujhv rqhv lq sduwlfxodu 0 fdq rqo| eh wdfnohg dw Vfklskro
Dlusruw/ dqg qrw dw vr0fdoohg rxwerxqg vwdwlrqv1 Lq jhqhudo/ prvw f|fohv frqvlvw ri
wzr  ljkwv/ l1h1 wr dqg iurp d vshfl�f ghvwlqdwlrq1 Qhyhuwkhohvv/ f|fohv ri wkuhh ru
hyhq pruh  ljkwv gr dovr rffxu lq sudfwlfh/ hvshfldoo| lq wkh lqwhufrqwlqhqwdo  hhw1

Vhfrqgo|/ wkh zrunordg prgxoh frqwdlqv wkh duulydo udwhv ri ghihfwv shu  ljkw
dqg shu  ljkw krxu/ wkhuhe| pdnlqj d fohdu glvwlqfwlrq ehwzhhq gl�huhqw fdwhjrulhv lq
whupv ri +l, wkh xqghuo|lqj pdlqwhqdqfh orj/ +ll, wkh fruuhvsrqglqj pdlqwhqdqfh vnloo/
+lll, wkh uhtxluhg uhsdlu wlph dqg fdsdflw|/ dqg +ly, wkh dvvrfldwhg gxh gdwh1 Wkh
xqghuo|lqj revhuydwlrq ehklqg wkhvh vr0fdoohg idloxuh udwhv lv wkdw vrph ghwhulrudwlrq
surfhvvhv duh  ljkw ghshqghqw +h1j1 prwruv/ hqjlqhv,/ vrph duh  ljkw0krxu ghshqghqw
+h1j1 fkdluv/ oljkwv,/ dqg vrph duh d frpelqdwlrq ri erwk1 Qhyhuwkhohvv/ d suholplqdu|
vwxg| e| Ydq ghu Hlmfn +4<<8, srlqwhg rxw wkdw wkh pdmrulw| ri idloxuhv/ dw ohdvw
lq whupv ri wkh dvvrfldwhg zrunordg/ lv  ljkw0ghshqghqw1 Hyhqwxdoo|/ d gdwdedvh
prgxoh vkrxog eh lqfrusrudwhg/ zklfk nhhsv wudfn ri doo  ljkwv/  ljkw krxuv/ dqg
ghihfwv lq wkh lqwhufrqwlqhqwdo  hhw1 E| grlqj wklv/ lw pljkw ehfrph srvvleoh wr
ghwhuplqh wkh deryh0phqwlrqhg idloxuh udwhv dxwrpdwlfdoo|/ h1j1 e| xvlqj d pxowlsoh
uhjuhvvlrq whfkqltxh +Gxqq dqg Fodun 4<:7,1

Ilqdoo|/ wkh zrunirufh prgxoh ghwhuplqhv krz pxfk pdlqwhqdqfh hqjlqhhuv ri
zklfk w|sh +dylrqlfv dqg2ru phfkdqlfv, vkrxog eh dvvljqhg wr hdfk w|sh ri vorw lq
wkh wlphwdeoh1 E| grlqj wklv/ wkh xvhu fdq lqyhvwljdwh wkh frqvhtxhqfhv ri gl�huhqw
fdsdflw| sur�ohv dw d vwudwhjlfdo sodqqlqj ohyho +h1j1 kljk fdsdflw| rq odujh vorwv dqg
orz fdsdflw| rq vpdoo vorwv/ ru ylfh yhuvd,1 Iurp qrz rq/ d frpsohwh vhw ri �jxuhv
frqfhuqlqj gdwd rq wkh wlphwdeoh/ gdwd rq wkh zrunordg/ dqg gdwd rq wkh zrunirufh/ lv
fdoohg d vfhqdulr1 Wkh dqdo|vlv prgxoh surylghv wkh xvhu zlwk h{whqvlyh srvvlelolwlhv
iru dqdo|}lqj gl�huhqw vfhqdulrv1 Lw frqvlvwv ri urxwlqhv zklfk hvwlpdwh wkh zrunordg
dqg zrunirufh shu zhhn/ dqg hydoxdwh wkh txdolw| ri wkh pdwfk ehwzhhq zrunordg dqg
zrunirufh1 Lq wkh iroorzlqj vhfwlrqv/ wkhvh urxwlqhv zloo eh dgguhvvhg lq pruh ghwdlo/
dv zhoo dv wkh xqghuo|lqj txhxhlqj prghov dqg dvvxpswlrqv1 Khuh/ zh rqo| phqwlrq
wkdw d fohdu glvwlqfwlrq kdv ehhq pdgh zlwk uhvshfw wr wlph dqg fdsdflw|1

Vlpso| vwdwhg/ wkh wlphwdeoh pxvw surylgh hqrxjk wlph +odujh vorwv, lq rughu
wr frsh zlwk odujh ghihfwv/ dqg hqrxjk fdsdflw| +pdqkrxuv, lq rughu wr frsh zlwk
doo ghihfwv1 Lq olqh zlwk wklv lghd/ zh kdyh ghyhorshg d vhsdudwh wlph0edvhg dqg
fdsdflw|0edvhg prghoolqj iudphzrun/ lq rughu wr gh�qh wkh txdolw| ri wkh pdwfk
ehwzhhq zrunordg dqg zrunirufh1 Wkh edvlf xqghuo|lqj prwlydwlrq ehklqg hdfk prg0
hoolqj iudphzrun lv wkdw zrunordg dffxpxodwhv xqwlo wkh duulydo ri zrunirufh/ exw
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Scenario A Scenario B

Model A Model B

Reality A Reality B

Model A versus B  

Reality A versus B

explicit information

implicit information

Iljxuh 918= Vfhqdulr dqdo|vlv yld lpsolflw dqg h{solflw lqirupdwlrq  rzv1

zrunirufh fdqqrw dffxpxodwh xqwlo wkh duulydo ri zrunordg1 Vlqfh wkhvh duulydov wdnh
sodfh dffruglqj wr frpsoh{ +vwrfkdvwlf, surfhvvhv/ wkh h{lvwhqfh ri ghihuuhg ghihfwv/
dqg wkxv wkh srvvlelolw| ri gxh gdwh ylrodwlrqv/ lv lqhylwdeoh1 Lq olqh zlwk wklv lghd/
pdqdjhphqw lv sulpdulo| lqwhuhvwhg lq wkh dyhudjh dprxqw ri ghihuuhg zrunordg/ dv
zhoo dv wkh suredelolw| ri gxh gdwh ylrodwlrq iru gl�huhqw w|shv ri ghihfwv1 Wkh dqdo|vlv
prgxoh surylghv uhdvrqdeoh hvwlpdwhv dqg2ru lqglfdwruv iru wkhvh dqg rwkhu shuiru0
pdqfh phdvxuhv zlwklq d jlyhq vfhqdulr1

Zlwk wklv ghflvlrq vxssruw v|vwhp/ lw lv ri frxuvh dovr srvvleoh wr frpsduh gl�huhqw
vfhqdulrv zlwk hdfk rwkhu lq d vwudwhjlfdo sodqqlqj skdvh1 Lq idfw/ dqg dv orqj dv rxu
prghov kdyh qrw ehhq yhul�hg zlwk dfwxdo gdwd/ wklv lv h{dfwo| zkdw rxu ghflvlrq
vxssruw v|vwhp vkrxog eh xvhg/ dqg zdv ghvljqhg iru1 Pruh vshfl�fdoo|/ rxu prgho
rxwfrphv iru d vshfl�f vfhqdulr vkrxog eh kdqgohg zlwk fduh li lqwhusuhwhg h{solflwo|/
exw pd| surylgh xvhixo lpsolflw lqirupdwlrq lq uhodwlrq wr rwkhu prgho rxwfrphv iru
rwkhu vfhqdulrv +vhh Iljxuh 918,1

Iurp d sudfwlfdo srlqw ri ylhz/ wklv phdqv wkdw rxu prghov frxog eh xvhg wr dvvlvw
pdlqwhqdqfh pdqdjhuv zlwk frpsdudwlyh vwxglhv lqwr dowhuqdwlyh wlphwdeohv1 Wklv lv
d srwhqwldoo| ydoxdeoh lqvljkw/ vlqfh wkhuh lv vwloo olwwoh rq0wkh0mre h{shulhqfh zlwk rxu
ghflvlrq vxssruw v|vwhp/ dqg ydolgdwlrq dqg2ru prgl�fdwlrq ri rxu prghov lv |hw wr
frph1 Qhyhuwkhohvv/ zh eholhyh wkdw wkh| frqwdlq vrph lqwhuhvwlqj ihdwxuhv/ zklfk
duh zruwk phqwlrqlqj khuh1 Lq wkh iroorzlqj vhfwlrqv/ zh zloo eulh | ghvfuleh wkh
xqghuo|lqj txhxhlqj prghov dqg dvvxpswlrqv iru rxu wlph0edvhg dqg fdsdflw|0edvhg
prghoolqj iudphzrun1
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917 Wlph0edvhg prghoolqj iudphzrun

Dv d vwduwlqj srlqw/ wkh wlph0edvhg prghoolqj iudphzrun lv frqfhuqhg zlwk �qglqj
d surshu pdwfk ehwzhhq odujh ghihfwv rq wkh rqh kdqg/ dqg odujh pdlqwhqdqfh vorwv
rq wkh rwkhu kdqg1 Vlqfh odujh vorwv vkrxog sulpdulo| eh xvhg iru odujh ghihfwv/ dqg
dv vxfk vkrxog eh wuhdwhg zlwk wkh kljkhvw sulrulw|/ zh dvvxph wkdw wkhuh lv dozd|v
hqrxjk pdqsrzhu dydlodeoh wr holplqdwh odujh ghihfwv1 Wkhuhiruh/ wkh pdlq lqjuh0
glhqwv ri rxu wlph0edvhg prghoolqj iudphzrun duh wkh frpsoh{ vwrfkdvwlf surfhvvhv
dvvrfldwhg zlwk wkh duulydov ri odujh ghihfwv dqg odujh vorwv1

91714 Lqsxw dqg rxwsxw vshfl�fdwlrqv

Dv d vwduwlqj srlqw/ wkh duulydo udwhv ri odujh ghihfwv duh ghulyhg iurp wkh gdwd surylghg
e| wkh wlphwdeoh dqg zrunordg prgxohv/ wkhuhe| pdnlqj d fohdu glvwlqfwlrq ehwzhhq
gl�huhqw fdwhjrulhv lq whupv ri wkh uhtxluhg pdlqwhqdqfh vorw dqg wkh fruuhvsrqglqj
gxh gdwh1 Lq dffrugdqfh zlwk fxuuhqw NOP sudfwlfhv/ zh xvhg 7 fdwhjrulhv iru odujh
vorwv +:57 krxuv/ 49057 krxuv/ 45049 krxuv dqg 9045 krxuv, dqg 7 fdwhjrulhv iru gxh
gdwhv +	4 gd|/ 406 gd|v/ 6043 gd|v/ dqg 430453 gd|v,1 Uhfdoo wkdw pdlqwhqdqfh vorwv
ri ohvv wkdq 9 krxuv fdq kdugo| eh xvhg h!flhqwo|/ hvshfldoo| iru odujh ghihfwv +vhh
Iljxuh 915,1 Qhyhuwkhohvv/ rxu prghoolqj iudphzrun frxog hdvlo| eh jhqhudol}hg wr
frsh zlwk pruh +ru ohvv, fdwhjrulhv1

Dv d qh{w vwhs/ wkh dyhudjh qxpehu ri odujh vorwv shu zhhn lv fdofxodwhg iurp
wkh gdwd vshfl�hg lq wkh wlphwdeoh prgxoh/ djdlq iru hdfk ri wkh deryh0phqwlrqhg
fdwhjrulhv1 Edvhg xsrq wkhvh �jxuhv/ wkh ghflvlrq vxssruw v|vwhp surylghv wkh xvhu
zlwk uhdvrqdeoh hvwlpdwhv ri wkh dyhudjh zdlwlqj wlphv iru gl�huhqw w|shv ri ghihfwv/
dv zhoo dv wkh fruuhvsrqglqj suredelolwlhv ri gxh gdwh ylrodwlrq1 Vxevhtxhqwo|/ lw
ghwhuplqhv d uhdvrqdeoh hvwlpdwh ri wkh dyhudjh qxpehu ri gxh gdwh ylrodwlrqv shu
zhhn/ zklfk reylrxvo| lv d xvhixo shuirupdqfh lqglfdwru lq ylhz ri frpsdulqj gl�huhqw
vfhqdulrv zlwk hdfk rwkhu1

91715 Prgho dqg dvvxpswlrqv

Dv zh h{sodlqhg ehiruh/ gxh gdwhv duh fdwhjrul}hg lqwr 6 gl�huhqw w|shv/ dqg pdlq0
whqdqfh vorwv lqwr ? gl�huhqw w|shv1 Zlwk _� dqg |�/ zh ghqrwh wkh w|slfdo ru dyhudjh
gxh gdwh dqg vorw vl}h dvvrfldwhg zlwk w|sh � uhvs1 w|sh �1 Iru qrwdwlrqdo frqyhqlhqfh/
dqg zlwkrxw orvv ri jhqhudolw|/ zh dvvxph wkdw _� 	 ��� 	 _6 dqg |� : ��� : |?1 Wr
frqwlqxh rxu dqdo|vlv/ zh ghqrwh zlwk b�� wkh duulydo udwh ri w|sh E�c �� ghihfwv/ l1h1
ghihfwv zlwk d gxh gdwh ri w|sh �/ wkdw uhtxluh d vorw ri w|sh �1 Lq d vlplodu zd|/
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< 1 day
> 24 hours

16-24 hours

> 24 hours

12-16 hours

6-12 hours

no-go’s

16-24 hours

12-16 hours

6-12 hours

1-3 days

3-10 days

10-120 days

Iljxuh 919= Jhqhudo vwuxfwxuh ri wkh wlph0edvhg prghoolqj iudphzrun

zh ohw >� ghqrwh wkh duulydo udwh ri w|sh � vorwv1 Ilqdoo|/ Z� uh hfwv wkh suredelolw|
wkdw d vorw ri w|sh � fdqqrw eh xvhg iru sodqqhg pdlqwhqdqfh/ h1j1 gxh wr d whfkqlfdo
qr0jr ru rwkhu fdxvhv1 Fxuuhqwo|/ dqg lq olqh zlwk wkh deryh0phqwlrqhg prghoolqj
iudphzrun/ NOP rshudwhv 6 ' e gl�huhqw gxh gdwh w|shv/ dqg ? ' e gl�huhqw vorw
w|shv +vhh Iljxuh 919,1

Vlqfh wkhuh lv qr vshfl�f lqirupdwlrq dydlodeoh derxw wkh dfwxdo wlplqj ri odujh
pdlqwhqdqfh vorwv zlwklq wkh wlphwdeoh/ rxu prghoolqj iudphzrun lv edvhg rq wkh
dvvxpswlrq wkdw odujh ghihfwv dqg odujh vorwv duulyh dffruglqj wr pxwxdoo| lqghshqghqw
Srlvvrq surfhvvhv1 Iru vlplodu uhdvrqv/ zh dvvxph wkdw hdfk pdlqwhqdqfh vorw fdq eh
xvhg iru wkh holplqdwlrq ri dw prvw rqh vlqjoh ghihfw1 Wkh txhvwlrq qrz uhpdlqv zklfk
ghihfw vkrxog eh dvvljqhg wr zklfk pdlqwhqdqfh vorw1 Lq jhqhudo/ wklv dvvljqphqw
vkrxog eh edvhg rq wkh gxudwlrq ri wkh vorw/ dqg wkh gxh gdwh ri hdfk ghihfw1 Vlqfh
odujh ghihfwv vkrxog uhfhlyh wrs sulrulw|/ zh dgrswhg wkh iroorzlqj +dssur{lpdwh,
sulrulw| uxoh dw wklv vwudwhjlfdo2wdfwlfdo ohyho= dprqjvw doo ghihfwv zlwk wkh odujhvw exw
vwloo dssursldwh vorw w|sh/ vhohfw wkh rqh zlwk wkh orzhvw gxh gdwh w|sh1 Iru h{dpsoh/
d w|sh 6 vorw +45049 krxuv, h{dplqhv wkh froohfwlrq ri ghihuuhg ghihfwv lq wkh iroorzlqj
vhtxhqfh= E�c �� $ E2c �� $ E�c �� $ Eec �� $ E�c e� $ E2c e� $ E�c e� $ Eec e�1

Rxu dqdo|vlv qrz surfhhgv dv iroorzv1 Dv d vwduwlqj srlqw/ zh ghqrwh zlwk �b� '

b�� n ��� n b6� wkh duulydo udwh ri ghihfwv wkdw uhtxluh d vorw ri w|sh �/ dqg zlwk
�>� ' >� �Z� wkh duulydo udwh ri vxfk vorwv1 E| grlqj wklv/ wkh zdlwlqj wlph ri w|sh E�c ��
ghihfwv lv htxlydohqw wr wkh vrmrxuq wlph lq d vlqjoh0vhuyhu suhhpswlyh sulrulw| txhxh/
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zlwk h{srqhqwldoo| glvwulexwhg lqwhuduulydo dqg vhuylfh wlphv iru hdfk sulrulw| fodvv/
lq zklfk wkh vhuylfh ri d orzhu sulrulw| mre lv lqwhuuxswhg dv vrrq dv d kljkhu sulrulw|
mre hqwhuv wkh v|vwhp1 Dffruglqj wr Zklwh dqg Fkulvwlh +4<8;,/ wklv phdqv wkdw wkh
iroorzlqj h{suhvvlrq fdq eh ghulyhg iru wkh �uvw wzr prphqwv .i`��j dqg .i` 2

��j
ri wkh zdlwlqj wlph `�� iru w|sh E�c �� ghihfwv1 Khuh/ zh ghqrwh �4�� ' b��*�>� 	 � dqg
�j�� '

S
&$�

�4&� 	 � iru qrwdwlrqdo frqyhqlhqfh=

.i`��j '
�

�>�

� �

E�� �j�3�c�� � E�� �j���

.i` 2
��j '

2

�>2
�

�
�

�

E�� �j�3�c��2 � E�� �j���2
n

�j�3�c�
E�� �j�3�c��� � E�� �j���

�

Ohw xv qrz wdnh d forvhu orrn dw ghihfwv ri w|sh E�c 2�/ l1h1 ghihfwv zklfk uhtxluh
d vorw ri w|sh � ru 21 Vlqfh vorwv ri w|sh � duh sulpdulo| xvhg iru w|sh E�c �� ghihfwv/
lw lv hdvlo| yhul�hg wkdw wkh duulydo udwh ri wkhvh vorwv iru w|sh E�c 2� ghihfwv htxdov
�>2 ' �>� � E� � �4�� n >2 � Z2/ zkhuh �4� ' �4�� n ��� n �46� ' �b�*�>�1 Fohduo|/ wkh �uvw
whup uhihuv wr vorwv ri w|sh � zklfk duh qrw xvhg iru w|sh E�c �� ghihfwv/ zkhuhdv
wkh vhfrqg whupv uhihuv wr vorwv ri w|sh 21 Rxu dqdo|vlv qrz surfhhgv e| dvvxplqj
wkdw wkh zdlwlqj wlph ri w|sh E�c 2� ghihfwv fdq dovr eh prghoohg dv wkh vrmrxuq wlph
lq d vlqjoh0vhuyhu suhhpswlyh sulrulw| txhxh1 Ri frxuvh/ wklv uhdvrqlqj fdq rqo| krog
dssur{lpdwho|/ vlqfh wkh duulydo surfhvv ri w|sh � vorwv iru w|sh 2 ghihfwv lv qr Srlvvrq
surfhvv lq jhqhudo1 Lq dq dqdodjrxv zd|/ zh fdq qrz dssur{lpdwh wkh �uvw wzr
prphqwv .i`�2j dqg .i` 2

�2j ri wkh zdlwlqj wlph `�2 iru w|sh E�c 2� ghihfwv1 Djdlq/
zh ghqrwh �4�2 ' b�2*�>2 	 � dqg �j�2 '

S
&$�

�4&2 	 � iru qrwdwlrqdo frqyhqlhqfh=

.i`�2j '
�

�>2

� �

E�� �j�3�c2� � E�� �j�2�

.i` 2
��j '

2

�>2
2

�
�

�

E�� �j�3�c2�2 � E�� �j�2�2
n

�j�3�c2
E�� �j�3�c2�� � E�� �j�2�

�

Iru � : 2/ vlplodu uhvxowv fdq eh rewdlqhg1 Ixuwkhu ghwdlov duh vnlsshg/ vlqfh
wkh| duh qrw vr uhohydqw iru zkdw iroorzv1 Rxu dqdo|vlv lv qrz edvhg rq wkh ds0
sur{lpdwh uhdvrqlqj wkdw wkh zdlwlqj wlph `�� ri w|sh E�c �� ghihfwv lv d Jdppd
glvwulexwhg udqgrp yduldeoh/ zlwk nqrzq sdudphwhuv k�� ' .i`��j2*T @oi`��j dqg
q�� ' T @oi`��j*.i`��j/ zkhuh T @oi`��j ' .i` 2

��j�.i`��j21 Vxppdul}lqj/ wklv
ohdyhv xv zlwk wkh iroorzlqj dssur{lpdwlrq iru wkh suredelolw| ri gxh gdwh ylrodwlrq
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Wdeoh 916= D frpsdulwlyh vwxg| ri < vfhqdulrv zlwklq wkh wlph0edvhg prghoolqj
iudphzrun= dyhudjh suredelolw| ri gxh gdwh ylrodwlrq shu ghihfw/ lq uhodwlrq wr wkh
uhodwlyh iuhtxhqflhv ri gl�huhqw vorw w|shv +qxphulfdo h{dpsoh edvhg rq lpdjlqdu|
gdwd,1

vorw w|sh L LL LLL LY Y YL YLL YLLL L[

:57 krxuv 5 ( 5 ( 5 ( 5 ( 7 ( 7 ( 7 ( 7 ( 9 (
49057 krxuv 5 ( 5 ( 5 ( 7 ( 7 ( 7 ( 7 ( 9 ( 9 (
45049 krxuv 7 ( 7 ( 9 ( 9 ( 9 ( 9 ( ; ( ; ( ; (
9045 krxuv ; ( 43 ( 43 ( 43 ( 43 ( 45 ( 45 ( 45 ( 45 (

( wrr odwh 6:18 ( 5913 ( 4:15 ( 4414 ( :14 ( 91: ( 81< ( 71< ( 619 (

iru w|sh E�c �� ghihfwv1 Khuh/ KkcqE�� ghqrwhv wkh fxpxodwlyh glvwulexwlrq ixqfwlrq ri d
Jdppd glvwulexwhg udqgrp yduldeoh zlwk phdq k � q dqg yduldqfh k � q2=

�i`�� : _�j ' �� Kk�� cq��E_��

Wrjhwkhu zlwk wkh duulydo udwhv b�� ri w|sh E�c �� ghihfwv/ wklv frphv grzq wr dq
duulydo udwh

S
�c� b�� ��i`�� : _�j ri gxh gdwh ylrodwlrqv1 Lq rxu ylhz/ wklv ydoxh frxog

eh ri frqvlghudeoh lqwhuhvw lq frpsdulqj gl�huhqw vfhqdulrv dw d vwudwhjlfdo sodqqlqj
ohyho/ lq ylhz ri wkh pdwfk ehwzhhq odujh vorwv dqg odujh ghihfwv1 Hyhqwxdoo|/ wkh
pdqdjhphqw ri NOP*v pdlqwhqdqfh ghsduwphqw frxog vhw d wuhvkrog ydoxh/ edvhg rq
klvwrulfdo gdwd dqg h{shuw rslqlrqv1 Pruhryhu/ wkh| frxog xvh wklv wlph0edvhg prg0
hoolqj iudphzrun lq wkh lghqwl�fdwlrq ri srwhqwldo sureohp duhdv zlwklq d wlphwdeoh/
e| wdnlqj d forvhu orrn dw �i`�� : _�j dqg2ru b�� � �i`�� : _�j iru doo �c �1

91716 Qxphulfdo h{dpsoh

Wr looxvwudwh rxu qhzo| ghyhorshg wlph0edvhg prghoolqj iudphzrun/ zh hydoxdwhg <
gl�huhqw vfhqdulrv iru wkh uhodwlyh iuhtxhqflhv ri gl�huhqw vorw w|shv lq rqh ri NOP*v
wlphwdeohv1 Wkh uhvxowv ri wklv vfhqdulr dqdo|vlv duh ghslfwhg lq Wdeoh 9161 Dv zh
h{shfwhg/ wkh shufhqwdjh ri odujh ghihfwv zklfk fdqqrw eh uhsdluhg ehiruh wkhlu gxh
gdwh/ lv vwurqjo| uhodwhg wr wkh uhodwlyh iuhtxhqflhv ri gl�huhqw vorw w|shv1 Iru h{dpsoh/
d forvhu orrn dw vfhqdulrv L dqg YLL lqglfdwhv wkdw wkh qxpehu ri gxh gdwh ylrodwlrqv
lv uhgxfhg zlwk d idfwru 9/ li wkh qxpehu ri odujh pdlqwhqdqfh vorwv lv lqfuhdvhg
zlwk d idfwru 51 Reylrxvo|/ vxfk �jxuhv pljkw surylgh pdlqwhqdqfh pdqdjhuv zlwk
srwhqwldoo| ydoxdeoh txdqwlwdwlyh lqvljkwv/ zklfk zhuh suhylrxvo| qrw dydlodeoh1
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918 Fdsdflw|0edvhg prghoolqj iudphzrun

Rxu fdsdflw|0edvhg prghoolqj iudphzrun lv frqfhuqhg zlwk �qglqj d surshu pdwfk
ehwzhhq zrunordg dqg zrunirufh lq whupv ri pdqkrxuv1 Lq wklv uhvshfw/ d fohdu glv0
wlqfwlrq pxvw eh pdgh ehwzhhq uhohdvhg dqg xquhohdvhg zrunordg1 Vlpso| vwdwhg/
uhohdvhg zrunordg uhihuv wr ghihuuhg ghihfwv wkdw duh zdlwlqj wr eh vfkhgxohg/ zkhuhdv
xquhohdvhg zrunordg frqvlvwv ri ghihuuhg ghihfwv wkdw fdqqrw eh vfkhgxohg |hw +vhh
Iljxuh 91:,1 Lq jhqhudo/ wkh h{lvwhqfh ri xquhohdvhg zrunordg lv gxh wr h1j1 odfn ri lq0
irupdwlrq/ htxlsphqw dqg2ru pdwhuldov/ zkhuhdv uhohdvhg zrunordg lv pdlqo| fdxvhg
e| odfn ri wlph dqg2ru fdsdflw|1 Reylrxvo|/ wkh xquhohdvhg zrunordg fdqqrw eh uh0
gxfhg e| surylglqj pruh wlph dqg2ru fdsdflw| lq wkh wlphwdeoh/ vlqfh wkhvh ghihfwv
duh gxh wr h{whuqdo idfwruv1 Wklv lv d srwhqwldoo| ydoxdeoh lqvljkw/ zklfk lv ixuwkhu
h{sorlwhg lq rxu prgho1

91814 Lqsxw dqg rxwsxw vshfl�fdwlrqv

Iluvw ri doo/ lqirupdwlrq pxvw eh dydlodeoh zlwk uhvshfw wr wkh dyhudjh zrunordg
shu f|foh h{suhvvhg lq pdq krxuv/ wkhuhe| pdnlqj d fohdu glvwlqfwlrq ehwzhhq wkh
uhtxluhg pdlqwhqdqfh vnloo +dylrqlfv2phfkdqlfv, dqg wkh fruuhvsrqglqj pdlqwhqdqfh
orj +dlufudiw2fdelqh,1 Vxevhtxhqwo|/ wkh xvhu pxvw surylgh wkh uhodwlyh iuhtxhqflhv ri
gl�huhqw vorw w|shv lq wkh wlphwdeoh/ dv zhoo dv wkh fdsdflw| lq whupv ri wkh qxpehu
ri dylrqlf dqg2ru phfkdqlf pdlqwhqdqfh hqjlqhhuv wkdw duh dvvljqhg wr wkhvh vorwv1
Ilqdoo|/ wkh xvhu pxvw vshfli| krz pxfk wlph lw wdnhv +rq dyhudjh, iru d ghihfw wr
ehfrph sduw ri wkh uhohdvhg zrunordg/ wkh vr0fdoohg h{whuqdo ohdg wlph1 Lq dgglwlrq/
wkh xvhu fdq vshfli| wkh plqlpdo wxuq durxqg wlph dqg pd{lpdo jdwh wlph/ zklfk
ghwhuplqh wkh uhodwlrq ehwzhhq jurxqg wlph dqg dydlodeoh uhsdlu wlph +vhh Iljxuh
915,1 Edvhg xsrq wkhvh �jxuhv/ wkh ghflvlrq vxssruw v|vwhp surylghv wkh xvhu zlwk
dq hvwlpdwh ri wkh dyhudjh qxpehu ri ghihuuhg pdq krxuv/ iru wkh dlufudiw pdlqwhqdqfh
orj dv zhoo dv wkh fdelqh pdlqwhqdqfh orj1

91815 Prgho dqg dvvxpswlrqv

Dv d vwduwlqj srlqw ri rxu dqdo|vlv/ dqg lq dffrugdqfh zlwk rxu wlph0edvhg prghoolqj
iudphzrun/ zh dvvxph wkdw wkh duulydo ri ghihfwv fdq eh prghoohg dv d krprjhqhrxv
Srlvvrq surfhvv1 Lq rughu wr ghwhuplqh wkh dyhudjh dprxqw ri xquhohdvhg zrunordg/
lw lv qrz frpsohwho| qdwxudo wr dvvxph wkdw wkhuh lv qr fruuhodwlrq ehwzhhq wkh
h{whuqdo ohdg wlphv ri gl�huhqw ghihfwv1 E| grlqj vr/ wkh xquhohdvhg zrunordg fdq eh
prghoohg dv d �*C*4 txhxh1 Xvlqj Olwwoh*v irupxod/ lw lv hdvlo| yhul�hg wkdw wkh
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UNRELEASED
W ORK

RELEASED
W ORK

Iljxuh 91:= Jhqhudo vwuxfwxuh ri wkh fdsdflw|0edvhg prghoolqj iudphzrun

dyhudjh xquhohdvhg zrunordg htxdov b*>/ zkhuh b ghqrwhv wkh phdq duulydo udwh ri
zrunordg +h1j1 53 pdqkrxuv shu gd|,/ dqg �*> ghqrwhv wkh dyhudjh h{whuqdo ohdg wlph
+h1j1 4 gd|,1

Rxu prgho iru uhohdvhg zrunordg lv qrz edvhg rq wkh dvvxpswlrq wkdw wkhuh lv qr
fruuhodwlrq ehwzhhq wkh zrunordg dqg zrunirufh shu f|foh1 Lq rwkhu zrugv/ zrunordg
dqg zrunirufh duh prghoohg dv pxwxdoo| lqghshqghqw vwrfkdvwlf surfhvvhv/ rqh wkdw
ghjudghv uhvs1 rqh wkdw xsjudghv wkh whfkqlfdo vwdwh ri wkh dlufudiw1 Pruh vshfl�fdoo|/
wkh zrunordg dqg zrunirufh shu f|foh duh prghoohg dv lqghshqghqw vwrfkdvwlf yduldeohv
t dqg ~ uhvshfwlyho|/ zlwk nqrzq glvwulexwlrq ixqfwlrqv1 Zlwklq wklv vhwwlqj/ lw lv
lpphgldwho| fohdu wkdw wkh ghihuuhg zrunordg f mxvw ehiruh ghsduwxuh pxvw vdwlvi|
wkh iroorzlqj edodqfh htxdwlrq1 Khuh/ zh gh�qh d%on ' 4@ ifc %j iru qrwdwlrqdo
frqyhqlhqfh=

f ' df n t � ~on

Wklv htxdwlrq lv nqrzq dv Olqgoh|*v htxdwlrq +Olqgoh| 4<85,/ iru zklfk h{solflw
vroxwlrqv duh qrw uhdglo| dydlodeoh1 Qhyhuwkhohvv/ h{solflw vroxwlrqv fdq eh irxqg iru
� mCm� dqg Cm� m� txhxhlqj prghov/ vhh h1j1 Kh|pdq dqg Vreho +4<;5,1 Pruh vshfl�0
fdoo|/ � Ef � %� dqg wkxv .ifj fdq eh ghwhuplqhg dqdo|wlfdoo|/ li t lv h{srqhqwldoo|
glvwulexwhg zlwk phdq �*>=

� Ef � %� ' �� k � e3>u%uE�3k� , .ifj '
k

> � E�� k�

Khuh/ f 	 k 	 � lv wkh xqltxh vroxwlrq wr % ' ]E> � E�� %��/ zkhuh ]E�� ghqrwhv
wkh Odsodfh0Vwlhowmhv wudqvirupdwlrq ri CE��/ dqg CE5� ' � E~ � 5� ghqrwhv wkh
fxpxodwlyh glvwulexwlrq ixqfwlrq ri wkh zrunirufh shu f|foh=
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]Er� ' .ie3ru~j '

"]
f

e3ru5 _CE5� '

"]
f

}E5� � e3ru5 _5

Wkh txhvwlrq uhpdlqv krz wr ghwhuplqh }E5�1 Wr wklv hqg/ uhfdoo wkdw wkh xvhu
pxvw gh�qh d froohfwlrq ri gl�huhqw vorw w|shv/ dv zhoo dv wkh uhodwlyh iuhtxhqflhv ri
rffxuhqfh/ dqg wkh fdsdflwlhv dvvljqhg wr wkhvh vorwv1 Wkh ghflvlrq vxssruw v|vwhp
frqyhuwv wkhvh �jxuhv lqwr d �qlwh vhw ri6 gl�huhqw zrunirufh fodvvhv d@�c K�o/ h{suhvvhg
lq pdqkrxuv/ zlwk uhodwlyh iuhtxhqflhv ri rffxuhqfh R�1 Wr dfklhyh wklv/ lw xvhv wkh
gdwd zlwk uhvshfw wr plqlpdo wxuq durxqg wlph dqg pd{lpdo jdwh wlph +h1j1 5 uhvs1
7 krxuv lq Iljxuh 915,1 Vxevhtxhqwo|/ dqg lq olqh zlwk wkh deryh/ zh fdq gh�qh }E5�

udwkhu vwudljkwiruzdugo| dv iroorzv=

}E5� '
[

�G@�$5$K�

R�
K� � @�

Zlwk wklv lq plqg/ zh fdq hdvlo| ghulyh dq dqdo|wlfdo h{suhvvlrq iru ]Er�1 Dv d
frqvhtxhqfh/ k fdq eh ghwhuplqhg qxphulfdoo| wr d vx!flhqw ohyho ri ghwdlo/ xvlqj
vwdqgdug vhdufk whfkqltxhv=

]Er� '

"]
f

}E5� � e3ru5 _5 '
6[
�'�

K�]
@�

R�
K� � @�

� e3ru5 _5 '
�

r
�

6[
�'�

R� � e
3ru@� � e3ruK�

K� � @�

Ri frxuvh/ wkh rxwfrphv ri rxu prghov zloo vwurqjo| ryhuhvwlpdwh wkh dfwxdo ydoxhv
revhuyhg lq sudfwlfh1 Iluvw ri doo/ dqg lq rughu wr duulyh dw dq dqdo|wlfdo h{suhvvlrq iru
.ifj/ zh prghoohg wkh zrunirufh shu f|foh dv dq h{srqhqwldo glvwulexwlrq/ zkhuhdv
d Srlvvrq ru qrupdo glvwulexwlrq zrxog fhuwdlqo| eh pruh uhdolvwlf1 Vhfrqgo|/ wkh
zrunordg shu f|foh t dqg wkh zrunirufh shu f|foh ~ zhuh prghoohg dv pxwxdoo|
lqghshqghqw udqgrp yduldeohv/ dqg zh fdq suredeo| gr pxfk ehwwhu lq sudfwlfh1 Lq
rxu ghflvlrq vxssruw v|vwhp/ wklv kdv ehhq dffrxqwhg iru e| pxowlso|lqj rxu prgho
rxwfrphv zlwk d fruuhfwlrq idfwru/ vxfk wkdw wkh suhglfwhg ydoxhv zrxog fruuhvsrqg
zlwk uhdolw|1 Xqiruwxqdwho|/ dqg gxh wr odfn ri lqirupdwlrq dqg dydlodeoh wlph/ zh
kdyh qrw ehhq deoh wr frph xs zlwk d surshuo| ydolgdwhg hvwlpdwlrq ri wklv fruuhfwlrq
idfwru1 Vr idu/ zh kdyh xvhg d urxjk lpsuhvvlrq ri wklv fruuhfwlrq idfwru lqvwhdg1
Qhyhuwkhohvv/ rxu prgho zdv vwloo frqvlghuhg dv d xvhixo wrro iru frpsdulqj gl�huhqw
vfhqdulrv iru vorw w|sh glvwulexwlrqv dqg fdsdflw| sur�ohv1
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Wdeoh 917= D frpsdulwlyh vwxg| ri : gl�huhqw vfhqdulrv zlwklq wkh fdsdflw|0edvhg
prghoolqj iudphzrun= dyhudjh vorw ohqjwk/ jurxqg wlph/ dqg ghihuuhg zrunordg/ lq
uhodwlrq wr wkh uhodwlyh iuhtxhqflhv ri gl�huhqw vorw w|shv +qxphulfdo h{dpsoh edvhg
rq lpdjlqdu| gdwd,1

vorw w|sh L LL LLL LY Y YL YLL

57065 krxuv 8 ( 7 ( 7 ( 7 ( 7 ( 7 ( 43 (
49057 krxuv 8 ( 7 ( 7 ( 7 ( 7 ( 43 ( 7 (
45049 krxuv 8 ( 7 ( 7 ( 7 ( 43 ( 7 ( 7 (
9045 krxuv 43 ( < ( < ( 48 ( < ( < ( < (
709 krxuv 58 ( 57 ( 63 ( 57 ( 57 ( 57 ( 57 (
507 krxuv 83 ( 88 ( 7< ( 7< ( 7< ( 7< ( 7< (

vorw ohqjwk 91:8 9147 9159 9183 91;3 :149 :197
jurxqg wlph 7158 619< 61:8 61<< 715< 7198 8146

xquhohdvhg DPO 4179 4179 4179 4179 4179 4179 4179
uhohdvhg DPO 6183 813; 71;8 617< 6138 51;; 51;5
wrwdo DPO 71<9 9187 9164 71<8 7184 7167 715:

xquhohdvhg FPO 319; 319; 319; 319; 319; 319; 319;
uhohdvhg FPO 4196 516: 5159 4196 4175 4167 4164
wrwdo FPO 5164 6138 51<7 5164 5143 5136 5133

91816 Qxphulfdo h{dpsoh

Wr looxvwudwh rxu qhzo| ghyhorshg fdsdflw|0edvhg prghoolqj iudphzrun/ zh hydoxdwhg
: gl�huhqw vfhqdulrv iru wkh uhodwlyh iuhtxhqflhv ri gl�huhqw vorw w|shv lq rqh ri NOP*v
wlphwdeohv1 Lq hdfk vfhqdulr/ wkh qxpehuv ri dylrqlf uhvs1 phfkdqlf pdlqwhqdqfh hq0
jlqhhuv dvvljqhg wr hdfk vorw w|sh zhuh �{hg1 Wkh uhvxowv ri wklv vfhqdulr dqdo|vlv duh
ghslfwhg lq Wdeoh 9171 Dv zh h{shfwhg/ dq lqfuhdvh lq wkh dyhudjh ohqjwk ri pdlqwh0
qdqfh vorwv xvxdoo| jrhv wrjhwkhu zlwk d ghfuhdvh lq +uhohdvhg, ghihuuhg zrunordg1 Rq
wkh rwkhu kdqg/ d forvhu orrn dw vfhqdulrv L dqg LY vkrzv wkdw lw lv dovr srvvleoh wr
lpsuryh wkh shuirupdqfh lq wklv uhvshfw/ zkloh dw wkh vdph wlph uhgxflqj wkh dyhudjh
ohqjwk ri pdlqwhqdqfh vorwv1 Wkh xqghuo|lqj uhdvrqlqj ehklqg wklv frxqwhu0lqwxlwlyh
ehkdylru lv wkdw 0 rqfh djdlq 0 iuhtxhqw dqg vkruw lqwhuuxswlrqv ri wkh surgxfwlrq
surfhvv duh wr eh suhihuuhg deryh lqiuhtxhqw dqg orqj rqhv/ doo rwkhu wklqjv ehlqj
htxdo1 Vlqfh pdlqwhqdqfh vorwv ri 509 krxuv fdq kdugo| eh xvhg h!flhqwo| +vhh Iljxuh
915,/ wklv phdqv wkdw wkh uhodwlyh iuhtxhqf| ri 9045 krxu pdlqwhqdqfh vorwv vkrxog
eh lqfuhdvhg1 Wklv h{sodlqv wkh dwwudfwlyhqhvv ri vfhqdulr LY lq uhodwlrq wr doo rwkhu
vfhqdulrv1
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919 Frqfoxglqj uhpdunv

Ri frxuvh/ wkh ghflvlrq vxssruw v|vwhp wkdw zh ghyhorshg lv vwloo idu iurp surylglqj
devroxwh dqvzhuv wr uhohydqw txhvwlrqv1 Diwhu doo/ zh pdgh d orw ri dvvxpswlrqv lq
rughu wr duulyh dw h{solflw irupxodv iru d ydulhw| ri xvhixo shuirupdqfh lqglfdwruv/
dqg yhul�fdwlrq dqg2ru prgl�fdwlrq ri wkhvh prghov dqg dvvxpswlrqv lv |hw wr frph1
Qhyhuwkhohvv/ zh eholhyh wkdw rxu ghflvlrq vxssruw v|vwhp frqwdlqv vrph lqwhuhvwlqj
hohphqwv/ zlwk zklfk pdlqwhqdqfh pdqdjhuv duh ehwwhu htxlshg wr ghwhuplqh krz
pdq| vorwv ri zklfk w|sh pxvw eh dydlodeoh lq wkh wlphwdeoh/ dqg krz pdq| pdlqwh0
qdqfh hqjlqhhuv pxvw eh dvvljqhg wr wkhvh vorwv1 Lq dgglwlrq/ rxu prghov frxog dovr
eh xvhg wr surylgh ydoxdeoh vxssruw lq hdfk ri wkh iroorzlqj glphqvlrqv=

� wkh lpsdfw ri qhz wlph wdeoh vwuxfwxuhv/

� wkh h�hfw ri dlufudiw  hhw ghulrudwlrq/

� wkh lq xhqfhv ri gxh gdwh dgmxvwphqwv/

� wkh ehqh�wv ri h{whuqdo ohdg wlph uhgxfwlrqv1

Vxppdul}lqj/ wkh ghflvlrq vxssruw v|vwhp surylghv wkh pdqdjhphqw ri NOP*v
Olqh Pdlqwhqdqfh ghsduwphqw zlwk lqirupdwlrq wkdw zdv suhylrxvo| qrw dydlodeoh1
Lw lqfuhdvhv wkhlu lqvljkw lqwr ydulrxv vwudwhjlfdo dqg wdfwlfdo sureohpv wkdw pxvw
eh vroyhg zlwklq wkh pdlqwhqdqfh ghsduwphqw1 Rq wkh rwkhu kdqg/ zh vkrxog nhhs
lq plqg wkdw wkh uhvxowv rewdlqhg zlwk rxu ghflvlrq vxssruw v|vwhp duh edvhg rq
dssur{lpdwh prghoolqj whfkqltxhv/ dqg dv vxfk pxvw eh kdqgohg zlwk fduh1 Wkhuhiruh/
wkh xvhu ri rxu ghflvlrq vxssruw v|vwhp pxvw mxgjh wkh sudfwlfdo ydoxh ri wkh prgho
rxwfrphv lq oljkw ri frqvlghudwlrqv wkdw zhuh qrw h{solflwo| dffrxqwhg iru1

Wr frqfoxgh wklv fkdswhu/ ohw xv qrz eulh | glvfxvv wkh qhhg iru d ghflvlrq vxssruw
v|vwhp dw wkh rshudwlrqdo sodqqlqj ohyho1 Vlpso| vwdwhg/ wkh pdlqwhqdqfh ghsduwphqw
pxvw ghflgh +l, zklfk dlufudiwv vkrxog rshudwh zklfk  ljkwv/ +ll, zklfk fdsdflw| vkrxog
eh dvvljqhg wr wkh uhvxowlqj jurxqg wlphv/ dqg +lll, zklfk ghihfwv vkrxog eh holplqdwhg
zlwk wklv fdsdflw|1 Lq jhqhudo/ wkhvh ghflvlrqv uhodwh wr hdfk rwkhu lq d yhu| frpsoh{
pdqqhu1 Pruhryhu/ wkh| duh uhvwulfwhg e| vhyhudo dgglwlrqdo frqvwudlqwv/ hlwkhu hfr0
qrplfdo/ whfkqrorjlfdo/ frpelqdwruldo dqg2ru srolwlfdo1 Lq wklv uhvshfw/ wkhuh lv d
kxjk srwhqwldo ri lqwhuhvwlqj uhvhdufk sureohpv dw wkh rshudwlrqdo ohyho/ zklfk frxog
ohdg wr dq lpsuryhg rq0olqh ghflvlrq vxssruw v|vwhp iru NOP*v Olqh Pdlqwhqdqfh
ghsduwphqw1
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91: Dfnqrzohgjhphqwv

Wkh dxwkru zdqwv wr wkdqn Hqu|n Ednnhu/ Shwhu Erv/ Mrv Jrhgkduw/ Ehq Odpphuvh/
dqg Noddv gh Zddo ri NOP*v pdlqwhqdqfh ghsduwphqw iru wkhlu frrshudwlrq/ dqg
xvhixo vxjjhvwlrqv gxulqj wkh ghyhorsphqw ri wkh ghflvlrq vxssruw v|vwhp1
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Fkdswhu :

Wrzdugv d ghflvlrq vxssruw v|vwhp iru
frruglqdwhg sodqqlqj dqg vfkhgxolqj ri

surgxfwlrq dqg pdlqwhqdqfh

Lq wklv wkhvlv/ zh kdyh suhvhqwhg d ydulhw| ri lqwhuhvwlqj pdwkhpdwlfdo prg0

hov/ zklfk frxog eh xvhg wr dvvlvw lq/ ru dw ohdvw surylgh lqvljkw lqwr wkh rs0

wlpl}dwlrq ri suhyhqwlyh pdlqwhqdqfh srolflhv iru frpsoh{ v|vwhpv1 Lq hdfk ri

wkhvh prghov/ zh kdyhq wdnhq lqwr dffrxqw srvvleoh lqwhudfwlrqv zlwk surgxf0

wlrq lq vhyhudo glphqvlrqv1 Lq wklv odvw fkdswhu/ zh zloo eulh | vxppdul}h wkh

lghdv dqg prghov suhvhqwhg lq wklv wkhvlv1 Lq dgglwlrq/ zh zloo lqglfdwh vrph lq0

whuhvwlqj rssruwxqlwlhv iru ixuwkhu uhvhdufk lq ylhz ri d ghflvlrq vxssruw v|vwhp

iru frruglqdwhg sodqqlqj dqg vfkhgxolqj ri surgxfwlrq dqg pdlqwhqdqfh1

:14 Frqfoxvlrqv ri wklv wkhvlv

Ohw xv vwduw zlwk d eulhi vxppdu| ri wkh lghdv dqg prghov suhvhqwhg lq wklv wkhvlv1 Dv
d vwduwlqj srlqw/ zh ghyhorshg dpdwkhpdwlfdo iudphzrun zlwk zklfk wkh wlphv dqg2ru
frvwv dvvrfldwhg zlwk suhyhqwlyh dqg2ru fruuhfwlyh pdlqwhqdqfh fdq eh prghoohg wr
d surshu ohyho ri ghwdlo1 Wkh pdlq xqghuo|lqj revhuydwlrq ehklqg wklv prghoolqj
iudphzrun zdv wkdw prvw surgxfwlrq v|vwhpv fdq eh ghfrpsrvhg klhudufklfdoo| lqwr
d wuhh0olnh vwuxfwxuh ri vhw0xs dfwlylwlhv dqg frpsrqhqwv1 Vlqfh gl�huhqw frpsrqhqwv
pd| uhtxluh rqh ru pruh vkduhg vhw0xs dfwlylwlhv/ wkhuh zdv d shuvshfwlyh ri vljql�fdqw
jdlqv li pdlqwhqdqfh dfwlylwlhv zhuh fduulhg rxw vlpxowdqhrxvo|1 Lq fkdswhu 4/ zh
frqfoxghg wkdw d fohdu glvwlqfwlrq ehwzhhq vwdwlf/ g|qdplf jurxslqj dqg rssruwxqlvwlf
jurxslqj vwudwhjlhv zdv qhfhvvdu|1 Pruhryhu/ zh kdg wr glvwlqjkxlvk ehwzhhq wlph0
edvhg/ xvh0edvhg/ frqglwlrq0edvhg dqg idloxuh0edvhg pdlqwhqdqfh vwudwhjlhv1
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Zlwklq wklv prghoolqj iudphzrun/ wkh srvvlelolwlhv iru vwdwlf jurxslqj +foxvwhulqj,
ri suhyhqwlyh pdlqwhqdqfh dfwlylwlhv zhuh ixuwkhu h{sorlwhg lq fkdswhuv 5 dqg 6 ri wklv
wkhvlv1 Lq fkdswhu 5/ zh frqvlghuhg d gluhfw foxvwhulqj sureohp iru pxowl0vhwxs pxowl0
frpsrqhqw surgxfwlrq v|vwhpv zlwk iuhtxhqf|0frqvwudlqhg pdlqwhqdqfh mrev1 Khuh/
rxu remhfwlyh zdv wr vxeglylgh d froohfwlrq ri pdlqwhqdqfh mrev lqwr vhyhudo pdlqwh0
qdqfh sdfndjhv/ vxfk wkdw ryhudoo suhyhqwlyh pdlqwhqdqfh frvwv shu xqlw ri wlph zhuh
plqlpl}hg1 Lq fkdswhu 6/ zh h{dplqhg d vrphzkdw vlplodu exw lqgluhfw foxvwhulqj
sureohp/ lq zklfk wkh iuhtxhqf| frqvwudlqwv zhuh uhsodfhg e| iuhtxhqf|0ghshqghqw
frvwv/ dqg hdfk frpsrqhqw zdv pdlqwdlqhg suhyhqwlyho| dw lqwhjhu pxowlsohv ri d
fhuwdlq edvlv lqwhuydo1 Wklv wlph/ rxu remhfwlyh zdv wr ghwhuplqh d uhshwlwlyh pdlqwh0
qdqfh f|foh zklfk plqlpl}hv wkh orqj uxq dyhudjh pdlqwhqdqfh frvwv shu xqlw ri wlph1
Edvhg xsrq d vhulhv ri qxphulfdo h{shulphqwv/ zh frqfoxghg wkdw vwdwlf pdlqwhqdqfh
jurxslqj lv d srzhuixo lqvwuxphqw wr lpsuryh h!flhqf| lq whupv ri vhw0xs dyrlgdqfh1

Vxevhtxhqwo|/ fkdswhu 7 zdv frqfhuqhg zlwk wkh lqwhuydo dydlodelolw| glvwulexwlrq
ri dq xquholdeoh surgxfwlrq v|vwhp/ zklfk lv pdlqwdlqhg suhyhqwlyho| dw uhjxodu lq0
whuydov/ dqg fruuhfwlyho| xsrq idloxuh1 Zlwklq wklv vhwwlqj/ zh h{dplqhg wkh h�hfw
ri suhyhqwlyh pdlqwhqdqfh srolflhv rq wkh jxdudqwhhg shuirupdqfh ri d surgxfwlrq
v|vwhp gxulqj d �qlwh shulrg ri wlph/ udwkhu wkdq lwv dyhudjh shuirupdqfh lq wkh
orqj uxq1 Edvhg xsrq d ydulhw| ri qxphulfdo h{shulphqwv/ zh frqfoxghg wkdw wkh
yduldelolw| ri d surgxfwlrq v|vwhp lv riwhq d pruh dssursuldwh shuirupdqfh phdvxuh
wkdq lwv dydlodelolw|/ zklfk lv frpprqo| xvhg lq pdlqwhqdqfh rswlpl}dwlrq prghov1
Wklv surylghg xv zlwk d srwhqwldoo| ydoxdeoh lqvljkw1 Diwhu doo/ udqgrp euhdngrzqv
duh rqh ri wkh prvw glvuxswh vrxufhv ri yduldelolw| lq sudfwlfh/ dqg dv vxfk fdq eh
uhgxfhg e| h�hfwlyh pdlqwhqdqfh vwudwhjlhv1

Lq fkdswhu 8/ zh lqyhvwljdwhg wkh srwhqwldo ehqh�wv ri exloglqj lq vrph  h{lelolw|
frqfhuqlqj wkh vwduwlqj wlph ri suhyhqwlyh pdlqwhqdqfh lq dq rshudwlrqdo sodqqlqj
skdvh1 Wkh xqghuo|lqj revhuydwlrq ehklqg wklv dssurdfk zdv wkdw wkh lqlwldwlrq ri
suhyhqwlyh pdlqwhqdqfh vkrxog eh edvhg rq wkh whfkqlfdo vwdwh dv zhoo dv wkh rshudwlqj
vwdwh ri d surgxfwlrq v|vwhp/ dqg wkdw wkh odwwhu lv riwhq vxemhfw wr  xfwxdwlrqv lq
wlph1 D wzr0vwdjh pdlqwhqdqfh srolf| zdv frqvlghuhg/ zklfk 0 lq d �uvw vwdjh 0 xvhg
wkh whfkqlfdo vwdwh ri wkh surgxfwlrq v|vwhp wr ghwhuplqh d �qlwh lqwhuydo gxulqj
zklfk suhyhqwlyh pdlqwhqdqfh pxvw eh fduulhg rxw/ dqg 0 lq d vhfrqg vwdjh 0 xvhg
wkh rshudwlqj vwdwh ri wkh surgxfwlrq v|vwhp wr ghwhuplqh wkh rswlpdo vwduwlqj wlph
zlwklq wkdw lqwhuydo1 Frpsxwdwlrqdo uhvxowv lqglfdwhg wkdw vljql�fdqw vdylqjv frxog
eh rewdlqhg lq frpsdulvrq zlwk fodvvlfdo pdlqwhqdqfh vwudwhjlhv1

Ilqdoo|/ fkdswhu 9 frpsulvhg wkh uhvxowv ri d fdvh vwxg| wkdw zdv fduulhg rxw dw
wkh Olqh Pdlqwhqdqfh ghsduwphqw ri NOP Ur|do Gxwfk Dluolqhv1 Wklv ghsduwphqw lv
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uhvsrqvleoh iru wkh lqvshfwlrq/ pdlqwhqdqfh dqg uhsdlu ri dlufudiwv gxulqj wkhlu vwd|
dw Vfklskro Dlusruw/ dv zhoo dv wkh dvvljqphqw ri dlufudiwv wr  ljkwv zlwklq NOP*v
wlphwdeoh1 D ghflvlrq vxssruw v|vwhp zdv ghyhorshg zklfk vkrxog hyhqwxdoo| dvvlvw
pdlqwhqdqfh pdqdjhuv lq ghwhuplqlqj krz pdq| pdlqwhqdqfh vorwv ri zklfk w|sh
vkrxog eh dydlodeoh lq wkh wlphwdeoh/ dqg krz pdq| pdlqwhqdqfh hqjlqhhuv ri zklfk
w|sh vkrxog eh dvvljqhg wr wkhvh vorwv/ lq rughu wr frpso| zlwk wkh vhuylfh ohyhov
vhw e| kljkhu pdqdjhphqw1 Wkh pdlq frpsolfdwlqj idfwruv lq wklv uhvshfw zhuh wkh
yduldwlrq dqg xqfhuwdlqw| dvvrfldwhg zlwk fruuhfwlyh pdlqwhqdqfh mrev1

Vxppdul}lqj/ wkh lghdv dqg prghov suhvhqwhg lq wklv wkhvlv kdyh dgguhvvhg d
ydulhw| ri lqwhuhvwlqj sureohp duhdv/ lq ylhz ri wkh srvvleoh lqwhudfwlrqv ehwzhhq
surgxfwlrq dqg pdlqwhqdqfh1 Lq rxu rslqlrq/ wkhvh sureohp duhdv frxog surylgh wkh
edvlv iru wkh ghvljq ri d ghflvlrq vxssruw v|vwhp iru wkh frruglqdwhg sodqqlqj dqg
vfkhgxolqj ri surgxfwlrq dqg pdlqwhqdqfh1 Lq ylhz ri wkh ghyhorsphqw ri vxfk d
ghflvlrq vxssruw v|vwhp/ wkh pdlq frqfoxvlrqv ri wklv wkhvlv fdq eh vxppdul}hg dv
iroorzv=

� lq prghoolqj wkh wlphv dqg2ru frvwv dvvrfldwhg zlwk suhyhqwlyh dqg2ru fruuhfwlyh
pdlqwhqdqfh/ wkh wuhh0olnh vwuxfwxuh ri vhw0xs dfwlylwlhv dqg frpsrqhqwv sur0
ylghv d srzhuixo frpsurplvh ehwzhhq wkh wkhruhwlfdo frpsolfdwlrqv dqg sudfwl0
fdo olplwdwlrqv ri pdlqwhqdqfh jurxslqj sureohpv>

� lq gh�qlqj wkh remhfwlyh ri pdwkhpdwlfdo prghov iru pdlqwhqdqfh rswlpl}dwlrq/
rqh vkrxog uhphpehu wkdw wkh jxdudqwhhg fdsdflw| ri d surgxfwlrq v|vwhp
gxulqj d �qlwh shulrg ri wlph lv riwhq d pruh dssursuldwh shuirupdqfh phdvxuh
wkdq lwv dyhudjh surgxfwlrq fdsdflw| lq wkh orqj uxq>

� lq irupxodwlqj rswlpdo pdlqwhqdqfh vwudwhjlhv iru xquholdeoh surgxfwlrq v|v0
whpv/ wkhuh lv d shuvshfwlyh ri vljql�fdqw uhgxfwlrqv lq erwk pdlqwhqdqfh wlphv
dqg frvwv/ li vrph nlqg ri  h{lelolw| lv exlog lq frqfhuqlqj wkh vwduwlqj wlph ri
suhyhqwlyh pdlqwhqdqfh lq dq rshudwlrqdo sodqqlqj skdvh>

� lq frqvwuxfwlqj d vfkhgxoh ri surgxfwlrq mrev zlwk lqwhuphgldwh pdlqwhqdqfh
vorwv/ rqh vkrxog h{solflwo| dffrxqw iru wkh yduldwlrqv dqg xqfhuwdlqwlhv dvvr0
fldwhg zlwk fruuhfwlyh pdlqwhqdqfh mrev/ lq whupv ri wkh xqghuo|lqj duulydo
surfhvvhv/ uhsdlu wlphv/ dqg gxh gdwhv1

Lq wkh uhpdlqghu ri wklv fkdswhu/ zh zloo eulh | glvfxvv vhyhudo ixqfwlrqdolwlhv ri d
ghflvlrq vxssruw v|vwhp iru frruglqdwhg sodqqlqj dqg vfkhgxolqj ri surgxfwlrq dqg
pdlqwhqdqfh/ lq ylhz ri wkhvh dqg rwkhu frqvlghudwlrqv1 Pruhryhu/ zh zloo glvfxvv
vrph lqwhuhvwlqj rssruwxqlwlhv iru ixuwkhu uhvhdufk dv zhoo1
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:15 D iudphzrun iru ghvljq

Lq rughu wr duulyh dw d ghflvlrq vxssruw v|vwhp iru frruglqdwhg sodqqlqj dqg vfkhgxo0
lqj ri surgxfwlrq dqg pdlqwhqdqfh/ lw lv lq rxu ylhz hvvhqwldo wr pd{lpdoo| h{sorlw wkh
rssruwxqlwlhv iru vwdwlf jurxslqj/ g|qdplf jurxslqj dqg rssruwxqlvwlf jurxslqj1 Lq
dgglwlrq/ zh vkrxog dffrxqw iru wlph0edvhg/ xvh0edvhg/ frqglwlrq0edvhg dqg idloxuh0
edvhg pdlqwhqdqfh srolflhv dv zhoo1 Rq wkh rwkhu kdqg/ lw lv yluwxdoo| lpsrvvleoh wr
vxssruw wkh xqghuo|lqj ghflvlrq sureohpv zlwk pdwkhpdwlfdo prghov lq hdfk sodqqlqj
skdvh1 Lq rxu rslqlrq/ suhyhqwlyh pdlqwhqdqfh iuhtxhqflhv vkrxog eh ghwhuplqhg dw
d vwudwhjlfdo ohyho/ zkhuhdv wdfwlfdo dqg rshudwlrqdo ghflvlrq pdnlqj vkrxog eh vxs0
sruwhg zlwk uhodwlyho| vlpsoh/ dqg udwkhu vwudljkwiruzdug frqwuro phfkdqlvpv1 Dw
wkh yhu| ohdvw/ wkhvh frqwuro phfkdqlvpv vkrxog idflolwdwh wkh srvvlelolwlhv iru pxwxdo
lqwhudfwlrqv zlwk surgxfwlrq sodqqlqj dqg vfkhgxolqj1

Lq wklv uhvshfw/ dqg lq olqh zlwk rxu qhzo| ghyhorshg wzr0vwdjh pdlqwhqdqfh srolf|/
lw lv frpsohwho| qdwxudo wr surylgh hdfk pdlqwhqdqfh dfwlylw| dqg2ru pdlqwhqdqfh
sdfndjh zlwk d uhohdvh dqg gxh gdwh lq d wdfwlfdo dqg rshudwlrqdo sodqqlqj skdvh1
Lq rxu ylhz/ wklv hohphqwdu| frqfhsw lv ixqgdphqwdo iru wkh qrwlrq ri frruglqdwhg
sodqqlqj dqg vfkhgxolqj ri surgxfwlrq dqg pdlqwhqdqfh dfwlylwlhv1 E| grlqj wklv/
suhyhqwlyh pdlqwhqdqfh lv qr orqjhu d suhvfkhgxohg hyhqw iru surgxfwlrq sodqqlqj
dqg vfkhgxolqj/ wkdw fdxvhv orzhu pdfklqh fdsdflw|/ exw lv dovr d surgxfwlrq qhhg
wkdw qhhgv wr eh pdqdjhg wrjhwkhu zlwk surgxfwlrq mrev1 Wkh rwkhu zd| durxqg/
vhsdudwh sodqqlqj dqg vfkhgxolqj surfhvvhv iru surgxfwlrq dqg pdlqwhqdqfh uhtxluh
vrph frpsurplvh wr hqvxuh pxwxdo frpsdwlelolw|/ wkhuhe| lqyroylqj wkh ulvn ri vxe0
rswlpl}dwlrq1

Dowkrxjk wklv frqfhsw ri uhohdvh dqg gxh gdwhv iru pdlqwhqdqfh dfwlylwlhv lv frp0
prq vhqvh lq pdq| sudfwlfdo vlwxdwlrqv/ lw fhuwdlqo| lv dq xqghuh{srvhg srlqw ri ylhz
lq h{lvwlqj olwhudwxuh1 D w|slfdo h{dpsoh ri wklv w|sh zdv irxqg dw wkh Ur|do Gxwfk
Dluirufh/ zkhuh lw lv ghflghg dw d vwudwhjlfdo ohyho wkdw I49*v pxvw xqghujr ryhukdxo
pdlqwhqdqfh vrphzkhuh ehwzhhq 4<3 dqg 543  ljkw krxuv/ exw �qdo ghflvlrqv duh
pdgh lq dq rshudwlrqdo sodqqlqj skdvh1 Wkh pdlq xqghuo|lqj mxvwl�fdwlrq iru wkh
lqwurgxfwlrq ri uhohdvh dqg gxh gdwhv/ ru vr0fdoohg pdlqwhqdqfh zlqgrzv/ lv wkdw
vpdoo ghyldwlrqv iurp wkh rswlpdo pdlqwhqdqfh lqwhuydo xvxdoo| lqyroyh orz lqfuhphq0
wdo frvwv/ exw surylgh vljql�fdqwo| pruh  h{lelolw| lq hdfk ri wkh iroorzlqj glphqvlrqv=

� zrunordg edodqflqj>

� g|qdplf dqg rssruwxqlvwlf jurxslqj>

� frruglqdwlrq zlwk surgxfwlrq sodqqlqj dqg vfkhgxolqj1



:151 D iudphzrun iru ghvljq 496

preventive
maintenance jobs

static maintenance
packages and windows

corrective maintenance
jobs and windows

dynamic maintenance
packages and windows

machine failures and
other opportunities

opportunistic
maintenance packages

LONG TERM

MEDIUM TERM

SHORT TERM

Iljxuh :14= Orqj whup/ phglxp whup dqg vkruw whup pdlqwhqdqfh sodqqlqj lq ylhz
ri d ghflvlrq vxssruw v|vwhp iru frruglqdwhg sodqqlqj ri surgxfwlrq dqg pdlqwhqdqfh1

Dw wkh yhu| ohdvw/ d ghflvlrq vxssruw v|vwhp iru frruglqdwhg sodqqlqj dqg vfkhgxo0
lqj ri surgxfwlrq dqg pdlqwhqdqfh vkrxog surylgh wkh ixqfwlrqdolwlhv wr gh�qh vwdwlf
pdlqwhqdqfh sdfndjhv dqg pdlqwhqdqfh zlqgrzv lq d vwudwhjlfdo sodqqlqj skdvh1
Lghdoo|/ lw vkrxog dovr eh deoh wr hydoxdwh wkh frqvhtxhqfhv ri xvhu0pdgh ghflvlrqv lq
vhyhudo glphqvlrqv +h1j1 frvwv/ dydlodelolw| dqg2ru yduldelolw|,/ dqg wr vxjjhvw dowhuqd0
wlyh vroxwlrqv rq uhtxhvw1 Pruhryhu/ lw vkrxog eh deoh wr dvvlvw pdlqwhqdqfh pdqdjhuv
lq wkh frqvwuxfwlrq ri g|qdplf dqg rssruwxqlvwlf pdlqwhqdqfh sdfndjhv lq d wdfwlfdo
dqg rshudwlrqdo sodqqlqj skdvh/ dv vrrq dv pruh ghwdlohg lqirupdwlrq derxw wkh whfk0
qlfdo dqg rshudwlqj vwdwh ri wkh surgxfwlrq htxlsphqw ehfrphv dydlodeoh +vhh Iljxuh
:14,1 Lq wklv uhvshfw/ wkh gh�qlwlrq ri vwdwlf pdlqwhqdqfh sdfndjhv dqg fruuhvsrqglqj
pdlqwhqdqfh zlqgrzv sod|v dq lpsruwdqw/ li qrw fuxfldo uroh lq wkh frqwh{w ri vxfk d
ghflvlrq vxssruw v|vwhp/ vlqfh lw surylghv wkh frqvwudlqwv iru ixuwkhu ghflvlrq vxssruw
v|vwhpv dqg dffrpsdq|lqj pdwkhpdwlfdo prghov dw orzhu sodqqlqj ohyhov1

Reylrxvo|/ wkh pxwxdo uhodwlrqvklsv ehwzhhq vwdwlf/ g|qdplf dqg rssruwxqlvwlf
pdlqwhqdqfh sdfndjhv dqg pdlqwhqdqfh zlqgrzv dw gl�huhqw sodqqlqj ohyhov fdq eh0
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frph txlwh frpsolfdwhg1 Wkhuhiruh/ wkh srwhqwldo ehqh�wv ri pdwkhpdwlfdo ghflvlrq
vxssruw prghov duh eh|rqg dq| grxew1 Lq wklv wkhvlv/ d ydulhw| ri lqwhuhvwlqj prghoolqj
wrrov kdyh ehhq suhvhqwhg/ hdfk ru d frpelqdwlrq ri zklfk frxog eh yhu| xvhixo zlwklq
wkh deryh0phqwlrqhg ixqfwlrqdolwlhv ri vxfk d ghflvlrq vxssruw v|vwhp1 Qhyhuwkhohvv/
wkhuh lv vwloo d kxjk srwhqwldo ri lqwhuhvwlqj sureohp duhdv dw hdfk sodqqlqj ohyho/
zklfk kdyh qrw ehhq dgguhvvhg dw doo lq wklv wkhvlv1 Lq wkh uhpdlqghu ri wklv fkdswhu/
zh zloo eulh | glvfxvv vrph lqwhuhvwlqj sureohp duhdv/ dqg vhyhudo rssruwxqlwlhv iru
ghflvlrq vxssruw prghov dv zhoo1

:16 Vxjjhvwlrqv iru ixuwkhu uhvhdufk

Wr frqfoxgh wklv wkhvlv/ zh zloo hoderudwh xsrq vrph lqwhuhvwlqj rssruwxqlwlhv iru
ixuwkhu uhvhdufk lq ylhz ri d ghflvlrq vxssruw v|vwhp iru frruglqdwhg sodqqlqj dqg
vfkhgxolqj ri surgxfwlrq dqg pdlqwhqdqfh1 Wr vwuxfwxuh wklv glvfxvvlrq/ d fohdu glv0
wlqfwlrq zloo eh pdgh ehwzhhq orqj whup/ phglxp whup dqg vkruw whup pdlqwhqdqfh
sodqqlqj/ vlqfh hdfk ri wkhp uhtxluhv frpsohwho| gl�huhqw frqwuro phfkdqlvpv/ dqg
dffrpsdq|lqj ghflvlrq vxssruw prghov dv zhoo1

:1614 Orqj whup pdlqwhqdqfh sodqqlqj

Lq wkh orqj whup/ d ghflvlrq vxssruw v|vwhp vkrxog dvvlvw pdlqwhqdqfh pdqdjhuv lq
wkh gh�qlwlrq ri suhyhqwlyh pdlqwhqdqfh sdfndjhv +vwdwlf jurxslqj, dqg dvvrfldwhg
pdlqwhqdqfh zlqgrzv +vhh Iljxuh :15,1 Lghdoo|/ lw vkrxog dovr eh deoh wr hydoxdwh
wkh frqvhtxhqfhv ri xvhu0pdgh ghflvlrqv/ dqg wr vxjjhvw dowhuqdwlyh vroxwlrqv rq uh0
txhvw1 Lqwhuhvwlqj shuirupdqfh fulwhuld lq wklv uhvshfw duh h1j1 wkh orqj uxq dyhudjh
pdlqwhqdqfh frvwv shu xqlw ri wlph/ dv zhoo dv wkh dydlodelolw| dqg yduldelolw| ri wkh
xqghuo|lqj surgxfwlrq htxlsphqw1 Lq rughu wr duulyh dw uhdvrqdeoh hvwlpdwhv ri vxfk
shuirupdqfh phdvxuhv/ lw lv ri fuxfldo lpsruwdqfh wr kdyh vrph nlqg ri lqirupdwlrq
zlwk uhvshfw wr wkh idloxuh ehkdylru ri gl�huhqw frpsrqhqwv1 Lq wkh uhpdlqghu ri wklv
fkdswhu/ zh zloo dvvxph wkdw vxfk gdwd duh dydlodeoh1 Ixuwkhu ghwdlov duh vnlsshg/
vlqfh wkh| duh qrw vr uhohydqw iru zkdw iroorzv1

Lq ylhz ri orqj uxq dyhudjh shuirupdqfh fulwhuld/ lw pljkw eh rswlpdo wr fuhdwh d
ihz odujh pdlqwhqdqfh sdfndjhv/ lq rughu wr plqlpl}h wkh ryhudoo wlphv dqg2ru frvwv
dvvrfldwhg zlwk suhyhqwlyh dqg2ru fruuhfwlyh pdlqwhqdqfh1 Wkh rwkhu zd| durxqg/ li lw
lv wkh vkruw whup ehkdylru ri d surgxfwlrq v|vwhp wkdw frxqwv/ rqh frxog suhihu d odujh
qxpehu ri uhodwlyho| vpdoo pdlqwhqdqfh sdfndjhv/ vxfk wkdw wkh uhvxowlqj zrunordg
sdwwhuq fdq eh hyhqo| glvwulexwhg ryhu wlph1 Wkh xqghuo|lqj revhuydwlrq ehklqg
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time-based use-based condition-based

calendar time

operating time

condition parameters

Iljxuh :15= Orqj whup suhyhqwlyh pdlqwhqdqfh sodqqlqj= gh�qlwlrq ri vwdwlf pdlq0
whqdqfh sdfndjhv zlwk wlph0edvhg/ xvh0edvhg dqg2ru frqglwlrq0edvhg pdlqwhqdqfh
zlqgrzv1

wklv uhdvrqlqj lv wkdw wkh yduldelolw| ri d surgxfwlrq v|vwhp grhv qrw rqo| uhodwh wr
wkh xqfhuwdlqwlhv dvvrfldwhg zlwk fruuhfwlyh pdlqwhqdqfh/ exw dovr wr wkh yduldwlrqv
dulvlqj iurp suhyhqwlyh pdlqwhqdqfh dfwlylwlhv1 Iroorzlqj d vlplodu dujxphqw/ wkh
frqvwuxfwlrq ri pdlqwhqdqfh zlqgrzv iru pdlqwhqdqfh sdfndjhv lv dovr d frpsoh{
lvvxh/ zlwk vhyhudo frq lfwlqj remhfwlyhv dv zhoo1 Lq wklv uhvshfw/ wkhuh lv d srwhqwldo ri
lqwhuhvwlqj sureohp duhdv dw wklv vwudwhjlfdo sodqqlqj ohyho/ zklfk frxog eh vxssruwhg
zlwk pdwkhpdwlfdo prghov1

Dqrwkhu lpsruwdqw dvshfw lv wkdw pdlqwhqdqfh sdfndjhv vkrxog eh gh�qhg lq vxfk
d zd| wkdw wkh| fdq hdvlo| eh lqfrusrudwhg lq surgxfwlrq sodqv dqg vfkhgxohv lq d
wdfwlfdo2rshudwlrqdo sodqqlqj skdvh1 Lq d vhwwlqj ri vfkhgxohg surgxfwlrq mrev zlwk
lqwhuphgldwh pdlqwhqdqfh vorwv/ lw lv wkhuhiruh lpsruwdqw wkdw wkh wlph uhtxluhg iru
vwdwlf pdlqwhqdqfh sdfndjhv dqg fruuhfwlyh pdlqwhqdqfh mrev/ lv lq djuhhphqw zlwk
wkh dydlodeoh pdlqwhqdqfh vorwv lq wkh surgxfwlrq vfkhgxoh1 Frpsolfdwlqj idfwruv
lq wklv uhvshfw duh wkh yduldwlrqv dqg xqfhuwdlqwlhv dvvrfldwhg zlwk fruuhfwlyh pdlq0
whqdqfh/ lq whupv ri wkh xqghuo|lqj duulydo surfhvvhv/ uhsdlu wlphv/ dqg gxh gdwhv1
Wkhuhiruh/ vrph pxwxdo frruglqdwlrq pxvw wdnh sodfh lq wkh frqvwuxfwlrq ri surgxf0
wlrq vfkhgxohv/ vwdwlf pdlqwhqdqfh sdfndjhv/ dqg pdlqwhqdqfh zlqgrzv1
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Dowkrxjk hdfk ri wkh prghov suhvhqwhg lq wklv wkhvlv frqwdlqv vrph lqwhuhvwlqj
hohphqwv lq ylhz ri wkhvh dqg rwkhu frqvlghudwlrqv/ wkhuh lv d odfn ri ghflvlrq vxssruw
prghov zklfk frpelqh wkhvh lvvxhv lqwr d pruh frpsuhkhqvlyh prghoolqj iudphzrun1
Dv dq looxvwudwlyh h{dpsoh/ dqg lq ylhz ri wkh lghdv dqg prghov suhvhqwhg lq wklv wkh0
vlv/ lw pljkw eh zruwkzloh wr h{dplqh wkh lqwhuydo dydlodelolw| glvwulexwlrq ri d pxowl0
vhwxs pxowl0frpsrqhqw surgxfwlrq v|vwhp/ lq zklfk hdfk frpsrqhqw lv pdlqwdlqhg
suhyhqwlyho| dw dq lqwhjhu pxowlsoh ri d fhuwdlq edvlv lqwhuydo/ dqg vrph  h{lelolw| lv
exlog lq frqfhuqlqj wkh vwduwlqj wlph ri suhyhqwlyh pdlqwhqdqfh dv zhoo1

:1615 Phglxp whup pdlqwhqdqfh sodqqlqj

Lq wkh phglxp whup/ d ghflvlrq vxssruw v|vwhp vkrxog dvvlvw pdlqwhqdqfh pdqdjhuv
lq wkh frqvwuxfwlrq ri g|qdplf pdlqwhqdqfh sdfndjhv/ hdfk ri zklfk lv d frpelqdwlrq
ri vwdwlf pdlqwhqdqfh sdfndjhv dqg2ru fruuhfwlyh pdlqwhqdqfh mrev1 Dw wklv sodqqlqj
ohyho/ wklv phdqv wkdw doo xvh0edvhg dqg frqglwlrq0edvhg pdlqwhqdqfh zlqgrzv pxvw
�uvw eh frqyhuwhg lqwr wlph0edvhg pdlqwhqdqfh zlqgrzv/ lq rughu wr eh frpsdudeoh
dqg frpsdwleoh/ dqg dovr wr idflolwdwh wkh frruglqdwlrq zlwk surgxfwlrq sodqqlqj dqg
vfkhgxolqj1 Li vrph nlqg ri lqirupdwlrq lv dydlodeoh zlwk uhvshfw wr wkh h{shfwhg
xwlol}dwlrq ri wkh surgxfwlrq htxlsphqw lq wkh qhdu ixwxuh/ dv zhoo dv wkh h{shfwhg
ghwhulrudwlrq surfhvvhv ri wkh frpsrqhqwv xqghu frqvlghudwlrq/ wklv fdq xvxdoo| eh
grqh lq d udwkhu vwudljkwiruzdug pdqqhu1

Qrz wkdw hdfk vwdwlf pdlqwhqdqfh sdfndjh lv surylghg zlwk d wlph0edvhg pdlq0
whqdqfh zlqgrz/ ru htxlydohqwo| zlwk d uhohdvh dqg gxh gdwh/ lw lv wkh remhfwlyh ri
phglxp whup pdlqwhqdqfh sodqqlqj wr ghflgh zklfk vwdwlf pdlqwhqdqfh sdfndjhv dqg
fruuhfwlyh pdlqwhqdqfh mrev pxvw eh frpelqhg zlwk hdfk rwkhu/ lq rughu wr duulyh dw
g|qdplf pdlqwhqdqfh sdfndjhv zlwk fruuhvsrqglqj pdlqwhqdqfh zlqgrzv +vhh Iljxuh
:16,1 D frpsolfdwlqj idfwru lq wklv uhvshfw lv krz wr ghwhuplqh wkh pdlqwhqdqfh zlq0
grz iru d g|qdplf pdlqwhqdqfh sdfndjh1 Li wkh surfhvvlqj wlphv ri wkh xqghuo|lqj
pdlqwhqdqfh sdfndjhv dqg mrev duh uhodwlyho| vpdoo dqg fdq dv zhoo eh qhjohfwhg/ wklv
fdq eh grqh udwkhu vwudljkwiruzdugo| e| wdnlqj wkh odwhvw ri doo uhohdvh gdwhv/ dqg wkh
hduolhvw ri doo gxh gdwhv1 Lq doo rwkhu fdvhv/ wkh wlph zlqgrz ri d g|qdplf pdlqwh0
qdqfh sdfndjh irupdoo| ghshqgv rq wkh vhtxhqflqj ri wkh xqghuo|lqj dfwlylwlhv1 Iru
h{dpsoh/ d zruvw0fdvh ru ehvw0fdvh vfhqdulr frxog eh xvhg1

Qhyhuwkhohvv/ lw lv lpphgldwho| fohdu iurp wkhvh revhuydwlrqv wkdw wkhuh lv dqrwkhu
srwhqwldo ri frq lfwlqj remhfwlyhv dw wklv wdfwlfdo sodqqlqj ohyho1 Vlpso| vwdwhg/ wkh
frqvwuxfwlrq ri uhodwlyho| odujh g|qdplf pdlqwhqdqfh sdfndjhv pd| eh suhihuuhg iurp
dq h!flhqf| srlqw ri ylhz/ exw dw wkh vdph wlph lpso| d ghfuhdvh lq wkh vl}h ri
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calendar time

calendar time

operating time

condition parameters

Iljxuh :16= Phglxp whup suhyhqwlyh pdlqwhqdqfh sodqqlqj= frqvwuxfwlrq ri g|0
qdplf pdlqwhqdqfh sdfndjhv zlwk wlph0edvhg pdlqwhqdqfh zlqgrzv1

wkh fruuhvsrqglqj pdlqwhqdqfh zlqgrzv1 Rq lwv wxuq/ wklv pljkw hyhqwxdoo| ohdg
wr vljql�fdqwo| ohvv  h{lelolw| lq dq rshudwlrqdo sodqqlqj skdvh/ dqg wkxv ohdg wr
xqh{shfwhg lqh!flhqflhv diwhu doo1 Wkh rwkhu zd| durxqg/ fuhdwlqj d odujh qxpehu ri
uhodwlyho| vpdoo g|qdplf pdlqwhqdqfh sdfndjhv pd| surylgh hqrxjk  h{lelolw|/ exw
dw wkh vdph wlph eh lqdwwudfwlyh iurp dq h!flhqf| srlqw ri ylhz1 Rqfh djdlq/ �qglqj
wkh uljkw edodqfh ehwzhhq wlphv/ frvwv dqg2ru  h{lelolw| lv dq lqwhuhvwlqj sureohp
duhd/ zklfk frxog eh vxssruwhg zlwk pdwkhpdwlfdo prghov1

Dq looxvwudwlyh h{dpsoh ri wklv w|sh ri pdlqwhqdqfh sodqqlqj zdv suhvhqwhg e|
Zloghpdq/ Ghnnhu/ dqg Vplw +4<<:,/ zkr ghyhorshg d prghoolqj iudphzrun iru wkh
g|qdplf jurxslqj ri suhyhqwlyh pdlqwhqdqfh dfwlylwlhv1 Zlwklq wklv prghoolqj iudph0
zrun/ wkh uhohdvh dqg gxh gdwhv iru suhyhqwlyh pdlqwhqdqfh dfwlylwlhv duh uhsodfhg zlwk
d shqdow| frvw iru hdfk pdlqwhqdqfh dfwlylw|/ zklfk lv ghulyhg iurp wkh glvfuhsdqf|
ehwzhhq lwv dfwxdo dqg rswlpdo vwduwlqj wlph1 Qhyhuwkhohvv/ wkh edvlf xqghuo|lqj frq0
fhswv duh wkh vdph/ dqg surylgh vrph lqwhuhvwlqj rssruwxqlwlhv iru jhqhudol}dwlrqv lq
vhyhudo gluhfwlrqv1 Dv d vwduwlqj srlqw/ lw zrxog eh lqwhuhvwlqj wr uhsodfh wkh shqdow|
frvw ixqfwlrqv zlwk uhohdvh dqg gxh gdwhv iru hdfk pdlqwhqdqfh dfwlylw|1 Pruhryhu/ zh
frxog lqfrusrudwh wkh klhudufklfdo wuhh0olnh vwuxfwxuh ri pxowlsoh lqwhuuhodwhg vhw0xs
dfwlylwlhv dqg frpsrqhqwv/ lq rughu wr duulyh dw d pruh uhdolvwlf frvw vwuxfwxuh1 Il0
qdoo|/ lw pljkw dovr eh zruwkzloh wr exlog lq vrph dgglwlrqdo uhvwulfwlrqv zlwk uhvshfw
wr wkh vl}h ri ihdvleoh pdlqwhqdqfh sdfndjhv/ lq ylhz ri wkh srvvlelolwlhv iru pxwxdo
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frruglqdwlrq zlwk surgxfwlrq sodqqlqj dqg vfkhgxolqj lq dq rshudwlrqdo sodqqlqj
skdvh1

:1616 Vkruw whup pdlqwhqdqfh sodqqlqj

Lq wkh vkruw whup/ d ghflvlrq vxssruw v|vwhp vkrxog dvvlvw pdlqwhqdqfh pdqdjhuv lq
wkh frruglqdwhg vfkhgxolqj ri surgxfwlrq mrev dqg g|qdplf pdlqwhqdqfh sdfndjhv1
Dw wklv sodqqlqj ohyho/ surgxfwlrq mrev dqg pdlqwhqdqfh sdfndjhv vkrxog eh wuhdwhg
rq dq htxdo edvlv/ zlwk dq rshq h|h iru wkhlu pxwxdo lqwhudfwlrqv1 Lq wklv uhvshfw/
gxh gdwh ylrodwlrqv iru pdlqwhqdqfh sdfndjhv vkrxog eh kdqgohg zlwk wkh vdph fduh
dv wkrvh iru surgxfwlrq mrev1 Diwhu doo/ pdlqwhqdqfh vkrxog qr orqjhu eh vhhq dv
d qhfhvduu| hylo/ exw dv d surgxfwlrq qhhg wkdw vkrxog eh pdqdjhg wrjhwkhu zlwk
surgxfwlrq1 Vlpso| vwdwhg/ lw lv wkh remhfwlyh ri vkruw whup pdlqwhqdqfh sodqqlqj wr
duulyh dw dq lqwhjudwhg vfkhgxoh ri surgxfwlrq dqg pdlqwhqdqfh dfwlylwlhv/ lq zklfk
doo uhohdvh dqg gxh gdwhv duh vdwlv�hg +vhh Iljxuh :17,1 Ri frxuvh/ lw ghshqgv rq wkh
txdolw| ri orqj whup dqg phglxp whup ghflvlrq pdnlqj/ zkhwkhu dqg xs wr zklfk
ghjuhh wklv remhfwlyh fdq eh uhdol}hg lq dq rshudwlrqdo sodqqlqj skdvh1

Dqrwkhu lpsruwdqw dvshfw ri vkruw whup pdlqwhqdqfh sodqqlqj lv wkh rswlpdo
xvh ri vr0fdoohg pdlqwhqdqfh rssruwxqlwlhv/ zklfk pd| rffxu gxh wr h1j1 lgoh wlphv/
pdfklqh idloxuhv dqg2ru zlwkgudzq rughuv1 Lq jhqhudo/ wkhvh rssruwxqlwlhv fdqqrw
eh suhglfwhg lq dgydqfh/ dqg duh ri uhvwulfwhg gxudwlrq dv zhoo1 Dv d uhvxow ri wklv/
pdlqwhqdqfh pdqdjhphqw riwhq idlov wr pdnh h�hfwlyh xvh ri wkhp1 Wkhuhiruh/ d
ghflvlrq vxssruw v|vwhp vkrxog dvvlvw pdlqwhqdqfh pdqdjhuv lq frpslolqj d olvw ri
h{hfxwdeoh g|qdplf pdlqwhqdqfh sdfndjhv rq uhtxhvw/ dqg e| vhwwlqj sulrulwlhv iru
hdfk g|qdplf pdlqwhqdqfh sdfndjh dv zhoo1 Zlwklq wklv vhwwlqj/ wkh pdlq txhvwlrqv
duh krz wr gh�qh wkh sulrulw| ri d pdlqwhqdqfh sdfndjh/ dqg krz wr ghflgh zklfk
pdlqwhqdqfh sdfndjhv vkrxog eh dvvljqhg wr d pdlqwhqdqfh rssruwxqlw|1 Rqfh djdlq/
pdwkhpdwlfdo prghov pljkw eh xvhixo wr vxssruw vxfk ghflvlrq pdnlqj1

Dq looxvwudwlyh h{dpsoh ri wklv w|sh ri pdlqwhqdqfh sodqqlqj zdv suhvhqwhg e|
Ghnnhu dqg Vphlwlqn +4<<7,/ zkr ghyhorshg d ghflvlrq vxssruw v|vwhp iru suhyhq0
wlyh pdlqwhqdqfh sodqqlqj dw rssruwxqlwlhv ri uhvwulfwhg gxudwlrq1 Wkh| frqvlghu
d vrphzkdw vlplodu prghoolqj iudphzrun/ zklfk grhv qrw pdnh xvh ri suhgh�qhg
pdlqwhqdqfh zlqgrzv1 Dv dq dowhuqdwlyh/ wkh| lqfrusrudwh wkhvh uhohdvh dqg gxh
gdwhv lpsolflwo| lq wkhlu sulrulw| vhwwlqj surfhgxuh1 Vxevhtxhqwo|/ wkh| surylgh wkh
xvhu zlwk dq lqwhudfwlyh nqdsvdfn vfkhgxolqj sureohp/ zklfk ghwhuplqhv dq rswlpdo
vhohfwlrq ri pdlqwhqdqfh sdfndjhv jlyhq wkh wlph frqvwudlqwv1 Rqfh djdlq/ lw zrxog eh
lqwhuhvwlqj wr lqfrusrudwh rxu frpsoh{ vwuxfwxuh ri pxowlsoh lqwhuuhodwhg vhw0xs dfwly0
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calendar time

calendar time

Iljxuh :17= Vkruw whup suhyhqwlyh pdlqwhqdqfh sodqqlqj= suhflvh vfkhgxolqj ri
g|qdplf pdlqwhqdqfh sdfndjhv zlwklq suhgh�qhg wlph zlqgrzv1

lwlhv dqg frpsrqhqwv lqwr vxfk d prghoolqj iudphzrun1 Reylrxvo|/ wklv zrxog ohdyh
xv zlwk d pxfk pruh frpsoh{ rswlpl}dwlrq sureohp/ zklfk kdv qrw ehhq dgguhvvhg
vr idu lq h{lvwlqj olwhudwxuh1

:17 Ilqdo uhpdunv

Vxppdul}lqj/ wkh lghdv dqg prghov suhvhqwhg lq wklv wkhvlv kdyh fryhuhg d ydulhw| ri
lqwhuhvwlqj sureohp duhdv/ zklfk duh uhodwhg wr wkh lqwhudfwlrqv ehwzhhq surgxfwlrq
dqg pdlqwhqdqfh lq vhyhudo glphqvlrqv1 Dv vxfk/ wkh| kdyh surylghg xv zlwk xvhixo
lqvljkwv wkdw zhuh suhylrxvo| qrw dydlodeoh1 Qhyhuwkhohvv/ wkhuh lv vwloo d orw ri zrun wr
eh grqh lq rughu wr duulyh dw dq dghtxdwh/ prgho0edvhg ghflvlrq vxssruw v|vwhp iru
frruglqdwhg sodqqlqj dqg vfkhgxolqj ri surgxfwlrq dqg pdlqwhqdqfh1 Lq wklv wkhvlv/
pdlqwhqdqfh kdv phw surgxfwlrq/ dqg vrph furvv0ihuwlolvdwlrq kdv wdnhq sodfh1 Qrz
wkh| jrw wr nqrz hdfk rwkhu/ lw lv wlph iru wkhp wr ghyhors d pruh lqwhqvh uhodwlrqvkls1
Ri frxuvh/ zh*oo vwd| lq wrxfk1
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Eleolrjudsk|

Dvvdi/ G1 dqg M1 Vkdqwklnxpdu +4<;:,1 Rswlpdo jurxs pdlqwhqdqfh srolflhv zlwk
frqwlqxrxv dqg shulrglf lqvshfwlrqv1 Pdqdjhphqw Vflhqfh 66/ 4773�47851

Dyhq/ W1 +4<<6,1 Rq shuirupdqfh phdvxuhv iru pxowlvwdwh prqrwrqh v|vwhpv1 Uh0
oldelolw| Hqjlqhhulqj dqg V|vwhp Vdihw| 74/ 58<�5991

Eduorz/ U1 dqg O1 Kxqwhu +4<93,1 Rswlpxp suhyhqwlyh pdlqwhqdqfh srolflhv1 Rs0
hudwlrqv Uhvhdufk ;/ <3�4331

Eduorz/ U1/ O1 Kxqwhu/ dqg I1 Survfkdq +4<96,1 Rswlpxp fkhfnlqj surfhgxuhv1
Mrxuqdo ri wkh Vrflhw| iru Lqgxvwuldo dqg Dssolhg Pdwkhpdwlfv 7/ 43:;�43<81

Eduorz/ U1 dqg I1 Survfkdq +4<98,1 Pdwkhpdwlfdo Wkhru| ri Uholdelolw|1 Qhz \run=
Zloh|1

Eduurq/ U1 +4<<9,1 Hqjlqhhulqj Frqglwlrq Prqlwrulqj = Sudfwlfh/ Phwkrgv dqg
Dssolfdwlrqv1 Kduorz= Orqjpdq1

Eçfnhuw/ Z1 dqg G1 Ulsslq +4<;8,1 Wkh ghwhuplqdwlrq ri pdlqwhqdqfh vwudwhjlhv iru
sodqwv vxemhfw wr euhdngrzq1 Frpsxwhuv dqg Fkhplfdo Hqjlqhhulqj </ 446�4591

Ehq0Gd|d/ P1 dqg P1 Kduljd +4<<8,1 Frpsdudwlyh vwxg| ri khxulvwlfv iru wkh mrlqw
uhsohqlvkphqw sureohp1 Rphjd = wkh Lqwhuqdwlrqdo Mrxuqdo ri Pdqdjhphqw Vfl0
hqfh 56/ 674�6771

Ehuj/ P1 +4<:;,1 Jhqhudo wuljjhu0r� uhsodfhphqw surfhgxuhv iru wzr0xqlw v|vwhpv1
Qdydo Uhvhdufk Orjlvwlfv Txduwhuo| 58/ 48�5<1

Ehuj/ P1 +4<;3,1 Pdujlqdo frvw dqdo|vlv iru suhyhqwlyh uhsodfhphqw srolflhv1 Hxur0
shdq Mrxuqdo ri Rshudwlrqdo Uhvhdufk 7/ 469�4751

Ehuj/ P1 +4<;7,1 D suhyhqwlyh uhsodfhphqw srolf| iru xqlwv vxemhfw wr lqwhuplwwhqw
ghpdqg1 Rshudwlrqv Uhvhdufk 65/ 8;7�8<81

Ehuj/ P1 dqg E1 Hsvwhlq +4<:9,1 D prgl�hg eorfn uhsodfhphqw srolf|1 Qdydo Uh0
vhdufk Orjlvwlfv Txduwhuo| 56/ 48�571
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Ehuj/ P1/ P1 Srvqhu/ dqg K1 ]kdr +4<<7,1 Surgxfwlrq0lqyhqwru| v|vwhpv zlwk
xquholdeoh pdfklqhv1 Rshudwlrqv Uhvhdufk 75/ 444�44;1

Erpehujhu/ H1 +4<99,1 D g|qdplf surjudpplqj dssurdfk wr wkh orw vl}h vfkhgxolqj
sureohp1 Pdqdjhphqw Vflhqfh 45/ ::;�:;71

Errwvpd/ S1 +4<<:,1 Dluolqh Ioljkw Vfkhgxoh Ghyhorsphqw1 Sk1 G1 wkhvlv/ Xqlyhuvlw|
ri Wzhqwh/ Hqvfkhgh/ Wkh Qhwkhuodqgv1

Euhqw/ U1 +4<:6,1 Dojrulwkpv iru Plqlpl}dwlrq zlwkrxw Ghulydwlyhv1 Hqjohzrrg
Fol�v= Suhqwlfh Kdoo1

Fkr/ G1 dqg P1 Sduodu +4<<4,1 D vxuyh| ri pdlqwhqdqfh prghov iru pxowl0xqlw
v|vwhpv1 Hxurshdq Mrxuqdo ri Rshudwlrqdo Uhvhdufk 84/ 4�561

Fkulvwhu/ D1 +4<;5,1 Prghoolqj lqvshfwlrq srolflhv iru exloglqj pdlqwhqdqfh1 Mrxuqdo
ri wkh Rshudwlrqdo Uhvhdufk Vrflhw| 66/ :56�:651

Fkulvwhu/ D1 dqg Z1 Zdoohu +4<;7,1 Ghod| wlph prghov iru lqgxvwuldo pdlqwhqdqfh
sureohpv1 Hxurshdq Mrxuqdo ri Rshudwlrqdo Uhvhdufk 68/ 734�7391

Fr{/ G1 +4<95,1 Uhqhzdo Wkhru|1 Qhz \run= Zloh|1

Fvhqnl/ D1 +4<<8,1 Dq lqwhjudo htxdwlrq dssurdfk wr wkh lqwhuydo dydlodelolw| ri
v|vwhpv prghoohg e| �qlwh vhpl0Pdunry surfhvvhv1 Uholdelolw| Hqjlqhhulqj dqg
V|vwhp Vdihw| 7:/ 6:�781

Gdjsxqdu/ M1 +4<;5,1 Irupxodwlrq ri d pxowl lwhp vlqjoh vxssolhu lqyhqwru| sureohp1
Mrxuqdo ri wkh Rshudwlrqdo Uhvhdufk Vrflhw| 66/ 5;8�5;91

Gdjsxqdu/ M1 +4<<9,1 D pdlqwhqdqfh prgho zlwk rssruwxqlwlhv dqg lqwhuuxsw uh0
sodfhphqw rswlrqv1 Mrxuqdo ri wkh Rshudwlrqdo Uhvhdufk Vrflhw| 7:/ 4739�473<1

Gh Nrvwhu/ P1 +4<;;,1 Fdsdflw| Rulhqwhg Dqdo|vlv dqg Ghvljq ri Surgxfwlrq V|v0
whpv1 Sk1 G1 wkhvlv/ Xqlyhuvlw| ri Hlqgkryhq/ Wkh Qhwkhuodqgv1

Gh Vrx}d h Vloyd/ H1 dqg K1 Jdlo +4<;9,1 Fdofxodwlqj fxpxodwlyh rshudwlrqdo wlph
glvwulexwlrqv ri uhsdludeoh frpsxwhu v|vwhpv1 LHHH Wudqvdfwlrqv rq Frpsxw0
huv 68/ 655�6651

Gh Vrx}d h Vloyd/ H1 dqg K1 Jdlo +4<;<,1 Fdofxodwlqj dydlodelolw| dqg shuirupdelolw|
phdvxuhv ri uhsdludeoh frpsxwhu v|vwhp xvlqj udqgrpl}dwlrq1 Mrxuqdo ri wkh
Dvvrfldwlrq iru Frpsxwlqj Pdfklqhu| 69/ 4:4�4<61

Ghnnhu/ U1 +4<<8,1 Lqwhjudwlqj rswlplvdwlrq/ sulrulw| vhwwlqj/ sodqqlqj dqg frp0
elqlqj ri pdlqwhqdqfh dfwlylwlhv1 Hxurshdq Mrxuqdo ri Rshudwlrqdo Uhvhdufk ;5/
558�5731
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Ghnnhu/ U1 dqg P1 Glmnvwud +4<<5,1 Rssruwxqlw|0edvhg djh uhsodfhphqw= h{sr0
qhqwldoo| glvwulexwhg wlphv ehwzhhq rssruwxqlwlhv1 Qdydo Uhvhdufk Orjlvwlfv 6</
4:8�4<31

Ghnnhu/ U1 dqg H1 Vphlwlqn +4<<4,1 Rssruwxqlw|0edvhg eorfn uhsodfhphqw1 Hxur0
shdq Mrxuqdo ri Rshudwlrqdo Uhvhdufk 86/ 79�961

Ghnnhu/ U1 dqg H1 Vphlwlqn +4<<7,1 Suhyhqwlyh pdlqwhqdqfh dw rssruwxqlwlhv ri
uhvwulfwhg gxudwlrq1 Qdydo Uhvhdufk Orjlvwlfv 74/ 668�6861

Ghnnhu/ U1/ U1 Zloghpdq/ dqg I1 Ydq ghu Gx|q Vfkrxwhq +4<<:,1 D uhylhz ri
pxowl0frpsrqhqw pdlqwhqdqfh prghov zlwk hfrqrplf ghshqghqfh1 Pdwkhpdwl0
fdo Phwkrgv ri Rshudwlrqv Uhvhdufk 78/ 744�7681

Glmnvwud/ P1/ O1 Nurrq/ M1 Ydq Qxqhq/ dqg O1 Ydq Zdvvhqkryh +4<<7,1 Sodq0
qlqj wkh vl}h dqg rujdql}dwlrq ri NOP*v dlufudiw pdlqwhqdqfh shuvrqqho1 Lqwhu0
idfhv 57/ 7:�8;1

Gxqq/ R1 dqg Y1 Fodun +4<:7,1 Dssolhg Vwdwlvwlfv = Dqdo|vlv ri Yduldqfh dqg Uh0
juhvvlrq1 Qhz \run= Zloh|1

Iuhqn/ K1/ U1 Ghnnhu/ dqg P1 Nohlmq +4<<:,1 D xql�hg wuhdwphqw ri vlqjoh frp0
srqhqw uhsodfhphqw prghov1 Pdwkhpdwlfdo Phwkrgv ri Rshudwlrqv Uhvhdufk 78/
76:�7871

Jduh|/ P1 dqg G1 Mrkqvrq +4<:<,1 Frpsxwhuv dqg Lqwudfwdelolw|= d Jxlgh wr wkh
Wkhru| ri QS0frpsohwhqhvv1 Qhz \run= Iuhhpdq1

Jhuwvednk/ L1 +4<:5,1 Rswlpxp fkrlfh ri suhyhqwlyh pdlqwhqdqfh wlphv iru d klhu0
dufklfdo v|vwhp1 Dxwrpdwhg Frqwuro Frpsxwhu Vflhqfhv 9/ 57�631

Jhuwvednk/ L1 +4<::,1 Prghov ri Suhyhqwlyh Pdlqwhqdqfh1 R{irug= Qruwk0Kroodqg1

Jlwv/ F1 +4<;7,1Rq wkh Pdlqwhqdqfh Frqfhsw iru d Whfkqlfdo V|vwhp= d Iudphzrun
iru Ghvljq1 Sk1 G1 wkhvlv/ Xqlyhuvlw| ri Hlqgkryhq/ Wkh Qhwkhuodqgv1

Jlwv/ F1 +4<;:,1 Rq wkh pdlqwhqdqfh frqfhsw iru d whfkqlfdo v|vwhp LLL = ghvljq
iudphzrun1 Pdlqwhqdqfh Pdqdjhphqw Lqwhuqdwlrqdo 9/ 556�56:1

Jr|do/ D1 dqg D1 Wdqwdzl +4<;;,1 D phdvxuh ri jxdudqwhhg dydlodelolw| dqg lwv
qxphulfdo hydoxdwlrq1 LHHH Wudqvdfwlrqv rq Frpsxwhuv 6:/ 58�651

Jr|do/ V1 +4<:6,1 Ghwhuplqdwlrq ri hfrqrplf sdfndjlqj iuhtxhqf| ri lwhpv mrlqwo|
uhsohqlvkhg1 Pdqdjhphqw Vflhqfh 53/ 565�5681

Jr|do/ V1 +4<:7,1 Ghwhuplqdwlrq ri rswlpxp sdfndjlqj iuhtxhqf| ri lwhpv mrlqwo|
uhsohqlvkhg1 Pdqdjhphqw Vflhqfh 54/ 769�7761
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Jr|do/ V1 +4<;5,1 D qrwh rq irupxodwlrq ri wkh pxowl0lwhp vlqjoh vxssolhu lqyhqwru|
sureohp1 Mrxuqdo ri wkh Rshudwlrqdo Uhvhdufk Vrflhw| 66/ 5;:�5;;1

Jr|do/ V1 dqg D1 Jxqdvhndudq +4<<5,1 Ghwhuplqlqj hfrqrplf pdlqwhqdqfh iuh0
txhqf| ri d wudqvsruw  hhw1 Lqwhuqdwlrqdo Mrxuqdo ri V|vwhpv Vflhqfh 7/ 988�
98<1

Jr|do/ V1 dqg P1 Nxv| +4<;8,1 Ghwhuplqlqj hfrqrplf pdlqwhqdqfh iuhtxhqflhv iru d
idplo| ri pdfklqhv1 Mrxuqdo ri wkh Rshudwlrqdo Uhvhdufk Vrflhw| 69/ 4458�445;1

Jr|do/ V1 dqg D1 Vdwlu +4<;<,1 Mrlqw uhsohqlvkphqw lqyhqwru| frqwuro= ghwhuplqlvwlf
dqg vwrfkdvwlf prghov1 Hxurshdq Mrxuqdo ri Rshudwlrqdo Uhvhdufk 6;/ 5�461

Jurhqhyhow/ K1/ O1 Slqwhorq/ dqg D1 Vhlgpdqq +4<<5,1 Surgxfwlrq edwfklqj zlwk
pdfklqh euhdngrzqv dqg vdihw| vwrfnv1 Rshudwlrqv Uhvhdufk 73/ <8<�<:41

Kdnhv/ F1 +4<<4,1 Wrwdo Txdolw| Pdqdjhphqw= wkh Nh| wr Exvlqhvv Lpsuryhphqw1
Orqgrq= Fkdspdq dqg Kdoo1

Kduljd/ P1 +4<<7,1 Wzr qhz khxulvwlf surfhgxuhv iru wkh mrlqw uhsohqlvkphqw sure0
ohp1 Mrxuqdo ri wkh Rshudwlrqdo Uhvhdufk Vrflhw| 78/ 796�7:41

Kdxnddv/ K1 dqg W1 Dyhq +4<<9,1 Irupxodh iru wkh grzq wlph glvwulexwlrq ri d
prqrwrqh v|vwhp revhuyhg lq d wlph lqwhuydo1 Uholdelolw| Hqjlqhhulqj dqg V|v0
whp Vdihw| 85/ 4<�591

Kdxulh/ D1 dqg S1 O*Hfx|hu +4<;5,1 D vwrfkdvwlfdo frqwuro dssurdfk wr jurxs suh0
yhqwlyh uhsodfhphqw lq d pxowlfrpsrqhqw v|vwhp1 LHHH Wudqvdfwlrqv rq Dxwr0
pdwlf Frqwuro 5:/ 6;:�6<61

Kh|pdq/ G1 dqg P1 Vreho +4<;5,1 Vwrfkdvwlf Prghov lq Rshudwlrqv Uhvhdufk/ Yro0
xph 41 Qhz \run= PfJudz0Kloo1

Krss/ Z1 dqg P1 Vshdupdq +4<<9,1 Idfwru| Sk|vlfv= Irxqgdwlrqv ri Pdqxidfwxu0
lqj Pdqdjhphqw1 Fklfdjr= Luzlq1

Mdqvhq/ M1 dqg I1 Ydq ghu Gx|q Vfkrxwhq +4<<8,1 Pdlqwhqdqfh rswlpl}dwlrq rq
sdudooho surgxfwlrq xqlwv1 LPD Mrxuqdo ri Pdwkhpdwlfv Dssolhg lq Exvlqhvv
dqg Lqgxvwu| 9/ 446�4671

Mrujhqvrq/ G1/ M1 PfFdoo/ dqg U1 Udgqhu +4<9:,1 Rswlpdo Uhsodfhphqw Srolf|1
Dpvwhugdp= Qruwk0Kroodqg1

Ndvsl/ P1 dqg P1 Urvhqeodww +4<;6,1 Dq lpsuryhphqw ri Vloyhu*v dojrulwkp iru wkh
mrlqw uhsohqlvkphqw sureohp1 LLH Wudqvdfwlrqv 48/ 597�59<1
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Ohh/ K1 dqg P1 Urvhqeodww +4<;:,1 Vlpxowdqhrxv ghwhuplqdwlrq ri surgxfwlrq f|0
foh dqg lqvshfwlrq vfkhgxohv lq d surgxfwlrq v|vwhp1 Pdqdjhphqw Vflhqfh 66/
4458�44691

Ohh/ K1 dqg P1 Urvhqeodww +4<;<,1 D surgxfwlrq dqg pdlqwhqdqfh sodqqlqj prgho
zlwk uhvwrudwlrq frvw ghshqghqw rq ghwhfwlrq ghod|1 LLH Wudqvdfwlrqv 54/ 69;�
6:81

Olqgoh|/ G1 +4<85,1 Wkh wkhru| ri txhxhv zlwk d vlqjoh vhuyhu1 Surfhhglqjv ri wkh
Fdpeulgjh Sklorvrsklfdo Vrflhw| 7;/ 5::�5;<1

Oxhqehujhu/ G1 +4<;7,1 Olqhdu dqg Qrqolqhdu Surjudpplqj1 Uhdglqj= Dgglvrq0
Zhvoh|1

PfFdoo/ M1 +4<98,1 Pdlqwhqdqfh srolflhv iru vwrfkdvwlfdoo| idlolqj htxlsphqw= d
vxuyh|1 Pdqdjhphqw Vflhqfh 44/ 7<6�8571

Phoohu/ U1 dqg G1 Nlp +4<<9,1 Wkh lpsdfw ri suhyhqwlyh pdlqwhqdqfh rq v|vwhp
frvw dqg ex�hu vl}h1 Hxurshdq Mrxuqdo ri Rshudwlrqdo Uhvhdufk <8/ 8::�8<41

Plqh/ K1/ K1 Ndzdl/ dqg \1 Ixnxvklpd +4<;4,1 Suhyhqwlyh pdlqwhqdqfh ri dq
lqwhuplwwhqwo|0xvhg v|vwhp1 LHHH Wudqvdfwlrqv rq Uholdelolw| 63/ 6<4�6<51

Prlq}dghk/ N1 dqg S1 Djjduzdo +4<<:,1 Dqdo|vlv ri d surgxfwlrq2lqyhqwru| v|vwhp
vxemhfw wr udqgrp glvuxswlrqv1 Pdqdjhphqw Vflhqfh 76/ 48::�48;;1

Qdndmlpd/ V1 +4<;;,1 Lqwurgxfwlrq wr WSP= Wrwdo Surgxfwlyh Pdlqwhqdqfh1 Sruw0
odqg= Surgxfwlylw| Suhvv1

Qlheho/ E1 +4<<7,1 Hqjlqhhulqj Pdlqwhqdqfh Pdqdjhphqw +5qg hg1,1 Qhz \run=
Ghnnhu1

Rzxvx/ M1 dqg K1 Mhvvxuxq +4<<6,1 Khw rqwzhus ydq hhq zhunvwurrpehkhhuvlqjvv|v0
whhp yrru khw olmqrqghukrxg ydq gh NOP0yorrw +lq Gxwfk,1 Whfkqlfdo uhsruw/
Exvlqhvv Xqlw Olqh Pdlqwhqdqfh/ NOP Ur|do Gxwfk Dluolqhv1

R}hnlfl/ V1 +4<;;,1 Rswlpdo shulrglf uhsodfhphqw ri pxowlfrpsrqhqw uholdelolw|
v|vwhpv1 Rshudwlrqv Uhvhdufk 69/ 875�8851

Slhuvndood/ Z1 dqg M1 Yrhonhu +4<:9,1 D vxuyh| ri pdlqwhqdqfh prghov= wkh frq0
wuro dqg vxuyhloodqfh ri ghwhulrudwlqj v|vwhpv1 Qdydo Uhvhdufk Orjlvwlfv Txdu0
whuo| 56/ 686�6;;1

Slqwhorq/ O1 dqg O1 Jhoghuv +4<<5,1 Pdlqwhqdqfh pdqdjhphqw ghflvlrq pdnlqj1
Hxurshdq Mrxuqdo ri Rshudwlrqdo Uhvhdufk 8;/ 634�64:1
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Slqwhorq/ O1/ O1 Jhoghuv/ dqg I1 Ydq Sx|yhogh +4<<:,1 Pdlqwhqdqfh Pdqdjhphqw1
Ohxyhq= Dffr1

Ulwfknhq/ S1 dqg M1 Zlovrq +4<<3,1 +6/A , jurxs pdlqwhqdqfh srolflhv1Pdqdjhphqw
Vflhqfh 69/ 965�96<1

Vfkçeh/ K1 +4<<9,1 Frpsxwlqj lqvwdwlrqdu| dydlodelolw| iru pdlqwdlqhg v|vwhpv1
Plfurhohfwurqlfv Uholdelolw| 69/ 88�:31

Vfxool/ G1 dqg D1 Vxudzhhud +4<:<,1 Wudpfdu pdlqwhqdqfh1 Mrxuqdo ri wkh Rshud0
wlrqdo Uhvhdufk Vrflhw| 63/ ;3<�;471

Vkhuli/ \1 dqg P1 Vplwk +4<;4,1 Rswlpdo pdlqwhqdqfh prghov iru v|vwhpv vxemhfw
wr idloxuh 0 d uhylhz1 Qdydo Uhvhdufk Orjlvwlfv Txduwhuo| 5;/ 7:�:71

Vloyhu/ H1 +4<:9,1 D vlpsoh phwkrg iru ghwhuplqlqj rughu txdqwlwlhv lq mrlqw uhsohq0
lvkphqwv xqghu ghwhuplqlvwlf ghpdqg1 Pdqdjhphqw Vflhqfh 55/ 4684�46941

Vloyhu/ H1/ G1 S|nh/ dqg U1 Shwhuvrq +4<<;,1 Lqyhqwru| Pdqdjhphqw dqg Surgxfwlrq
Sodqqlqj dqg Vfkhgxolqj +6ug hg1,1 Qhz \run= Zloh|1

Vplwk/ P1 +4<<:d,1 Dq dssur{lpdwlrq ri wkh lqwhuydo dydlodelolw| glvwulexwlrq1 Sure0
delolw| lq wkh Hqjlqhhulqj dqg Lqirupdwlrqdo Vflhqfhv 44/ 784�79:1

Vplwk/ P1 +4<<:e,1 Rq wkh Dydlodelolw| ri Idloxuh Surqh V|vwhpv1 Sk1 G1 wkhvlv/
Hudvpxv Xqlyhuvlw| Urwwhugdp/ Wkh Qhwkhuodqgv1

Vulqlydvdq/ P1 dqg K1 Ohh +4<<9,1 Surgxfwlrq0lqyhqwru| v|vwhpv zlwk suhyhqwlyh
pdlqwhqdqfh1 LLH Wudqvdfwlrqv 5;/ ;:<�;<31

Wdnäfv/ O1 +4<8:,1 Rq fhuwdlq vrmrxuq wlph sureohpv lq wkh wkhru| ri vwrfkdvwlf
surfhvvhv1 Dfwd Pdwkhpdwlfd Dfdghpldh Vflhqwlduxp Kxqjdulfdh ;/ 49<�4<41

Whpph/ Q1 +4<<7,1 D vhw ri dojrulwkpv iru wkh lqfrpsohwh Jdppd ixqfwlrqv1 Sure0
delolw| lq wkh Hqjlqhhulqj dqg Lqirupdwlrqdo Vflhqfhv ;/ 5<4�63:1

Wlmpv/ K1 +4<<7,1 Vwrfkdvwlf Prghov= dq Dojrulwkplf Dssurdfk1 Fklfkhvwhu= Zloh|1

Wulyhgl/ N1 +4<;5,1 Suredelolw| ) Vwdwlvwlfv zlwk Uholdelolw|/ Txhxhlqj/ dqg Frp0
sxwhu Vflhqfh Dssolfdwlrqv1 Hqjohzrrg Fol�v= Suhqwlfh0Kdoo1

Ydogh}0Ioruhv/ F1 dqg U1 Ihogpdq +4<;<,1 D vxuyh| ri suhyhqwlyh pdlqwhqdqfh
prghov iru vwrfkdvwlfdoo| ghwhulrudwlqj vlqjoh0xqlw v|vwhpv1 Qdydo Uhvhdufk Or0
jlvwlfv 69/ 74<�7791

Ydq ghu Gx|q Vfkrxwhq/ I1 dqg V1 Ydqqhvwh +4<<3,1 Dqdo|vlv dqg frpsxwdwlrq ri
+?/�,0vwudwhjlhv iru pdlqwhqdqfh ri d wzr0frpsrqhqw v|vwhp1 Hxurshdq Mrxuqdo
ri Rshudwlrqdo Uhvhdufk 7;/ 593�5:71
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Ydq ghu Gx|q Vfkrxwhq/ I1 dqg V1 Ydqqhvwh +4<<6,1 Wzr vlpsoh frqwuro srolflhv iru
d pxowlfrpsrqhqw pdlqwhqdqfh v|vwhp1 Rshudwlrqv Uhvhdufk 74/ 4458�44691

Ydq ghu Gx|q Vfkrxwhq/ I1 dqg V1 Ydqqhvwh +4<<8,1 Pdlqwhqdqfh rswlpl}dwlrq
ri d surgxfwlrq v|vwhp zlwk ex�hu fdsdflw|1 Hxurshdq Mrxuqdo ri Rshudwlrqdo
Uhvhdufk ;5/ 656�66;1

Ydq ghu Hlmfn/ P1 +4<<8,1 Olmqrqghukrxg jhvwurrpolmqg1 Whfkqlfdo uhsruw/ Exvlqhvv
Xqlw Olqh Pdlqwhqdqfh/ NOP Ur|do Gxwfk Dluolqhv1

Ydq ghu Khlmghq/ P1 +4<;:,1 Lqwhuydo dydlodelolw| glvwulexwlrq iru d 40rxw0ri05 uh0
oldelolw| v|vwhp zlwk uhsdlu1 Suredelolw| lq wkh Hqjlqhhulqj dqg Lqirupdwlrqdo
Vflhqfhv 4/ 544�5571

Ydq ghu Khlmghq/ P1 dqg D1 Vfkruqdjho +4<;;,1 Lqwhuydo xqh�hfwlyhqhvv glvwulexwlrq
iru d &0rxw0ri0? pxowlvwdwh uholdelolw| v|vwhp zlwk uhsdlu1 Hxurshdq Mrxuqdo ri
Rshudwlrqdo Uhvhdufk 69/ 99�::1

Ydq Glmnkxl}hq/ J1 +4<<8,1 Prghopdwljh rqghuvwhxqlqj yrru khw foxvwhuhq ydq
rqghukrxgvdfwlylwhlwhq1 YOR Pdjd}lqh= wlmgvfkuliw yrru orjlvwlhn 7/ 5�81

Ydq Glmnkxl}hq/ J1 +4<<:,1 Wr  | ru qrw wr  |= rs zhj qddu hhq rswlpdoh divwhp0
plqj wxvvhq glhqvwuhjholqj/ rqghukrxgvyuddj hq rqghukrxgvddqerg +lq Gxwfk,1
Whfkqlfdo uhsruw/ Exvlqhvv Xqlw Olqh Pdlqwhqdqfh/ NOP Ur|do Gxwfk Dluolqhv1

Ydq Glmnkxl}hq/ J1 dqg P1 Ydq ghu Khlmghq +4<<;,1 Suhyhqwlyh pdlqwhqdqfh dqg
wkh lqwhuydo dydlodelolw| ri dq xquholdeoh surgxfwlrq v|vwhp1 Whfkqlfdo uhsruw/
Xqlyhuvlw| ri Wzhqwh/ Wkh Qhwkhuodqgv1 Vxeplwwhg wr Uholdelolw| Hqjlqhhulqj
) V|vwhp Vdihw|1

Ydq Glmnkxl}hq/ J1 dqg D1 Ydq Kduwhq +4<<:d,1 Frruglqdwhg sodqqlqj ri suhyhq0
wlyh pdlqwhqdqfh lq pxowl0vhwxs pxowl0frpsrqhqw v|vwhpv1 Whfkqlfdo uhsruw/
Xqlyhuvlw| ri Wzhqwh/ Wkh Qhwkhuodqgv1 Vxeplwwhg wr Pdqdjhphqw Vflhqfh1

Ydq Glmnkxl}hq/ J1 dqg D1 Ydq Kduwhq +4<<:e,1 Rswlpdo foxvwhulqj ri iuhtxhqf|0
frqvwudlqhg pdlqwhqdqfh mrev zlwk vkduhg vhw0xsv1 Hxurshdq Mrxuqdo ri Rshu0
dwlrqdo Uhvhdufk <</ 885�8971

Ydq Glmnkxl}hq/ J1 dqg D1 Ydq Kduwhq +4<<;d,1 Wzr0vwdjh jhqhudol}hg djh pdlq0
whqdqfh ri d txhxh0olnh surgxfwlrq v|vwhp1 Hxurshdq Mrxuqdo ri Rshudwlrqdo
Uhvhdufk 43;/ 696�6:;1

Ydq Glmnkxl}hq/ J1 dqg D1 Ydq Kduwhq +4<<;e,1 Wzr0vwdjh pdlqwhqdqfh ri d sur0
gxfwlrq v|vwhp zlwk h{srqhqwldoo| glvwulexwhg rq0 dqg r�0shulrgv1 Lqwhuqdwlrqdo
Wudqvdfwlrqv lq Rshudwlrqdo Uhvhdufk 8/ :<�;81
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Ydq Hlmv/ P1/ U1 Khxwv/ dqg M1 Nohlqhq +4<<5,1 Dqdo|vlv dqg frpsdulvrq ri wzr
vwudwhjlhv iru pxowl0lwhp lqyhqwru| v|vwhpv zlwk mrlqw uhsohqlvkphqw frvwv1 Hx0
urshdq Mrxuqdo ri Rshudwlrqdo Uhvhdufk 8</ 738�7451

Ydq Ulmq/ F1 dqg D1 Vfkruqdjho +4<;:,1 VWDPS/ d qhz whfkqltxh wr dvvhvv wkh
suredelolw| glvwulexwlrq ri v|vwhp h�hfwlyhqhvv1 Wkh VUV Txduwhuo| gljhvw/ Sur0
fhhglqjv ri wkh 4:wk dqqxdo phhwlqj ri wkh V|vwhpv Uholdelolw| Vhuylfh 4:/ 83�8;1

Zduwhqkruvw/ S1 +4<<6,1 Shuirupdqfh Dqdo|vlv ri Uhsdludeoh V|vwhpv1 Sk1 G1 wkhvlv/
Ndwkrolhnh Xqlyhuvlwhlw Eudedqw1

Zklwh/ K1 dqg O1 Fkulvwlh +4<8;,1 Txhxlqj zlwk suhhpswlyh sulrulwlhv ru zlwk euhdn0
grzq1 Rshudwlrqv Uhvhdufk 9/ :<�<81

Zlmqjddug/ M1 +4<:<,1 Wkh h�hfw ri lqwhuvwdjh ex�hu vwrudjh rq wkh rxwsxw ri
wzr xquholdeoh surgxfwlrq xqlwv lq vhulhv zlwk gl�huhqw surgxfwlrq udwhv1 DLLH
Wudqvdfwlrqv 44/ 75�7:1

Zlmqpdohq/ G1 dqg M1 Krqwhoh} +4<<:,1 Frruglqdwhg frqglwlrq0edvhg uhsdlu vwudwh0
jlhv iru frpsrqhqwv ri d pxowl0frpsrqhqw pdlqwhqdqfh v|vwhp zlwk glvfrxqwv1
Hxurshdq Mrxuqdo ri Rshudwlrqdo Uhvhdufk <;/ 85�961

Zloghpdq/ U1 +4<<9,1 Wkh Duw ri Jurxslqj Pdlqwhqdqfh1 Sk1 G1 wkhvlv/ Hudvpxv
Xqlyhuvlw| Urwwhugdp/ Wkh Qhwkhuodqgv1

Zloghpdq/ U1/ U1 Ghnnhu/ dqg D1 Vplw +4<<:,1 D g|qdplf srolf| iru jurxslqj
pdlqwhqdqfh dfwlylwlhv1 Hxurshdq Mrxuqdo ri Rshudwlrqdo Uhvhdufk <</ 863�8841

Zloghpdq/ U1/ M1 Iuhqn/ dqg U1 Ghnnhu +4<<:,1 Dq h!flhqw rswlpdo vroxwlrq
phwkrg iru wkh mrlqw uhsohqlvkphqw sureohp1 Hxurshdq Mrxuqdo ri Rshudwlrqdo
Uhvhdufk <</ 766�7771

]khqj/ [1 +4<<8,1 Doo rssruwxqlw|0wuljjhuhg uhsodfhphqw0srolf| iru pxowlsoh0xqlw
v|vwhpv1 LHHH Wudqvdfwlrqv rq Uholdelolw| 77/ 97;�9851



4:<

Vxppdu| lq Gxwfk

Qrj qlhw }r odqj jhohghq zhug khw rqghukrxg ydq surgxnwlhplgghohq dov hhq qrrg}d0
nholmn nzddg ehvfkrxzg/ hq zduhq gh phhvwh rqghukrxgvzhun}ddpkhghq fruuhfwlhi
ydq ddug1 Whjhqzrruglj zrugw phhu zddugh jhkhfkw ddq gh frqwlqxòwhlw ydq surgxf0
wlhsurfhvvhq/ hq zrugw khw vwudwhjlvfk ehodqj ydq rqghukrxg dojhphhq rqghunhqg1
Dov jhyroj klhuydq kheehq suhyhqwlhyh rqghukrxgvfrqfhswhq ddq srsxodulwhlw jhzrq0
qhq1 Vlpsho jh}hjg }lmq gh}h hu rs jhulfkw rqghughohq wh yhuydqjhq yrrugdw }h ndsrw
jddq1 Whyhho suhyhqwlhi rqghukrxg lv gdduhqwhjhq rrn zhhu qlhw yhuvwdqglj1 Khw
ydnjhelhg rqghukrxgvpdqdjhphqw krxgw }lfk gdq rrn krrig}dnholmn eh}lj phw gh
yuddj zhonh rqghukrxgvzhun}ddpkhghq zdqqhhu hq rs zhonh zlm}h prhwhq zrughq
xlwjhyrhug/ whqhlqgh gh wrwdoh rqghukrxgvnrvwhq wh plqlpdolvhuhq1 Glw surhivfkuliw
yrupw klhurs jhhq xlw}rqghulqj1

Elm khw rqwzhus ydq hhq rqghukrxgvfrqfhsw glhqhq qlhw doohhq gh gluhfwh rqghu0
krxgvnrvwhq/ pddu rrn gh ddq rqghukrxg jhuhodwhhugh lqgluhfwh nrvwhq d1j1y1 surgxf0
wlhvwlovwdqg wh zrughq phhjhqrphq1 Krhzho lqgluhfwh nrvwhq lq khw dojhphhq plqghu
jrhg }lfkweddu/ oddw vwddq nzdqwl�fhhueddu }lmq/ yruphq }h glnzlmov khw phuhqghho ydq
gh wrwdoh nrvwhq1 ]r ehvfkrxzg vshohq gh lqwhudfwlhv wxvvhq rqghukrxg hq surgxf0
wlh hhq ehodqjulmnhu uro gdq yhhodo zrugw yhurqghuvwhog1 Qddvw nrvwhqryhuzhjlqjhq/
nxqqhq lpphuv rrn gh ehvfklneddukhlg/ gh ehwurxzeddukhlg hq gh ehkhhuveddukhlg
ydq gh surgxfwlhplgghohq ydq grruvodjjhyhqgh ehwhnhqlv }lmq1 Phw ehkhhuveddukhlg
zrugw klhu ehgrhog= gh pdwh zddulq yrruvshog ndq zrughq zdqqhhu gh surgxfwlhplg0
ghohq ehvfklneddu +xs, gdqzho qlhw ehvfklneddu +grzq, }lmq1 Hìq ydq gh jurrwvwh
yrrughohq ydq suhyhqwlhi whq rs}lfkwh ydq fruuhfwlhi rqghukrxg/ lv gdq rrn gdw gh hu0
ddq yhuerqghq zhun}ddpkhghq uxlp ydq whyruhq/ hq rs yrru gh surgxfwlh jhvfklnwh
prphqwhq nxqqhq zrughq lqjhsodqg1

Lq glw surhivfkuliw zrughq hhq ddqwdo wrw gh yhuehhoglqj vsuhnhqgh zlvnxqgljh
prghoohq rqwzlnnhog/ glh rqghuvwhxqlqj nxqqhq elhghq elm khw ehsdohq ydq gh mxlvwh
yhukrxglqj wxvvhq suhyhqwlhi hq fruuhfwlhi rqghukrxg1 Lq khw elm}rqghu ulfkwhq zh
rqv klhuelm rs gh }rmxlvw ehvfkuhyhq dvshfwhq/ qdpholmn= nrvwhq/ ehvfklneddukhlg/
ehwurxzeddukhlg hq ehkhhuveddukhlg1 Rp yrru gh kdqg oljjhqgh uhghqhq/ rqwzlnnh0



4;3 Vxppdu| lq Gxwfk

ohq zh doohuhhuvw hhq nudfkwlj uddpzhun zdduelqqhq gh wlmg hq2ri nrvwhq glh jhsddug
jddq phw khw xlwyrhuhq ydq suhyhqwlhyh hq2ri fruuhfwlhyh rqghukrxgvzhun}ddpkhghq
wrw rs hhq krrj ghwdloqlyhdx nxqqhq zrughq jhprghoohhug1 Klhuwrh ghfrpsrqhuhq
zh hhq surgxfwlhv|vwhhp rs hhq klhudufklvfkh zlm}h lq vxev|vwhphq/ frpsrqhqwhq/
rqghughohq/ hwfhwhud/ wrwgdw xlwhlqgholmn hhq errpvwuxfwxxu rqwvwddw phw rqghuolqj
jhuhodwhhugh vhw0xs hq rqghukrxgvdfwlylwhlwhq1

Elqqhq glw uddpzhun rqwzlnnhohq zh lq krrigvwxn 5 hhq phwkrgh rp hhq yhu}d0
pholqj suhyhqwlhyh rqghukrxgvzhun}ddpkhghq rqghu wh yhughohq lq hhq ddqwdo rq0
ghuolqj rqdikdqnholmnh/ glvmxqfwh rqghukrxgvsdnnhwwhq1 Zh ehshunhq rqv klhuelm wrw
rqghukrxgvzhun}ddpkhghq zdduydq gh iuhtxhqwlh uhhgv elm yrrueddw lv rsjhohjg/ elm0
yrruehhog xlw yhloljkhlgvryhuzhjlqjhq/ pddu hyhqwxhho ydnhu xlwyrhuhq qdwxxuolmn lv
wrhjhvwddq1 Yhuyrojhqv surehuhq zh hhq }rgdqljh rqghuyhugholqj wh frqvwuxhuhq/ gdw
gh jhplgghogh suhyhqwlhyh rqghukrxgvnrvwhq shu wlmgvhhqkhlg jhplqlpdolvhhug zru0
ghq1 Zh surehuhq klhuelm hhq edodqv wh ylqghq wxvvhq gh h{wud nrvwhq glh yhuerqghq
}lmq ddq khw ydnhu gdq qrglj xlwyrhuhq ydq ehsddogh rqghukrxgvzhun}ddpkhghq/ hq
gh ehvsdulqjhq lq vhw0xs nrvwhq glh jhsddug jddq phw khw jholmnwlmglj xlwyrhuhq huydq1

Lq krrigvwxn 6 ehvfkrxzhq zh hhq klhuddq jhuhodwhhugh/ pddu ixqgdphqwhho yhu0
vfkloohqgh phwkrgh yrru khw rs honddu divwhpphq ydq suhyhqwlhyh rqghukrxgvzhun0
}ddpkhghq1 Glwpddo zrugw lhghuh rqghukrxgvdfwlylwhlw xlwjhyrhug rs hhq jhkhhowdoolj
yhhoyrxg ydq hhq }hnhu edvlvlqwhuydo/ hq zrughq rqghukrxgvsdnnhwwhq rs hhq g|0
qdplvfkh pdqlhu jhfrqvwuxhhug1 Eryhqglhq zrughq gh fruuhfwlhyh rqghukrxgvnrvwhq/
glh zhhu dikdqjhq ydq gh iuhtxhqwlh zdduphh suhyhqwlhyh rqghukrxgvdfwlylwhlwhq zru0
ghq xlwjhyrhug/ h{solflhw phhjhqrphq lq gh prghoohulqj1 Yhuyrojhqv surehuhq zh gh
klhuxlw yrruwyorhlhqgh rqghukrxgvf|foxv }rgdqlj lq wh ulfkwhq/ gdw gh jhplgghogh suh0
yhqwlhyh hq fruuhfwlhyh rqghukrxgvnrvwhq shu wlmgvhhqkhlg jhplqlpdolvhhug zrughq1

Lq krrigvwxn 7 rqghu}rhnhq zh gh ehvfklneddukhlg hq ehkhhuveddukhlg ydq hhq
vwrulqjvjhyrholj surgxfwlhv|vwhhp1 Nodvvlhnh rqghukrxgvprghoohq ehsdohq grrujddqv
hhq rswlpdoh rqghukrxgviuhtxhqwlh/ grru gh jhplgghogh ehvfklneddukhlg rs odqjh
whuplmq wh pd{lpdolvhuhq1 Zh odwhq }lhq gdw hhq ghujholmnh phwkrgh wrw yhuuh ydq
rswlpdoh rsorvvlqjhq ndq ohlghq/ lqglhq zh jhòqwhuhvvhhug }lmq lq gh jhjdudqghhugh
ehvfklneddukhlg rs nruwh whuplmq +ehkhhuveddukhlg,1 Klhuwrh rqwzlnnhohq zh hhq
zlvnxqglj prgho zdduphh zh 0 elm hhq jhjhyhq rqghukrxgvvwudwhjlh 0 nxqqhq ehuhnh0
qhq phw zhonh ndqv khw surgxfwlhv|vwhhp rs }lmq plqvw jhgxuhqgh hhq ehsddog shu0
fhqwdjh lq hhq ehsddogh shulrgh rshudwlrqhho }do }lmq1 Phw ehkxos ydq hhq ddq0
wdo h{shulphqwhq wrqhq zh yhuyrojhqv ddq gdw gh suhyhqwlhyh rqghukrxgviuhtxhqwlh
ddq}lhqolmn }do wrhqhphq/ lqglhq gh nruwh whuplmq ehkhhuveddukhlg ydq khw surgxf0
wlhv|vwhhp ydq jurwhu ehodqj zrugw jhdfkw gdq gh odqjh whuplmq ehvfklneddukhlg1
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Lq krrigvwxn 8 ehvfkrxzhq zh hhq surgxfwlhv|vwhhp gdw qlhw yrofrqwlqx/ pddu
vohfkwv phw wxvvhqsr}hq lq jheuxln lv1 Lq hhq ghujholmnh vlwxdwlh jhogw qdwxxuolmn gdw
suhyhqwlhi rqghukrxg elm yrrunhxu glhqw soddwv wh ylqghq jhgxuhqgh shulrghv gdw khw
surgxfwlhv|vwhhp qlhw grru surgxfwlh zrugw rsjhîlvw/ gdqzho yrru rqghukrxg ehvfkln0
eddu lv1 Ddqjh}lhq }xonh lqirupdwlh rpwuhqw gh surgxfwlhehkrhiwhv grrujddqv sdv rs
nruwh whuplmq ehnhqg lv/ frqfoxghuhq zh gdw khw zho hhqv yhuvwdqglj ndq }lmq rp
hhq }hnhuh pdwh ydq vsholqj phh wh jhyhq ddq khw ihlwholmnh wlmgvwls zddurs suhyhq0
wlhi rqghukrxg prhw zrughq xlwjhyrhug1 Yhuyrojhqv rqwzlnnhohq zh hhq zlvnxqglj
prgho zdduphh gh rswlpdoh suhyhqwlhyh rqghukrxgvvwudwhjlh ydq glw w|sh ndq zrughq
ehuhnhqg1 Ddq gh kdqg ydq hhq ddqwdo hhqyrxgljh yrruehhoghq eolmnw yhuyrojhqv gdw
gh}h vwudwhjlh vwhun vdphqkdqjw phw gh ndudnwhulvwlhnhq ydq khw surgxfwlhsurfhv1

Lq krrigvwxn 9 ehvsuhnhq zh gh uhvxowdwhq ydq hhq rsgudfkw glh lv xlwjhyrhug elm gh
digholqj OlqhPdlqwhqdqfh +olmqrqghukrxg, ydq gh Nrqlqnolmnh Oxfkwydduw Pddwvfkds0
slm +NOP,1 Gh}h digholqj lv yhudqwzrrugholmn yrru khw lqvshfwhuhq/ rqghukrxghq hq
uhsduhuhq ydq yolhjwxljhq jhgxuhqgh kxq yhueolmi rs gh oxfkwkdyhq Vfklskro/ dovphgh
khw wrhzlm}hq ydq yolhjwxljhq ddq yoxfkwhq lq NOP*v yoxfkwvfkhpd1 Khw yrruqddp0
vwh grho ydq gh}h rsgudfkw zdv rp nzdqwlwdwlhi lq}lfkw wh yhuvfkd�hq lq gh rqghu0
olqjh uhodwlhv wxvvhq gh glhqvwuhjholqj/ gh rqghukrxgvyuddj/ hq khw rqghukrxgvddqerg1
Glw ohlggh xlwhlqgholmn wrw hhq ghflvlrq vxssruw v|vwhhp/ zdduphh ddq gh kdqg ydq
hhq ddqwdo ixqgdphqwhoh zdfkwulmprghoohq ndq zrughq ehsddog krhyhho jurqgwlmg ydq
zhon w|sh hu lq gh glhqvwuhjholqj prhw zrughq rsjhqrphq/ hq krhyhho shuvrqhho ydq
zhonh w|sh ddq gh}h jurqgwlmghq prhw zrughq wrhjhnhqg1 Grhovwhoolqj klhuelm zdv khw
phuhqghho ydq gh nodfkwhq wh nxqqhq yhukhoshq/ phw lqdfkwqhplqj ydq gh klhuyrru
jhvwhogh qruphq whq ddq}lhq ydq plqlpdoh jurqgwlmg hq pd{lpdoh grruorrswlmg1

Whqvorwwh zrugw lq krrigvwxn : hhq ryhu}lfkw jhjhyhq ydq gh lq glw surhivfkuliw
yhuzruyhq lq}lfkwhq/ hq zrughq hhq ddqwdo prjholmnkhghq yrru yhughu rqghu}rhn lq
ndduw jheudfkw1 Yhughu zrugw lq jurwh olmqhq ddqjhjhyhq krh gh uhhgv rqwzlnnhogh/ hq
hyhqwxhho qrj wh rqwzlnnhohq prghoohq/ }rxghq nxqqhq zrughq rqghujheudfkw lq hhq
ghflvlrq vxssruw v|vwhhp yrru rqghukrxgvpdqdjhphqw/ zddulq phhu uhnhqlqj zrugw
jhkrxghq phw gh hlvhq hq zhqvhq ydq surgxfwlh1 Whu yhugxlgholmnlqj zrugw klhuwrh hhq
rqghuvfkhlg jhpddnw lq gulh djjuhjdwlhqlyhdxv/ qo1 gh odqjh/ gh plgghoodqjh/ hq gh
nruwh whuplmq1 Yhuyrojhqv zrugw joreddo ddqjhjhyhq lq zhonh idfhwwhq lqwhudfwlhv phw
surgxfwlh rs gh}h yhuvfkloohqgh djjuhjdwlhqlyhdxv qddu yruhq nrphq1 Ddq gh kdqg
klhuydq zrughq hhq ddqwdo prjholmnh ulfkwlqjhq yrru yhuyrojrqghu}rhn ddqjhgudjhq1
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Fxuulfxoxp Ylwdh

Jhukdug ydq Glmnkxl}hq zhug rs 55 vhswhpehu 4<:3 jheruhq lq Dpvwhoyhhq/ dov oddwvwh
hq gdduphh mrqjvwh whoj lq hhq jh}lq ydq ylmi nlqghuhq/ zdduydq hqnho mrqjhqv1 Qrj
jhhq 4; mddu odwhu rqwylqj klm }lmq YZR0glsorpd ddq khw Mrkdqqhv Fdoylmq O|fhxp
wh Ndpshq1 Yhuyrojhqv vwruwwh klm }lfk yro hqwkrxvldvph lq hhq vwxglh Wrhjhsdvwh
Zlvnxqgh ddq gh Xqlyhuvlwhlw Wzhqwh wh Hqvfkhgh1 Klm zhug klhuelm yhujh}hog grru
hhq gulhwdo nodvjhqrwhq/ zddurqghu }lmq lhwv rxghuh wzhholqjeurhu Mrkdq1 Lq dxjxvwxv
4<<6 urqggh klm }lmq vwxglh phw vxffhv di plgghov hhq sudnwlvfkh divwxghhursgudfkw
elm SWW Uhvhdufk wh Ohlgvfkhqgdp/ zddulq klm phhzhunwh ddq gh rqwzlnnholqj ydq
khw wrhq qrj lq gh nlqghuvfkrhqhq vwddqgh JVP qhwzhun yrru prelhoh whohirqlh1

Qrj qlhw xlwjhnhnhq rs khw vwxghqwhqohyhq/ ehjrq klm lq 4<<7 dov Dvvlvwhqw lq
Rsohlglqj +DLR, ddq }lmq surprwlhrqghu}rhn elm gh ydnjurhs Rshudwlrqhoh Phwkr0
ghq hq V|vwhhpwkhrulh ydq gh idfxowhlw Whfkqrorjlh ) Pdqdjhphqw/ hyhqhhqv ddq
gh Xqlyhuvlwhlw Wzhqwh1 Lq gh gddursyrojhqgh mduhq yhuulfkwh klm rqghu}rhn rs khw
jhelhg ydq �lqwhjudwlh ydq surgxnwlhehvwxulqj hq rqghukrxgvpdqdjhphqw�/ zdduydq
khw uhvxowddw prphqwhho yrru x oljw1 Gh uhvxowdwhq klhuydq ohlgghq xlwhlqgholmn wrw
hhq kdqgyro zhwhqvfkdssholmnh sxeolfdwlhv lq lqwhuqdwlrqdoh wlmgvfkuliwhq/ hq zhughq
jhsuhvhqwhhug rs hhq ylhuwdo frqihuhqwlhv lq dfkwhuhhqyrojhqv Pdqfkhvwhu/ Dqwdo|d/
Ydqfrxyhu hq Euxvvho1

Whu diurqglqj ydq }lmq surprwlh0rqghu}rhn/ yhuulfkwh klm lq 4<<: hhq rsgudfkw yrru
gh digholqj Olqh Pdlqwhqdqfh ydq gh Nrqlqnolmnh Oxfkwydduw Pddwvfkdsslm +NOP, rs
Vfklskro Dlusruw1 Klhu rqwzlnnhogh klm hhq ghflvlrq vxssruw v|vwhhp/ zdduphh gh rq0
ghukrxgvyulhqgholmnkhlg ydq hhq +frqfhsw, glhqvwuhjholqj ndq zrughq lqjhvfkdw1 Qlhw
odqj gdduqd zhug klm ddqjhvwhog dov Xqlyhuvlwdlu Grfhqw +XG, ddq gh ydnjurhs zddu
klm uhhgv zhun}ddp zdv1 Lq gh}h ixqfwlh yhu}rujw klm vlqgvglhq rqghuzlmv hq rqghu0
}rhn lq xlwhhqorshqgh glvflsolqhv/ zddurqghu rshudwlrqhoh uhvhdufk/ zdfkwwlmgwkhrulh/
rqghukrxgvpdqdjhphqw hq lqwhuqh orjlvwlhn1
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